
� �������	��

� �

� ������� ��������� ��� � � � ! ��� ��� "#�%$&�

')(+*-,/.10323254
61798:7 ;=<:>@?/AB?9C:DFEHG:I�J/<KAL?/MONPMRQSN:ALI�J/I%TUNPAB?/CPD
VXWZY\[^]`_bacWed+fg[ihKjkfml
[ih9d^ncWZoUd^WepqYrl
[^j�]Hs3tuWZ]vWe[^Yua/swl
[	x
Y=d^x\[^ncoysghcWZY=disqY\h/Wel
[^n9fbnzjkfqh{d+fbx\h9fqh
| x\[	jes}o
n/s�l~x\di[^Y�����_qh1a9fbn/l
[���fbj�[ihcacx\l~Wkfbn{jkfqh1je[^��[ih{l
[v�)[^��a/sqY���fbY�fbjZWZ�3fbn/[^]Hs�hO[^j�sqncWZ��[^Yl
[^j�]Hs+t�WZ]vWe[^Y�a/s
�
� fbn9f)hcWZ]vo
jZW-��d+fbn%jkf�l~Weh/d^x\hcWepqY��qdisq]H[^Y
�3fbn/[^]Hs�h%oysqnL[ihcacx\l~Wkfbn%[^j�]Hs+t�WZ]vWe[^Y�a/sKl
[�sq�~��[^a/s�h

d^x
��fgx
�
Wed+fqd^WepqY | x\[il\f�l
[^a/[^nc]vWZY�fql\f�[ihcoU[id^W-��d+fbY\l
swjkfmoys�hcWed^WepqY�l
[Hx
Y�h9sqjesgo
x
Y�a/s
�L��hca/[acWZoUsOl
[�sq�~�c[^a/s{n/[id^WZ�y[�[^j@Y\sq]z�
n/[1l
[��
�q���¡ £¢^¤�¥-���~V�sqYuacn9fbncWkfb]H[^Y�a/[zf{jes | x\[:o
x\l~We[^n9fzoU[^Y\h9fbn�¦h/[��yY\sg[ih1Y\[idi[ih9fbncWes | x\[	jes�h{sq�~�c[^a/s�h{h/[+fbY=oy[ | x\[^§\s�hKo�fbn9f | x\[	o
x\[il\fbY�h/[^nKdisqY\hcWel
[^n9fql
s�ho�fbncac¨ed^x
jkfqh+� � sqn)[©�c[^]vo
jes
�\d^x�fbY\l
sªh/[{[ihcacx\l~Wkfv[^j«]Hs+t�WZ]vWe[^Y�a/s}l
[Kjkf	acWe[^ncn9f`[^Yga/sqncY\s`fbjBh9sqj¬�
jkfHl~Wehca9fbY\d^WkfHn/[^je[^tqfbYua/[O[ihPjkfHl~Wehca9fbY\d^Wkf`­�We[^ncn9f3®uh/sqj¬����Y�[ihca/[zd+fqh9s
�\[^j«a9fb]`fb§\sªl
[{jkfH­�We[^ncn9f
Y\sw[ihOWZ]voUsqnca9fbYua/[��Lo
x\l~We¯^Y\l
s�h/[Facn9fba9fbn°disq]Hswx
Y�fgo�fbncac¨ed^x
jkf�x
�
Wed+fql\f�[^Y�[^j�di[^Y�acn/s�l
[Hjkf
acWe[^ncn9f~�
��j±]Hs3tuWZ]vWe[^Yua/s�]`_qhzhcWZ]vo
je[`l
[vx
Y�fmo�fbncac¨ed^x
jkfgh/[	acWe[^Y\[ªd^x�fbY\l
sgjkfFoys�hcWed^WepqYrl
[H¯ihca9f

tuWe[^Y\[:l
[ih9d^ncWZa9f1oUsqn±x
Y�f1²
Y
Wed+fKdis�sqn/l
[^Y�fql\f~³�oysqn�[©��[^]vo
jes
��[^j\]Hs+t�WZ]vWe[^Y�a/s°l
[�x
Y�f1o�fbncac¨ed^x
jkf
| x\[Xh/[�acn9fqhcjkfql\f�f�jes�jkfbnc��sPl
[±x
Y�f:jZ¨ZY\[+f:n/[id^a9f~��´¡��Y	[^j�o
n/[ih9[^Y�a/[�d+fbo
¨Zacx
jesPY\s�hBn/[ihcacncWZY
��WZn/[^]Hs�hfH[ihca/[KacWZoys`l
[z]Hs+t�WZ]vWe[^Y�a/s�h+�¶µ�·«f`[^je[idid^WepqYwl
[zx
YwsqncWZ��[^Ywl~WZt�Wel
[{Y�fbacx
n9fbjZ]H[^Yua/[Hf	jkfvn/[id^a9f
[^Y}l
s�h��+sqY�fqh3����Yª¸£sqnc]`f	fbnc�
WZacn9fbncWkf	jZjkfb]`fb]Hs�h:fOx
Y�f°l
[)[^jZjkfqh�[^jyjkfql
s°oys�hcWZacWZt�s°�ªfOjkfOsqacn9f
[^j�jkfql
svY\[^��fbacWZt�s�´¹t�[^n��\��x
n9f`º~�Z»3µ��
·«fªoUs�h/Wed^WepqY�l
[Ox
Y�fªo�fbncac¨ed^x
jkf | x\[il\fFl
[^a/[^nc]vWZY�fql\f}l\fbY\l
s}hcWZ]vo
je[^]H[^Y�a/[	x
Y�Y�²
]H[^n/s´¹jkf�¼½disusqn/l
[^Y�fql\f

x ¾ µ��%·«f�l
[ih9d^ncWZoUd^WepqY¿l
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[id^x�fqd^WepqY�´£º~�Z»3µ��ªjkfv[6U~o
n/[ihcWepqYmo�fbn9f
x(t)
l
[K[ihca/[z[©��[^n/d^Wed^Wes
�\h9[Ksq�
acWe[^Y\[

v(t) = ĺım
ε→0

x(t + ε) − x(t)

ε
= ĺım

ε→0

[x0 + v0 · (t + ε)] − [x0 + v0 · t]
ε

= ĺım
ε→0

v0 · ε
ε

= ĺım
ε→0

v0 = v0 .
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s1WZY\l~Wed+f | x\[�jkf)[6U�o
n/[ih/WepqYvo�fbn9f x(t)
[ih/d^ncWZa9f)]`_qh�fbncncWZ��f1[�¸£[id^acWZtqfb]H[^Yua/[

disqncn/[ihcoysqY\l
[�fbj�]Hs3tuWZ]vWe[^Yua/s�l
[}x
Y�f�o�fbncac¨ed^x
jkfrdisqY t�[^jesud^Wel\fql disqY\hca9fbY�a/[
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´¹W¬� [��Z�
WZY\l
[^oy[^Y\l~We[^Y�a/[Ol
[^j�acWe[^]voUs�µ��

º~� Mux
oysqY
��fb]Hs�h�fK[\sqn9f | x\[1jkf	oys�hcWed^WepqYgl
[Kx
Y�f	o�fbncac¨ed^x
jkfvtuWe[^Y\[{l\fql\fvoUsqn

z(t) = z0 −
1

2
g t2 ,

disqY
z0 = 10

]&�
g = 9,81

] h
2

� � jL��n9f5��d+fbn{jkfªoUs�h/Wed^WepqY�[^Y�¸¡x
Y\d^WepqY=l
[^j%acWe[^]voUsmh9[
[^Y\d^x\[^Yuacn9fvjkf	d^x
nct�fg´¹o�fbn9_b�Usqjkf�µ�]Hs�hcacn9fql\fH[^Ymjkf°�\��x
n9f`º~���~�
��t�fbjZx\[^]Hs�h{jkfFt�[^jes�d^Wel\fqlr[^Y#x
YrWZY\hca9fbY�a/[

t
d^x�fbj | x
We[^n9f~����h fbY\l
smjkf}[id^x�fqd^WepqY ´£º~�Z»3µ��h/[Ksq�
acWe[^Y\[

v(t) = ĺım
ε→0

z(t + ε) − z(t)

ε
= ĺım

ε→0

[z0 − 1

2
g · (t + ε)2] − [z0 − 1

2
g · t2]

ε

= ĺım
ε→0

−1

2
g · ε · (2t + ε)

ε
= − ĺım

ε→0

g · (2t + ε)

2
= −g t .

·«f��\��x
n9f:º~� Æ�]zx\[ih/acn9f:[^j���n9_5��disPl
[�jkf�t�[^jesud^Wel\fqlzWZY\hca9fbY�a9_bY\[+fP[^YK¸¹x
Y\d^WepqYOl
[^j�acWe[^]voUs
�
M�[Osq�\h/[^nctqf | x\[O¯ihca9f`l
[id^n/[idi[°jZWZY\[+fbjZ]H[^Y�a/[Hf`]H[il~Wel\f | x\[{acn9fbY\h9d^x
ncn/[°[^jLacWe[^]voys
�@��jhcWZ��Y\s`Y\[^��fbacWZt�s}l
[zjkfHt�[^jesud^Wel\fql�hcWZ��Y
W-��d+f | x\[zjkfHo�fbncac¨ed^x
jkfFh/[O[ihca9_Hl
[ih/o
jkfb�3fbY\l
sF[^Y[^j�h/[^YuacWel
svY\[^��fbacWZt�s`l
[^jB[©��[

z
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MuWZYv[^]z��fbnc��s
��[^j~]Hp�l~x
jes1l
[XjkfPt�[^jes�d^Wel\fqlvl
[XjkfPo�fbncac¨ed^x
jkfv´¹]`fb��Y
WZacx\l | x\[X[^YHfbjZ��x
Y\s�ha/[6U~a/s�h:[ih:l
[^Y\sq]vWZY�fql\fg��� � Á +A-I19µ�fbx
]H[^Yua9f`f°]H[il~Wel\f | x\[1acn9fbY\h/d^x
ncn/[O[^j acWe[^]voUs�9

|v(t)| = g t .

��j�]Hs+t�WZ]vWe[^Y�a/sKl
[ih9d^ncWZa/s�oysqn«jkfP¸¡x
Y\d^WepqY
z(t)
l
[X[ihca/[X[©��[^]vo
jes1disqncn/[ihcoysqY\l
[�f:jkf�d+fb¨el\f

jZWZ�
n/[)l
[Px
Y�fzo�fbncac¨ed^x
jkf°[^YF[^jyd+fb]voysz��n9f+tuWZa9fqd^WesqY�fbj a/[^ncn/[ihcacn/[��Hl
[ih/l
[�x
Y�fOfbjZacx
n9f
z0

�

MuW�jkfFt�[^jesud^Wel\fqlrl
[	x
Y�f}o�fbncac¨ed^x
jkfmd+fb]z�
Wkf�fF]H[il~Wel\f | x\[	acn9fbY\h9d^x
ncn/[H[^j�acWe[^]voUs
� [^Y~¦a/sqY\di[ih:jkf	o�fbncac¨ed^x
jkf	acWe[^Y\[{x
Y�fg��¢I-�¥ -��c��¢ Á�� 5��
·«f ��¢I-�¥ -��c��¢ Á�� 5 3 - + Á � ´¡s�o
n/sq]H[il~Wes�µ | x\[�acWe[^Y\[�jkfro�fbncac¨ed^x
jkf�l~x
n9fbY�a/[#[^j1WZYua/[^nctqfbjes

[t1, t2]
[ih�WZ��x�fbj�fbj d+fb]z�
Wesvl
[)t�[^jes�d^Wel\fql | x\[1sud^x
ncn/[1l~x
n9fbYua/[K[^jUWZYua/[^nctqfbjes
�
l~WZt�Wel~Wel
s	oysqnXjkfl~x
n9fqd^WepqYwl
[K¯ihca/[��\[ihPl
[id^WZn

a(t1, t2) =
v(t2) − v(t1)

t2 − t1
.

� fbn9f�l
[^a/[^nc]vWZY�fbn}[^Y x
Y WZY\h/a9fbY�a/[
t
jkf ��¢I-�¥ -�����¢ Á�� 5 Á 5Z/��¬�45��8W:5X-c� l
[gjkf#o�fbncac¨ed^x
jkf~�

[^tqfbjZx�fb]Hs�hKjkf}fqdi[^je[^n9fqd^WepqY=o
n/sq]H[il~Wesml~x
n9fbYua/[vx
Y�WZY�a/[^nct�fbjes}]zx
��oU[ | x\[^§\s | x\[	disq]vWe[^Y
�3f[^Y
t
�4M�[+f

[t, t+ε]
[ih/[XWZY�a/[^nct�fbjes
��l
sqY\l
[

ε
[ihBx
Y°acWe[^]voys�WZY~�\Y
WZa/[ih/WZ]`fbj«´¡l
[�[\[idI[\s
��fbj��\Y�fbjZWZ�3fbn

[^j«d+_bjed^x
jesvY�x\[^t�fb]H[^Y�a/[Oa/sq]`fbn/[^]Hs�h
ε → 0
µ��
��Y�a/sqY\di[ih

a(t, t + ε) =
v(t + ε) − v(t)

ε
.

� j [�fqdi[^n
ε → 0

h/[)sq�
acWe[^Y\[1jkfOfqdi[^je[^n9fqd^WepqYgWZY\h/a9fbY�a9_bY\[+f	l
[)jkf{o�fbncac¨ed^x
jkfm´¡[^Ym[^jyWZY\hca9fbYua/[
t
µ��

��hca9f	jkf	l
[^Y\sqa9fbn/[^]Hs�h)disqY
a(t)
�
ẍ(t)
s

v̇(t)
� M�[Ksq�
acWe[^Y\[

a(t) = ĺım
ε→0

v(t + ε) − v(t)

ε
= ẍ(t) = v̇(t) .

´£º~� º�µ
	 [vf | x
¨L[^Y=fql
[^jkfbYua/[v[^jBa/¯^nc]vWZY\s=��¢0-�¥P-^����¢ Á�� 5 hcWe[^]vo
n/[	h/[On/[�¸¡[^ncWZn9_}f`jkfªfqdi[^je[^n9fqd^WepqY=WZY\hc¦a9fbY�a9_bY\[+f~�
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»�� � fbn9f°[^jU]Hs3tuWZ]vWe[^Yua/svn/[id^acWZjZ¨ZY\[is°x
Y
W-¸¡sqnc]H[��~jkfzoys�hcWed^WepqYml
[�x
Y�fzo�fbncac¨ed^x
jkf°t�We[^Y\[)l\fql\f
oysqn

x(t) = x0 + v0 t
���Xf [\[^]Hs�h�t�Wehca/s | x\[��
[^Ym[ih/[Kd+fqh9s
�
hcx}t�[^jesud^Wel\fqlg[ih�disqY\h/a9fbY�a/[[zWZ��x�fbj%f

v0

� 	 [^]Hs�hcacn/[^]Hs�hKfK[\sqn9f~�Ux\h9fbY\l
s`jkfª[id^x�fqd^WepqY¿´£º~� º�µ�� | x\[z[^Y�[ihca/[°d+fqh/sHjkfo�fbncac¨ed^x
jkfv[�¸£[id^acWZt�fb]H[^Y�a/[{Y\sHacWe[^Y\[zfqdi[^je[^n9fqd^WepqY�� 	 [ [\[id [\s
�

a(t) = ĺım
ε→0

v(t + ε) − v(t)

ε
= ĺım

ε→0

v0 − v0

ε
= ĺım

ε→0
0 = 0 .

º~� ��Y�x
Yw[©�c[^]vo
jesªfbY�a/[^ncWesqn�tuWZ]Hs�h | x\[{jkfvoys�hcWed^WepqYg�}t�[^jesud^Wel\fqlwl
[Kx
Y�fvo�fbncac¨ed^x
jkf | x\[d+fq[�jZWZ�
n/[^]H[^Yua/[:��f5�cs1jkfKfqdid^WepqYHl
[�jkfKfqdi[^je[^n9fqd^WepqYªl
[���n9fit�[il\fqlHa/[^ncn/[ihcacn/[:[ihca9_bYHl\fql\fqh
oysqn�jkfqh:hcWZ��x
We[^Yua/[ihP[id^x�fqd^WesqY\[ih

z(t) = z0 −
1

2
g t2�

v(t) = −g t .��t�fbjZx\[^]Hs�h:jkfvfqdi[^je[^n9fqd^WepqY 9

a(t) = ĺım
ε→0

v(t + ε) − v(t)

ε
= ĺım

ε→0

[−g · (t + ε)] − (−g · t)]
ε

= ĺım
ε→0

−g · ε
ε

= ĺım
ε→0

(−g) = −g .

��j n/[ih/x
jZa9fql
s	WZY\l~Wed+f | x\[1jkfvfqdi[^je[^n9fqd^WepqY�[ih�disqY\h/a9fbY�a/[K�ªY\[^��fbacWZtqf~�\�±h/s	hcWZ��Y
W-��d+f | x\[jkf°o�fbncac¨ed^x
jkfªfqdi[^je[^n9fv[^Y�[^j�h/[^YuacWel
svY\[^��fbacWZt�s`l
[^j«[©�c[
z
�

�1[^Y\[^n9fbjZWZ�3fbY\l
s
�uoysul
[^]Hs�h�disqY\d^jZx
WZn | x\[Pd^x�fbY\l
sz[^j\��n9_5��dis v(t)
[^Yv¸¹x
Y\d^WepqYªl
[^j�acWe[^]	¦

oys
t
[ih1x
Y�fFn/[id^a9f~� [^jL]Hs3tuWZ]vWe[^Yua/sgl
[	jkfªo�fbncac¨ed^x
jkfmdisqncn/[ihcoysqY\l
[Hfªx
Y�]Hs3tuWZ]vWe[^Yua/s

x
Y
W-¸£sqnc]H[^]H[^Y�a/[1fqdi[^je[^n9fql
s
����j@d+fqh/sKo�fbncacWed^x
jkfbn�[^Y | x\[�jkfKn/[id^a9f{[ih [\sqncWZ�+sqYua9fbjUdisqncn/[ih�¦oysqY\l
[^n9_Hf°jkf	hcWZacx�fqd^WepqY�l
sqY\l
[Kjkfvfqdi[^je[^n9fqd^WepqYw[ih�Yux
jkf~�
��Yv[^j~��n9_5��dis

x(t)
[^Y°¸¡x
Y\d^WepqYHl
[

t
�3jkfqh�fqdi[^je[^n9fqd^WesqY\[ih±h/[±]`fbY
W-��[ih/a9fbYH[^Y°jkf	¢^¤��6N5���¡¤����

l
[^j
��n9_5��dis
� M�[:l~Wedi[ | x\[�x
Yv��n9_5��dis{acWe[^Y\[z¢i¤u�6N5���¡¤����)� 7K/ Á � Á N5����hcW@¯ihca9f)acWe[^Y\[�jkf1]vWehc]`fsqncWe[^Yua9fqd^WepqY | x\[OjkfHd^x
nct�fbacx
n9fªl
[zx
Ywoys�d^WZjZjes
��� 5X- Â ��� Á N5� h/W«jkfªd^x
nctqfbacx
n9f`acWe[^Y\[zjkfsqncWe[^Yua9fqd^WepqYwl
[Kjkf	l
[Kx
Ymo�fbn9fb��x�fqh3�
MuWy[^Y}x
Yª��n9_5��dis

x(t)
t�h+�

t
jkfOd^x
nctqfbacx
n9f°[ih�oys�hcWZacWZtqfOl
[^Y�acn/s	l
[)x
Ymd^We[^nca/s°WZY�a/[^nct�fbjes
�

[^Yua/sqY\di[ihga9fb]z�
We¯^Y jes¿h/[^n9_�jkf¿fqdi[^je[^n9fqd^WepqY�[^Y [ih/[�WZYua/[^nctqfbjes
� � sqn�[©��[^]vo
jes
�:[^Y jkf
�\��x
n9f�º~��� ´ | x\[�disqncn/[ih/oUsqY\l
[#f�jkf�d+fb¨el\f�jZWZ�
n/[3µHjkf�d^x
nct�fbacx
n9f�[ih}Y\[^��fbacWZtqf~��jZx\[^��sa9fb]O�
We¯^Y�jesvh/[^n9_°jkfHfqdi[^je[^n9fqd^WepqY��

�~� V�sqY\hcWel
[^n/[^]Hs�h:x
Y�fzo�fbncac¨ed^x
jkfHl
[�]`fqh f
m
�~d^x
��f°oys�hcWed^WepqYgfz]H[il~Wel\f | x\[)acn9fbY\h/d^x
ncn/[[^j acWe[^]voysvt�We[^Y\[Kl\fql\f	oUsqn

z(t) = A cos(ωt) ,
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l
sqY\l
[

A
�

ω
h/sqYwdisqY\hca9fbYua/[ih+�y­BfbjB]Hs+t�WZ]vWe[^Y�a/sml
[{jkfHo�fbncac¨ed^x
jkf`[ih�x
Y�]Hs3tuWZ]vWe[^Yua/s

s�h/d^WZjkfba/sqncWesªoy[^ncWepul~Wedis
�@·«f`fb]vo
jZWZacx\l�l
[{jkfqh)s�h/d^WZjkfqd^WesqY\[ih1[ih
A
�m[^j«oy[^nc¨esul
sªl
[^j«]Hsb¦

t�WZ]vWe[^Y�a/s#´¡[ih)l
[id^WZn+�U[^jLacWe[^]voys | x\[Ol
[^�y[{acn9fbY\h9d^x
ncncWZn
[�fqh/a9f | x\[zx
Y�fªdisqY~�\��x
n9fqd^WepqYh/[1t�x\[^jZt�fvf°n/[^oU[^acWZn µ�[ih
T = 2π/ω .

� j%WZY�t�[^n/h/swl
[
T
h/[	je[	jZjkfb]`f � �S-c¢i¤�-65U¢ Á �*9

ν = 1/T
� � jkfF]`fb��Y
WZacx\l

ω
h9[Oje[HjZjkfb]`f

� �S-/¢^¤�-'5@¢ Á �m�45 Â ¤�¥-����� M�[{acWe[^Y\[ | x\[ ω = 2πν
�

��t�fbjZx\[^]Hs�h:jkf°t�[^jes�d^Wel\fql�l
[1jkfvo�fbncac¨ed^x
jkf 9

v(t) = ĺım
ε→0

z(t + ε) − z(t)

ε

= ĺım
ε→0

1

ε
[A cos(ω(t + ε)) − A cos(ωt)]

= ĺım
ε→0

A

ε
[cos(ωt) cos(ωε) − sin(ωt) sin(ωε) − cos(ωt)]

' ĺım
ε→0

A

ε

[

cos(ωt)

(

1 − ω2ε2

2

)

− sin(ωt) · (ωε) − cos(ωt)

]

= ĺım
ε→0

A

ε

[

− cos(ωt)
ω2ε2

2
− sin(ωt) · (ωε)

]

= ĺım
ε→0

A

[

− cos(ωt)
ω2ε

2
− ω · sin(ωt)

]

= −Aω · sin(ωt)

��Y�fvt�[^�vdisqY\s�d^Wel\fHjkf`t�[^jesud^Wel\fql�oysul
[^]Hs�h3�@[^Yw¸¡sqnc]`fFfbY�_bjesq��f~�yd+fbjed^x
jkfbn1jkfªfqdi[^je[^n9f5¦
d^WepqY 9

a(t) = ĺım
ε→0

v(t + ε) − v(t)

ε

= ĺım
ε→0

1

ε
[−Aω sin(ω(t + ε)) − (−Aω) sin(ωt)]

= ĺım
ε→0

−Aω

ε
[sin(ωt) cos(ωε) + cos(ωt) sin(ωε) − sin(ωt)]

' ĺım
ε→0

−Aω

ε

[

sin(ωt)

(

1 − ω2ε2

2

)

+ cos(ωt) · ωε − sin(ωt)

]

= ĺım
ε→0

−Aω

[

− sin(ωt)
ω2ε

2
+ ω cos(ωt)

]

= −Aω2 cos(ωt)

·«f#�\��x
n9f�º~� )=]zx\[ih/acn9f=jkf=oUs�hcWed^WepqY��Xt�[^jes�d^Wel\fql �¿fqdi[^je[^n9fqd^WepqY l
[�jkf=o�fbncac¨ed^x
jkfr[^Y
¸¡x
Y\d^WepqY�l
[^j acWe[^]voys
�
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À±ÁZÂ ¤u�c�FÃ�Ä��
�)sqa/[^]Hs�h | x\[Fo�fbn9f�a/s�l
s t

�
a(t) = −ω2 z(t)

����j�je[id^a/sqnv��fw¸¬fb]vWZjZWkfbncWZ�3fql
s=disqY�jkf
[id^x�fqd^WesqY\[ih%l
[±�)[^��a/sqYF´ | x\[XfbY�fbjZWZ�3fbn/[^]Hs�hLn/[id^We¯^Y	[^YO[^j�d+fbo
¨Zacx
jes 
uµ o
x\[il
[±[ihca9fb�
je[idi[^nx
Y�f�WZY�a/[^n/[ih fbY�a/[#n/[^jkfqd^WepqY disqY jkf�� -�� +.-�� 727	�4-^����Y�[�¸£[id^a/s
��fbj [�fqdi[^nmx\h/s�l
[wjkf
[id^x�fqd^WepqY#l
[z�)[^��a/sqY

F = ma
�Uh/[z[^Y\d^x\[^Yuacn9f | x\[zjkfv¸¡x\[^nc�3fHY\[^a9f | x\[°fqd^ac²�fªh/sq�
n/[jkf°o�fbncac¨ed^x
jkf`l
[1]`fqh9f

m
l
[^�U[Kh fbacWeh�¸£fqdi[^n�jkfvn/[^jkfqd^WepqY

F = −(mω2) z .
	 [^Y\sqa9fbY\l
s#fmjkfwdisqY\hca9fbY�a/[

(mω2)
oysqn

k
�Bh/[`acWe[^Y\[

F = −kz
�B��h/a/s�Y\s�hO]zx\[ihcacn9f

| x\[:jkfK¸¹x\[^nc�3fzY\[^a9fzh9sq�
n/[Pjkf{o�fbncac¨ed^x
jkfO[ihXo
n/sqoysqn/d^WesqY�fbj fbjUl
[ihco
jkfb�3fb]vWe[^Y�a/s
�
��jUhcWZ��Y\sY\[^��fbacWZt�s}WZY\l~Wed+f | x\[OjkfFl~WZn/[idid^WepqY=[^Y | x\[°fqd^ac²�fFjkf`¸¡x\[^nc�3fª[ih1sqo
x\[ihca9fmfbj�l
[ihco
jkfb�3f5¦]vWe[^Yua/s
����Y�[©�c[^]vo
jes�disqY\d^n/[^a/s�[^Y | x\[ªfbo�fbn/[idi[ªx
Y�f}¸¡x\[^nc�3f�l
[^jXacWZoUs F = −kz
[ih

x
Y�f°]`fqh9f
m
disqjZ��fbY\l
sHl
[1x
Ymn/[ih9sqnca/[��\��Yg[ih/[Kd+fqh/s

k
[ih:jkf	disqY\hca9fbY�a/[{l
[^j n/[ih9sqnca/[K�

f
F = −kz

h/[1je[1jZjkfb]`f
� -�� +A-�� 7F7��4-^�


\� ��Y�f°oU[^n/h9sqY�f	je[^tqfbYua9f	x
Ygoy[ih/s
P
�\hcx~¦

�c[^a9fbY\l
s�x
Y�f�d^x\[^n/l\f | x\[�o�fqh f�oUsqn x
Y�foysqje[+fª��d+fb]vWZY�fbY\l
s [\sqncWZ�+sqY�a9fbjZ]H[^Yua/[
disqY}t�[^jes�d^Wel\fql

v0

��
bVXx�_bj�[ih�jkfOt�[^jesud^W-¦
l\fqlml
[^j�oy[ih/s

P �Mux
oysqY
��fb]Hs�h | x\[)[^j@jkfbnc��s	l
[�jkfzd^x\[^n�¦l\fw[ih
2h
´¡swh/[+f~�Ld^x�fbY\l
s�jkfwoU[^n/h/sqY�f

[ihca9_�[^Y
x = 0

�«[^j�d^x\[^ncoUs
P
[ih/a9_�[^Y

[^j«h/x\[^jes`[^Y\disqY�acn9_bY\l
s�h9[Ojkf`d^x\[^n/l\f`[ihc¦
acWZn9fql\f�µ�� M�[{acWe[^Y\[ À±Á-Â ¤u�c�ªÃ�Ä��

(h − y) +
√

h2 + x2 = 2h ,
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svh/[+f~�
y(t) =

√

h2 + x2(t) − h =
√

h2 + v2
0
t2 − h .

� fbn9f	jkf	t�[^jes�d^Wel\fqlgsq�
a/[^Y\[^]Hs�h

ẏ(t) = v(t) = ĺım
ε→0

y(t + ε) − y(t)

ε

= ĺım
ε→0

1

ε

[(

√

h2 + v2
0
(t + ε)2 − h

)

−
(

√

h2 + v2
0
t2 − h

)]

= ĺım
ε→0

1

ε

[

√

(h2 + v2
0
t2) + (2v2

0
tε + v2

0
ε2) −

√

h2 + v2
0
t2

]

= ĺım
ε→0

1

ε

√

h2 + v2
0
t2

[
√

1 +
2v2

0
tε + v2

0
ε2

h2 + v2
0
t2

− 1

]

= ĺım
ε→0

1

ε

√

h2 + v2
0
t2

[

1 +
1

2

2v2
0
tε + v2

0
ε2

h2 + v2
0
t2

− 1

]

= ĺım
ε→0

1

ε

1

2

2v2
0tε + v2

0ε
2

√

h2 + v2
0
t2

=
v2
0
t

√

h2 + v2
0
t2

�y�c[^n/d^Wed^Wes�9 	 [^]zx\[ih/acn/[ | x\[1jkfHfqdi[^je[^n9fqd^WepqYwl
[ P t�We[^Y\[{l\fql\f	oysqnF9

a(t) = ÿ(t) = v2
0

h2

(

h2 + v2
0
t2

)3/2
.

617©617 �=JgALN��&?/D°< ?/D)G:I%TU>@<
��Ygjkf	h/[idid^WepqY�fbY�a/[^ncWesqn�h9[1o
n/[ih/[^Y�a/pª[^j o
n/sudi[il~WZ]vWe[^Yua/s | x\[1oU[^nc]vWZa/[{[^t�fbjZx�fbn+�
o�fbncacWe[^Y~¦l
s�l
[^j)disqY\sud^WZ]vWe[^Yua/s l
[gjkfroUs�hcWed^WepqY [^Y ¸¡x
Y\d^WepqY l
[^j)acWe[^]voys
�±jkf=t�[^jesud^Wel\fql ��jZx\[^��srjkf

fqdi[^je[^n9fqd^WepqY��L��Y�[ihca9f�h/[idid^WepqY�fbY�fbjZWZ�3fbn/[^]Hs�hv[^j�d+fb]vWZY\sgWZY�t�[^n/h9s
�B[ih°l
[id^WZn+�«disqY\s�d^We[^Y\l
s�jkf
fqdi[^je[^n9fqd^WepqYw[^Ym¸¡x
Y\d^WepqY�l
[^j acWe[^]voys
�\d+fbjed^x
jkfbnPjkf°t�[^jes�d^Wel\fqlg�FoUs�h/Wed^WepqY��

Mux
oUsqY
��f | x\[1jkf°t�[^jes�d^Wel\fqlgl
[Kx
Y�f°o�fbncac¨ed^x
jkf`[^Y}¸¹x
Y\d^WepqY�l
[^j acWe[^]voysvt�We[^Y\[Kl\fql\f	oysqn[^j���n9_5��disv]Hs�hcacn9fql
sH[^Y�jkfO�\��x
n9fHº~���~�
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À±ÁZÂ ¤u�c�FÃ�Ä��

5VXx�_bj�h/[^n9_wjkfwl~Wehca9fbY\d^Wkf�n/[idisqncncWel\f�oUsqn°jkfwo�fbncac¨ed^x
jkf�[^Y�acn/[Fjes�h	WZY\hca9fbYua/[ih

ti
�

tf �
��Y�acn/[

[ih/s�h1l
s�hPWZY\hca9fbYua/[ih1jkfvt�[^jes�d^Wel\fql�l
[zjkf`o�fbncac¨ed^x
jkfF[ih�disqY\hca9fbYua/[m´¹WZ��x�fbj�f
v0

µ���oysqnPjesªa9fbY�a/s
jkfvl~Wehca9fbY\d^Wkf	n/[idisqncncWel\f`h/[^n9_

x(tf ) − x(ti) = v0 · (tf − ti)
� � sul
[^]Hs�h)[ih/d^ncWZ�
WZn

x(tf ) = x(ti) + v0 · (tf − ti) ,

smh/[+f~� hcW%x
Y�fFo�fbncac¨ed^x
jkfm[^Y�acn/[`l
s�h1WZY\hca9fbY�a/[ih`´¹WZY
Wed^Wkfbj±�g�\Y�fbj µ1h/[°]Ox\[^t�[`fªx
Y�f}t�[^jesud^Wel\fql
disqY\hca9fbY�a/[���[^Yua/sqY\di[ihvjkfwoUs�hcWed^WepqY��\Y�fbj�[ih	WZ��x�fbj:fgjkfwoys�hcWed^WepqY�WZY
Wed^Wkfbj�]`_qh	[^j:_bn/[+f�l
[`jkf
¸¹x
Y\d^WepqY

v(t)
[^Yuacn/[{jes�h�WZY\hca9fbYua/[ih

ti
�

tf
�

VXx�fbY\l
sHjkfO¸¡x
Y\d^WepqY
v(t)
Y\sv[ih:disqY\hca9fbYua/[{jkfvh/WZacx�fqd^WepqY�[ih�]`_qh:disq]vo
je[©�/f~���½Y�a/[^Yua/[^]Hs�h

[^tqfbjZx�fbn{jkfgl~Wehca9fbY\d^Wkf | x\[	n/[idisqncn/[HjkfFo�fbncac¨ed^x
jkfg[^Yuacn/[Hjes�hKWZY\h/a9fbY�a/[ih t1
�

t4
�«V�sq]HsgjkfFt�[�¦

jesud^Wel\fql�Y\s�[ih	disqY\hca9fbY�a/[��%a/sq]`fbn/[^]Hs�hªfbjZ��x
Y�fqhv]H[il~Wed^WesqY\[ihvWZY�a/[^nc]H[il~Wkfqh3��h/[^o�fbn9fql\fqhvoysqn
x
YFWZYua/[^nctqfbjes`l
[�acWe[^]voys

∆t
����Yuacn/[

t1
�

t2
jkfzl~Wehca9fbY\d^Wkf°n/[idisqncncWel\f	h9[^n9_°fbo
n/sFU�WZ]`fql\fb]H[^Yua/[

v(t1) · (t2 − t1) = v(t1) ·∆t
�u[^Y�acn/[

t2
�

t3
h9[^n9_

v(t2) · (t3 − t2) = v(t2) ·∆t
���	�\Y�fbjZ]H[^Yua/[

[^Y�acn/[
t3
�

t4
h/[^n9_gfbo
n/sFU�WZ]`fql\fb]H[^Yua/[

v(t3) · (t4 − t3) = v(t3) · ∆t
�«·«fgl~Wehca9fbY\d^Wkf�a/sqa9fbj

n/[idisqncncWel\fHh/[^n9_vfbo
n/sFU�WZ]`fql\fb]H[^Yua/[

x(t4) − x(t1) '
3

∑

j=1

v(tj) · ∆t ,
´£º~����µ

l
sqY\l
[
∆t = (t4−t1)/3

�����\h/[^nct�[ | x\[±[^j�jkfql
s)l
[^n/[id [\s1l
[±jkfP[id^x�fqd^WepqYm´£º~����µ�[ihBWZ��x�fbj
fbj�_bn/[+fl
[`jes�h°n/[id^a9_bY
��x
jes�h	]Hs�hcacn9fql
s�h	[^Y�jkfm�\��x
n9f�º~�Z» �~�%��tuWel
[^Yua/[^]H[^Y�a/[m[^j�n/[ihcx
jZa9fql
s#fbY�a/[^ncWesqn
[ihzh/pqjes�fbo
n/sFU�WZ]`fql
s�9 [\[^]Hs�hOa/sq]`fql
s �}]H[il~Wed^WesqY\[ihOWZY�a/[^nc]H[il~Wkfqh°�O[\[^]Hs�hzhcx
o
x\[ih/a/s | x\[[^Y�acn/[°jkfqh:]H[il~Wed^WesqY\[ih1jkfHt�[^jesud^Wel\fql�[ih�disqY\h/a9fbY�a/[}´¹WZ��x�fbj%fbjBtqfbjesqn)l
[zjkfH²
jZacWZ]`fH]H[il~Wed^WepqY@µ��
­Bfb]z�
We¯^Y#[ih�d^jkfbn/s | x\[zhcWBfbx
]H[^Yua9fb]Hs�h1[^j�Y�²
]H[^n/sFl
[{]H[il~Wed^WesqY\[ih)WZY�a/[^nc]H[il~Wkfqh1sq�
a/[^Y\l~n/[�¦]Hs�h1x
Ywn/[ihcx
jZa9fql
sF]`_qh1o
n/[id^Weh/s
� � fbn9fªx
Y�Yu²
]H[^n/s}]zx
�w��n9fbY\l
[}´¹WZY~�\Y
WZa/s�µ)l
[O]H[il~Wed^WesqY\[ih
WZY�a/[^nc]H[il~Wkfqh+�
[^jyo
n/s�di[il~WZ]vWe[^Y�a/svh/[^nc¨kfO[6U
fqd^a/s
³~[^Y}[ih/[)d+fqh/sO[^j _bn/[+f°l
[Pjes�h�n/[id^a9_bY
��x
jes�h�h/[^nc¨kf
WZ��x�fbj�fbj�_bn/[+f�[^Y�acn/[Fjkf}¸¡x
Y\d^WepqY

v(t)
�=[^j�[©�c[ â3� 	 [F[ihca9f�]`fbY\[^n9fV[\[^]Hs�h	[^Y\disqY�acn9fql
s�x
Y



���������
	��
������������������������������	��
��� �!�"���$#%�'&(� ��Æ
n/[ihcx
jZa9fql
s`disq]vo
je[^a9fb]H[^Yua/[z��[^Y\[^n9fbj89

x(tf ) = x(ti) + ( ��� <6B�<0HKJ � < v(t) � <I@Z<��8< t
<IHKJ � < t = ti � tf ) .

´£º~� 
uµ
��acn9f#]`fbY\[^n9f�l
[mo
n/sudi[il
[^nF[ihHjkf#h/WZ��x
We[^Y�a/[:9�l~WZtuWel~WZnF[^j:WZY�a/[^nct�fbjes

[ti, tf ]
[^Y ]zx\dI[
¨ehcWZ]Hs�h

´¹WZY~�\Y
WZa/s�h µ�WZY�a/[^nct�fbjes�hPl
[OfbY\d [\s
dt
�
��Yua/sqY\di[ih

v(t) · (dt)
[ih�WZ��x�fbjLf°jkf	l~Wehca9fbY\d^Wkf	n/[idisqncncWel\f

[^Y�acn/[Ojes�hPWZY\hca9fbYua/[ih
t
�

t + dt
� � fbn9fFsq�
a/[^Y\[^n�jkf`l~Wehca9fbY\d^Wkf`n/[idisqncncWel\f`[^Yuacn/[

ti
�

tf
�Z[�fb�
n9_

| x\[{h/x
]`fbn�a/sul\fqh�jkfqhPdisqY�acncWZ�
x\d^WesqY\[ih+� M�[KacWe[^Y\[{[^Yua/sqY\di[ih | x\[

x(tf ) = x(ti) +

∫ tf

ti

v(t) dt .
´£º~����µ

��j�hc¨Z]z�ysqjes ∫ tf
ti

hcWZ��Y
W-��d+f`¼4/ ¤%3R-v¥Z�K/H¢ 745��¡� Á�� ¤~¢ Á 745X-6/	�^¤�- -0/^�8W45 +.-^�¡� W4/ +.-�¥\/   3 � 7q¥P7�+A-6/'+A-
t = ti 
 �4/��¬� t = tf ¾ � � sqnPhcx
o
x\[ihca/s | x\[

∫ tf

ti

v(t) dt = ( ��� <0B
�:<0@ GCE G J B��*B
>%L � v(t) � <0@Z<��8< t
<IHKJ � < t = ti � tf ) .

�y��[^]vo
jes�h29
»�� ��s+t�WZ]vWe[^Y�a/s`x
Y
W-¸¡sqnc]H[:9
V�sqY\hcWel
[^n/[^]Hs�h)x
Y�fHo�fbncac¨ed^x
jkf`d^x
��fHt�[^jesud^Wel\fql�[ihPdisqY\hca9fbYua/[

v(t) = v0

[^Y�a/s�l
sHWZY\hc¦
a9fbYua/[��4MuWujkf�o�fbncac¨ed^x
jkf�[^YO[^j�WZY\h/a9fbY�a/[

t = 0
h9[�[^Y\d^x\[^Y�acn9f)[^Y

xi
�	
3l
pqY\l
[±h/[±[^Y\disqY�acn9fbn9_

[^Yg[^j�WZY\h/a9fbY�a/[
t �

�)h9fbY\l
s	jkf	[id^x�fqd^WepqY�´£º~� 
uµ�h/[Ksq�
acWe[^Y\[

x(t) = x(0) + ��� <0B�<IHKJ � < v0 � <I@T<��8< t � <IHKJ � < t = 0 � t .

= x(0) + v0 t

º~� ��s+t�WZ]vWe[^Y�a/s`x
Y
W-¸¡sqnc]H[^]H[^Yua/[Ofqdi[^je[^n9fql
s�9
V�sqY\hcWel
[^n/[^]Hs�hPx
Y�f	o�fbncac¨ed^x
jkfHd^x
��fvt�[^jesud^Wel\fqlmt�We[^Y\[Kl\fql\f	oysqn

v(t) = v0 + a0 t ,

´¹t�[^n1�\��x
n9fgº~�Z» ��µ�� ���\h/[^nct�[ | x\[ v0

[ihKjkfFt�[^jes�d^Wel\fql=l
[	jkfFo�fbncac¨ed^x
jkf�[^Y=[^j�WZY\hca9fbY�a/[
t = 0
� � j�d+fbjed^x
jkfbn�jkfvfqdi[^je[^n9fqd^WepqYwh/[K[^Y\d^x\[^Yuacn9f | x\[

a(t) = ĺım
ε→0

v(t + ε) − v(t)

ε
= a0 ,

smh/[+f~��jkfm[6U�o
n/[ih/WepqY=o�fbn9f}jkf}t�[^jes�d^Wel\fqlrdisqncn/[ihcoysqY\l
[`f}x
Y�fmo�fbncac¨ed^x
jkf | x\[v[^Y=a/sul
sWZY\hca9fbYua/[{hcx~¸¡n/[1x
Y�fHfqdi[^je[^n9fqd^WepqYwdisqY\h/a9fbY�a/[
a0

�
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��Y\disqYuacn/[^]Hs�hv[^jXl
[ihco
jkfb�3fb]vWe[^Yua/s�[^Y�acn/[ªjes�hzWZY\hca9fbYua/[ih

t = 0
�#[^j±WZY\hca9fbYua/[

t = tf
�

�)h9fbY\l
s	jkf	[id^x�fqd^WepqY�´£º~� 
uµ�h/[Ksq�
acWe[^Y\[
x(tf ) = x(0) + ��� <0B�<IHKJ � < v(t) � <0@Z<��8< t � <0H J � < t = 0 � t = tf

= x(0) + v0 tf +
1

2
(v(tf ) − v0) · tf

= x(0) + v0 tf +
1

2
a0 t2f .

V�sqY\sud^We[^Y\l
swjkfmoys�hcWed^WepqY
x(t)
l
[Hx
Y�fmo�fbncac¨ed^x
jkf~�LhcWe[^]vo
n/[ª[ihzoys�hcWZ�
je[Hl
[^a/[^nc]vWZY�fbnvhcx

t�[^jesud^Wel\fql �L��j�n/[id^¨Zo
n/s�disgY\sw[ihzd^We[^nca/s�9«h/W±h/[HdisqY\s�di[vjkfmt�[^jes�d^Wel\fql
v(t)
Y\s�[ih{oys�hcWZ�
je[Hl
[�¦

a/[^nc]vWZY�fbn�jkfzoys�hcWed^WepqY�³�jesO²
Y
Wedis | x\[)h/[�o
x\[il
[Kl
[^a/[^nc]vWZY�fbn:[ih�[^j l
[ihco
jkfb�3fb]vWe[^Yua/sH[^Y�acn/[Kl
s�hWZY\hca9fbY�a/[ih+�@��Ywsqacn9fqhPo�fbjkfb�
n9fqh+�\hcWBdisqY\sudi[^]Hs�h
v(t)
�@l
[^�U[^]Hs�h�disqY\sudi[^n1fql
[^]`_qh:jkf	oys�hcWed^WepqY

[^YwfbjZ��²
YgWZY\hca9fbYua/[Ko�fbn9f	oysul
[^nPl
[^a/[^nc]vWZY�fbn
x(t)
�

·«fqh:n/[^jkfqd^WesqY\[ih | x\[1oy[^nc]vWZa/[^Ywsq�
a/[^Y\[^nPjkf°t�[^jesud^Wel\fqlwhcW�h/[KdisqY\s�di[1jkfHfqdi[^je[^n9fqd^WepqY a(t)
�

h/sqYwfbY�_bjesq��fqh�f°jkfqh | x\[1n/[^jkfqd^WesqY�fbYwjkf	oUs�h/Wed^WepqYgdisqYgjkf°t�[^jesud^Wel\fql 9
v(tf ) = v(ti) + ��� <0B�<IHKJ � < a(t) � <I@T<��8< t

<0HKJ � < t = ti � tf .
´£º~� Æ�µ

s
v(tf ) = v(ti) +

∫ tf

ti

a(t) dt .
´£º~� )�µ

���������
	�� � ��s+t�WZ]vWe[^Y�a/sHx
Y
W-¸£sqnc]H[^]H[^Y�a/[	fqdi[^je[^n9fql
s
�
Mux
oUsqY
��f | x\[`jkf�fqdi[^je[^n9fqd^WepqY l
[Hx
Y�fgo�fbncac¨ed^x
jkf�[ihzdisqY\hca9fbYua/[�´ a(t) = a0 , ∀t

µ�� �)h9fbY\l
s
´£º~� Æ�µ�h/[Kl
[il~x\di[ | x\[

v(t) = v(0) + a0 t .
� fqd^We[^Y\l
s`x\h/svl
[^j n/[ihcx
jZa9fql
s`sq�
a/[^Y
Wel
s`[^Y�[^j�[©��[^]vo
jesªfbY�a/[^ncWesqn�h9[Ksq�
acWe[^Y\[K�\Y�fbjZ]H[^Y�a/[ | x\[

x(t) = x(0) + v(0) t +
1

2
a0 t2 .
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���\h/[^nct�[ | x\[ x(0)
�

v(0)
h/sqY�jkf`oys�hcWed^WepqY��gjkfªt�[^jesud^Wel\fql�l
[Ojkfªo�fbncac¨ed^x
jkfª[^Y#[^jLWZY\hca9fbY�a/[

t = 0
�

617��{7 �����{? �&<:> Q ���/D°? �&<:>

V�sqY\hcWel
[^n/[vx
Y�fª¸¡x
Y\d^WepqY
f(t)
hcx�fit�[g´¡s}h/[+f~� h/WZY�h fbjZa/s�h1Y
W�o
x
Y�a9fqh µ�� �Xf}h9fb�y[^]Hs�hH´¹t�[^n

²
jZacWZ]Hs�o
n/sq�
je[^]`f�l
[ªjkf�h/[idid^WepqY fbYua/[^ncWesqn µ | x\[ ḟ(t)
[ihca9_wn/[^jkfqd^WesqY�fql
s=disqY�jkfwoU[^Y\l~We[^Yua/[

l
[Hjkfqh{a9fbY
��[^Yua/[ihOl
[Hjkf}¸¡x
Y\d^WepqY
f(t)
� ���\h/[^nct�[^]Hs�h | x\[vo�fbn9fmt�fbjesqn/[ihzl
[ t

[^Y=jes�hOd^x�fbje[ih
ḟ(t) = 0

�qjkfP¸¹x
Y\d^WepqY
f(t)
acWe[^Y\[�x
Y	]`_ U�WZ]Hs1s)]v¨ZY
WZ]HsH´¹jesud+fbj µ���­Lfb]z�
We¯^YHoys�l
[^]Hs�h%WZY�t�[^ncacWZn

jkfPfbnc��x
]H[^Y�a9fqd^WepqY 9�[^Y\disqYuacn9fbn%jes�h�]`_ U~WZ]Hs�h«�1]v¨ZY
WZ]Hs�h%l
[�x
Y�f�¸¹x
Y\d^WepqY
f(z)
[ih«[ | x
WZtqfbje[^Yua/[fv[^Y\disqY�acn9fbn�jes�h:di[^n/s�hPl
[1jkf°¸¡x
Y\d^WepqYQ+A-^� Á N5�*+��

g(z) = ĺım
ε→0

f(z + ε) − f(z)

ε
.

	�
���
�������� Mux
oysqY
��f | x\[:x
YFfb��ncWed^x
jZa/sqnXacWe[�¦Y\[
L
]H[^acn/s�h%l
[�]`fbjZjkf�o�fbn9f�disqY\h/acncx
WZnLx
Y	disb¦

ncn9fbj«n/[id^a9fbY
��x
jkfbn+�U��jLfb��ncWed^x
jZa/sqn)l
[ih/[+f`fbo
n/sb¦
t�[id [�fbn:x
Y�f	]Ox
n9fbjZjkfvl
[1o
We[il~n9fm´¹n/[id^a9f�µ�o�fbn9f
sq�
a/[^Y\[^nOx
Y�disqncn9fbj±]`fi��sqn+� 
���x\¯`l~WZ]H[^Y\hcWesb¦
Y\[ih±l
[^�y[^n9_Ka/[^Y\[^n±[^j�disqncn9fbj@o�fbn9f | x\[�hcxª_bn/[+fh/[+f°]`_ U�WZ]`f � À±ÁZÂ ¤u�c�ªÃ�Ä¹Å�Å
M�sqjZx\d^WepqY 9 M�[+fbY

a
�

b
jes�h)jkfbnc��s�h)l
[^jB��fbjZjZWZY\[^n/s#´¹t�[^n��\��x
n9fFº~�Z»�»3µ��U��jLjkfbnc��sªl
[Ojkf`]`fbjZjkf`[ih

L = 2a+ b
�u]vWe[^Y�acn9fqh | x\[�[^j _bn/[+fOl
[^j@��fbjZjZWZY\[^n/s	[ih A = a · b � 	 [ihcoU[©�/fbY\l
s b

l
[:jkfzo
ncWZ]H[^n9f
[id^x�fqd^WepqY��}hcx\hcacWZacx
��¯^Y\l
sqjesH[^Ygjkf	h9[^��x
Y\l\fvh/[Ksq�
acWe[^Y\[:9

A = a · (L − 2a) .

��j)_bn/[+f�[ihHx
Y�f#¸¹x
Y\d^WepqY l
[
a
�X­BfbYua/sro�fbn9f

a = 0
disq]Hsro�fbn9f

a = L/2
h/[macWe[^Y\[ | x\[

A = 0
� � fbn9fmfbjZ��²
Y#t�fbjesqn)WZYua/[^nc]H[il~Wesg[^j�_bn/[+fFl
[^j���fbjZjZWZY\[^n/smh/[^n9_ª]`_ U�WZ]`f~� � fbn9fFn/[ih/sqjZt�[^n

[^jUo
n/sq�
je[^]`f°l
[^�y[^]Hs�h�[^Y\disqY�acn9fbn:[^jU]`_ U�WZ]Hs	l
[�jkfK¸¡x
Y\d^WepqY
f(a) = a · (L− 2a)

� � fbn9f°[^jZjes
[^Y\disqY�acn/[^]Hs�h)jes�h:di[^n/s�h:l
[KjkfO¸¡x
Y\d^WepqY�l
[^ncWZt�fql\f

g(a) = ĺım
ε→0

f(a + ε) − f(a)

ε
= ĺım

ε→0

1

ε
[(a + ε) · (L − 2(a + ε)) − a · (L − 2a)] = L−4a .

·«fz¸¹x
Y\d^WepqY
g(a)
acWe[^Y\[)x
Y#´¹²
Y
Wedis�µ�di[^n/szo�fbn9f

a = L/4
�~· x\[^��s°o�fbn9f°[ih/[Pt�fbjesqn�l
[

a
[^j�_bn/[+f

l
[^j���fbjZjZWZY\[^n/s`h/[^n9_°]`_ U~WZ]`f~�
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»�� Mux
oysqY
��f | x\[KjkfHfbjZacx
n9fvl
[{d^We[^nca/s`o
n/s+��[id^acWZjL[^Ym¸¹x
Y\d^WepqY�l
[^j�acWe[^]voysvtuWe[^Y\[zl\fql\fvoysqnjkfOn/[^jkfqd^WepqY

z(t) = −a0 · (t − t0)
2 + z0

�~disqY
z0 = 125

]g�
t0 = 5

h��
a0 = 5

]��bh
2
�

�~µ �)n9f5� | x\[Hjkf�fbjZacx
n9fwl
[^j±o
n/s+��[id^acWZj�[^Y�¸¹x
Y\d^WepqY�l
[^j±acWe[^]voys�l
[ih/l
[ t = 0
[�fqhca9f

t = 12
h+�

� µ 
3��Y | x\¯1WZY\hca9fbY�a/[Od [\s�d+fv[^j o
n/s+��[id^acWZj%disqY�acn9fv[^jBhcx\[^jes �¢3µ ��Y\d^x\[^Yuacn/[F��n9_5��d+fb]H[^Y�a/[Fjkfmt�[^jes�d^Wel\fqlrWZY\h/a9fbY�a9_bY\[+f�´¡[ihzl
[id^WZn+�B]vWel\fgjkfqhzoU[^Y~¦
l~We[^Yua/[ihPl
[1jkfqh�a9fbY
��[^Yua/[ih µ�[^Ymjes�h�WZY\h/a9fbY�a/[ih

t �
�vh+�

t �
ºvh+�

t �

Hh3�

t �
Æ	h+�

t �
�	h

�
t �
» �vh+���1n9f5� | x\[{h/xmn/[ihcx
jZa9fql
s
�

º~� ��YªdisqY\l~x\d^a/sqn�]`fbY\[©�/fzhcxFdisudI[\[O» �
	�] fzx
Y�f{t�[^jes�d^Wel\fqlªl
[ ����	�]�� [F�vjZx\[^��sOsqacn/s�h
» ��	�] fR) ��	�]�� [�� 
5VXx�_bj�[ih:jkf	n9fbo
Wel
[^�{o
n/sq]H[il~Wes`l~x
n9fbYua/[z[^j acn9f+��[id^a/sªl
[{º��
	�] �´¡·«fvn/[ihco
x\[ihca9f°Y\sH[ih ����	�]�� [��¶µ

�~� ·«fv�\��x
n9fªº~�Z»+ºH]zx\[ihcacn9f`jkfvoys�hcWed^WepqY�l
[{x
Y�fvo�fbncac¨ed^x
jkfF[^Y�¸¹x
Y\d^WepqY�l
[^j«acWe[^]voys
�@��Y~¦
d^x\[^Yuacn/[{jkf°t�[^jes�d^Wel\fqlmo
n/sq]H[il~Wes`l~x
n9fbYua/[{jes�h:hcWZ��x
We[^Yua/[ih:WZYua/[^nctqfbjes�h)l
[1acWe[^]voUs�9
�~µ

0
h

< t < 4
h

� µ
7
h

< t < 10
h

¢3µ
0
h

< t < 13
h ´��P[ihco
x\[ih/a9f 9 〈v〉 = −0,154

]��bh�µ
+\µ

10 s < t < 13 s

À�ÁZÂ ¤����FÃ~Ä ÅbÃ
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\� ·«f	�\��x
n9f`º~�Z» �	]Ox\[ihcacn9fvjkf	oys�hcWed^WepqY�l
[{x
Y�fvo�fbncac¨ed^x
jkfH[^Yg¸¹x
Y\d^WepqY�l
[^j�acWe[^]voUs
� 
+��Y
| x\¯1WZY\hca9fbY�a/[ih�sv[^Y | x\¯1WZY�a/[^nct�fbjes�hPl
[KacWe[^]voys
�~µ jkf°t�[^jes�d^Wel\fqlr´¹WZY\hca9fbYua9_bY\[+f�µ:[ih:di[^n/s �� µ jkf°t�[^jes�d^Wel\fqlg[ih�oys�hcWZacWZt�f �¢3µ jkf°t�[^jes�d^Wel\fqlg[ih�Y\[^��fbacWZt�f �
+\µ [^j ]Hp�l~x
jesHl
[1jkf	t�[^jes�d^Wel\fqlg[ih�]`_ U~WZ]Hs �
-bµ jkf°t�[^jes�d^Wel\fqlg[ih:disqY\hca9fbYua/[ �
� µ jkfvfqdi[^je[^n9fqd^WepqY�[ih�Y\[^��fbacWZtqf �

�~� Mux
oysqY
��f | x\[mjkf�oys�hcWed^WepqY l
[gx
Y�f#o�fbncac¨ed^x
jkf=[^Y ¸¹x
Y\d^WepqY l
[^j:acWe[^]voys ´¹]H[il~Wel
sr[^Yh/[^��x
Y\l
s�h�µXtuWe[^Y\[{l\fql\fvoUsqn
z(t) =

t

1 + t2
[
]

]

�~µ �)n9f5� | x\[ z(t)
[^Y�[^j WZY�a/[^nct�fbjes`l
[1acWe[^]voys −4

h
< t < +4

h+�
� µ ��Y\d^x\[^Yuacn/[{jkf	t�[^jes�d^Wel\fqlmWZY\hca9fbYua9_bY\[+fH[^Ym¸¡x
Y\d^WepqY�l
[^j acWe[^]voysH[^t�fbjZx�fbY\l
s

v(t) = ĺım
∆t→0

z(t + ∆t) − z(t)

∆t
.

�)n9f5� | x\[ v(t)
�
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Æ~� ·«fO�\��x
n9fªº~�Z» 
v]zx\[ihcacn9fHjkf°oUs�h/Wed^WepqY�l
[1x
Y�f	o�fbncac¨ed^x
jkfH[^Y}¸¡x
Y\d^WepqY�l
[^j�acWe[^]voys
�
�~µ ��Y\d^x\[^Yuacn/[{jkf	t�[^jes�d^Wel\fqlmo
n/sq]H[il~Wesª[^Yg[^j�WZY�a/[^nct�fbjesHl
[KacWe[^]voys

2
h
< t < 10

h+�
� µ ��Y\d^x\[^Yuacn/[{jkf	t�[^jes�d^Wel\fqlmWZY\hca9fbYua9_bY\[+fvo�fbn9f

t = 10
h+�

¢3µ 
3��Y | x\¯°WZY\hca9fbYua/[vsFWZY\hca9fbY�a/[ihKjkfªt�[^jes�d^Wel\fql¿´¹WZY\hca9fbY�a9_bY\[+f�µKl
[Ojkfªo�fbncac¨ed^x
jkfm[ihYux
jkf �
+\µ 
3��Y | x\¯1WZY\hca9fbY�a/[zjkf°n9fbo
Wel
[^�O[ih�]`_ U~WZ]`f �
-bµ 
3��Y | x\¯1WZY\hca9fbY�a/[zjkfvfqdi[^je[^n9fqd^WepqYw[ih�Yux
jkf �

)�� Mux
oysqY
��f | x\[mjkf�oys�hcWed^WepqY l
[gx
Y�f#o�fbncac¨ed^x
jkf=[^Y ¸¹x
Y\d^WepqY l
[^j:acWe[^]voys ´¹]H[il~Wel
sr[^Yh/[^��x
Y\l
s�h�µXtuWe[^Y\[{l\fql\fvoUsqn

z(t) = t − 4 cos t [
]

]

�~µ �)n9f5� | x\[ z(t)
[^Y�[^j WZY�a/[^nct�fbjes`l
[1acWe[^]voys

0 < t < +6
h+�

� µ � o�fbncacWZn�l
[^j ��n9_5��disHn/[ih/oUsqY\l\f°jkfqh:h/WZ��x
We[^Y�a/[ih�o
n/[^��x
Y�a9fqhF9
»3µ 
3��Y | x\¯1WZY\hca9fbY�a/[zjkf°t�[^jesud^Wel\fqlw[ih�Y�x
jkf �º�µ 
3��Y | x\¯1WZY\hca9fbY�a/[ih�jkf°o�fbncac¨ed^x
jkfHh/[K[^Y\d^x\[^Yuacn9fH[^Y�[^j�sqncWZ��[^Y �
��µ 
3��Y | x\¯1WZY�a/[^nct�fbjes�h�l
[1acWe[^]voysvjkf	t�[^jes�d^Wel\fqlg[ih�Y\[^��fbacWZt�f �

uµ 
3��Y | x\¯1WZY�a/[^nct�fbjes�h�l
[1acWe[^]voysvjkfHfqdi[^je[^n9fqd^WepqY�[ih�oUs�h/WZacWZtqf �¢3µ ��Y\d^x\[^Yuacn/[{jkf	t�[^jes�d^Wel\fqlmWZY\hca9fbYua9_bY\[+fH[^Ym¸¡x
Y\d^WepqY�l
[^j acWe[^]voysH[^t�fbjZx�fbY\l
s

v(t) = ĺım
∆t→0

z(t + ∆t) − z(t)

∆t
.

+\µ �)n9f5� | x\[ v(t)
[^Y\disqY�acn9fql\fO[^Yvjkf1o�fbnca/[PfbYua/[^ncWesqn+� � o�fbncacWZn±l
[^j\��n9_5��disKn/[ihcoysqY\l\f

jkfqh:h/WZ��x
We[^Y�a/[ih:o
n/[^��x
Yua9fqhF9
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»3µ 
3��Y | x\¯1WZY\hca9fbY�a/[zjkf°t�[^jesud^Wel\fqlw[ih�Y�x
jkf �º�µ 
3��Y | x\¯1WZY�a/[^nct�fbjes�h�l
[1acWe[^]voysvjkf	t�[^jes�d^Wel\fqlg[ih�Y\[^��fbacWZt�f �
��µ 
3��Y | x\¯1WZY�a/[^nct�fbjes�h�l
[1acWe[^]voysvjkfHfqdi[^je[^n9fqd^WepqY�[ih�oUs�h/WZacWZtqf �´¬V�sq]vo�fbn/[KjkfqhPn/[ihco
x\[ihca9fqh:disqY�jkfqh:l
[1jkf	o�fbnca/[K�@µcµ��

�~� ·«fO�\��x
n9fªº~�Z» �°]zx\[ihcacn9fHjkf°t�[^jesud^Wel\fqlwl
[1x
Y�f	o�fbncac¨ed^x
jkfH[^Y}¸¡x
Y\d^WepqY�l
[^j�acWe[^]voys
�

3��Y | x\¯1WZY\hca9fbY�a/[ih)sv[^Y | x\¯{WZY�a/[^nct�fbjes�hPl
[KacWe[^]voys�9
�~µ ·«f°t�[^jes�d^Wel\fql�[ihPdi[^n/s �� µ ·«f°t�[^jes�d^Wel\fql�[ihPdisqY\hca9fbY�a/[ �¢3µ ·«f°t�[^jes�d^Wel\fql�[ih:oUs�hcWZacWZt�f �
+\µ ·«fvfqdi[^je[^n9fqd^WepqY�[ih�Y�x
jkf �
-bµ ·«fvfqdi[^je[^n9fqd^WepqY�[ih�oys�hcWZacWZtqf �
� µ ��j ]Hp�l~x
jesHl
[Kjkf°t�[^jes�d^Wel\fql�[ih:]`_ U�WZ]Hs �Â µ ��j ]Hp�l~x
jesHl
[Kjkfvfqdi[^je[^n9fqd^WepqY�[ih�]`_ U~WZ]Hs �

 µ 
bVXx�_bj�[ih�jkfvl~Wehca9fbY\d^Wkf | x\[1n/[idisqncn/[Kjkfvo�fbncac¨ed^x
jkfH[^Y�acn/[ t = 2

h��
t = 4
h �Á µ MuW�[^Yr[^j±WZY\hca9fbY�a/[

t = 0
jkf}o�fbncac¨ed^x
jkfgh9[H[^Y\d^x\[^Y�acn9f�[^Yr[^j±sqncWZ��[^Y ´¡[ihzl
[id^WZn+�«hcW

s(0) = 0
µ�� [�fb��f	x
Yg��n9_5��dis`fbo
n/sFU�WZ]`fql
sªl
[^j«l
[ihco
jkfb�3fb]vWe[^Y�a/s

s(t)
�

� µ � fb��f°x
Yg��n9_5��dis`fbo
n/sFU�WZ]`fql
sªl
[
s(t)
hcW

s(0) = −4
]��

��[ihco
x\[ihca9fqhF9yf�µ:��Y
t = 2

h��
t = 8,5

h+³@�@µ � o�fbncacWZnKl
[
t = 10

h3�@h/[Ooysul~nc¨kfFl
[id^WZn
a9fb]O�
We¯^Y | x\[{[^Y�[^j�WZY\h/a9fbY�a/[ t = 6

h�jkfHt�[^jesud^Wel\fqlw[ihPdisqY\hca9fbYua/[�³@d3µ���Y�acn/[
t = 2
h:�

t = 8,5
h+³Ul�µ:�wWehc]`f`n/[ihco
x\[ihca9fªl
[zjkf`o�fbnca/[°�@µ�³@[3µP��Y�acn/[

t = 0
h��

t = 6
h+³�¸�µ���Y

t = 6
h3³u�uµ���Y�acn/[

t = 7
h��

t = 9
h3³.[@µX��Yuacn/[

t = 2
h��

t = 4
h�jkfOt�[^jes�d^Wel\fqlm]H[il~Wkf

[ih)l
[`»O]��bh+�\jZx\[^��sªjkfªl~Wehca9fbY\d^WkfHn/[idisqncncWel\fF[ih)l
[°ºH]S´¹Y\sqa/[ | x\[z[ihca/sªdisqWZY\d^Wel
[°disqY[^j«_bn/[+f	��f5�cs	jkfvd^x
nct�f�µ��
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�~� ·«fO�\��x
n9fªº~�Z»+Æ°]zx\[ihcacn9fHjkfvfqdi[^je[^n9fqd^WepqYwl
[Kx
Y�fvo�fbncac¨ed^x
jkfv[^Ym¸¡x
Y\d^WepqY�l
[^j�acWe[^]voys
�
�~µ MuW�[^Ym[^j WZY\hca9fbYua/[

t = 0
h�jkf°o�fbncac¨ed^x
jkfH[ihca9_	[^Ymn/[^oUs�h9s
�
[^Y\d^x\[^Y�acn/[{jkf°t�[^jes�d^Wel\fql

l
[1jkf	o�fbncac¨ed^x
jkfH[^Y�d+fql\f	WZY\hca9fbYua/[���� �)n9f5� | x\[��
� µ V�fbjed^x
je[w[^jPa9fb]`fb§\s�l
[mjkfqhF_bn/[+fqh � � � �°� � � � � 
���x\¯gx
Y
Wel\fql
[ihªacWe[^Y\[^Y � 
 ��x\¯
n/[^jkfqd^WepqYV[�f+�m[^Y�acn/[{[ihca9fqh�_bn/[+fqh:�Fjkf°o�fbnca/[zf�µ�l
[K[ihca/[Ko
n/sq�
je[^]`f �¢3µ ��[^o
WZa9fzjes [\[idI[\sv[^YFjkfOo�fbnca/[{f�µ���oy[^n/s°h/x
oUsqY
We[^Y\l
s | x\[1[^Y}[^jyWZY\hca9fbYua/[ t = 0

jkf
o�fbncac¨ed^x
jkf	acWe[^Y\[{x
Y�f	t�[^jesud^Wel\fql

v0 = −8
]��bh5��� �)n9f5� | x\[��

» �~� ��YFd+fql\fKx
Y�fzl
[�jkfqhXh/WZ��x
We[^Y�a/[ih�[6U�o
n/[ihcWesqY\[ihXo�fbn9fKjkf{oUs�h/Wed^WepqY
s(t)
l
[:x
Y�f{o�fbncac¨ed^x
jkf~�

[^Y\d^x\[^Yuacn/[{x
Y�fv[6U~o
n/[ihcWepqY�fbY�fbjZ¨ZacWed+fvo�fbn9fvjkf°t�[^jesud^Wel\fql�WZY\hca9fbY�a9_bY\[+f 9
�~µ

s(t) = at2 + bt + c� µ
s(t) = atα¢3µ
s(t) = a cos (ωt + β)

��Ymjkfqh�[id^x�fqd^WesqY\[ih�fbYua/[^ncWesqn/[ih
a
�
b
�
c
�
ω
�
α
�

β
h/sqYgdisqY\hca9fbY�a/[ih3�

»�»�� � fbn9f°d+fql\fzx
Y�f°l
[)jkfqh�hcWZ��x
We[^Y�a/[ihP[6U�o
n/[ihcWesqY\[ih�o�fbn9fOjkf°fqdi[^je[^n9fqd^WepqY
a(t)
l
[)x
Y�fOo�fbn�¦

ac¨ed^x
jkfª´
a
[^Yª]��bh 2 � t

[^Yªh�µ���[^Y\d^x\[^Y�acn/[)jkf{[6U~o
n/[ihcWepqYª]`_qh±��[^Y\[^n9fbj@o�fbn9f{jkf{t�[^jesud^Wel\fql
v(t)
�`jkfvoUs�hcWed^WepqY

x(t)
�

�~µ
a(t) = a0� µ
a(t) = a0 cos (ωt)

��Ymjkfqh�[6U�o
n/[ih/WesqY\[ihPfbY�a/[^ncWesqn/[ih+�
a0

�
ω
h/sqYgdisqY\hca9fbYua/[ih+�
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»+º~� ��Y#sq�\h/[^nctqfql
sqn{h/x\[^jZa9fFx
Y�fFo
We[il~n9f}l
[ih/l
[v[^j%a/[id [\sgl
[	x
Y#[il~W-��d^Wes
����j�h9sqY
Wel
sml
[Ojkf
o
We[il~n9fvdI[\sud+fbY\l
sªdisqY�acn9fv[^jBhcx\[^jesvh/[K[ih/d^x\dI[�fHl
[ihco
x\¯ih:l
[

t0 = 6
h+�

�~µ MuWBjkfvt�[^jes�d^Wel\fqlwl
[^jLh/sqY
Wel
sª[ih
c = 340

]��bh+�U[^Y\d^x\[^Y�acn/[°jkfªfbjZacx
n9f`l
[^jL[il~W-��d^Wes
�
´ �½��Y\sqn/[:jes�h�[�¸¡[id^a/s�h�l
[^j�n/s�di[)l
[^jUfbWZn/[�� | x\[:[^YFjkfKo
n9_qd^acWed+f~�uo�fbn9fO[ihca/[:o
n/sq�
je[^]`f~�Y\svh/sqYgl
[ih/o
n/[id^Wkfb�
je[ih+�¶µ

� µ 	 [^]zx\[ih/acn/[ | x\[:hcW gt0/c � 1
��[^Yua/sqY\di[ihXjkfzfbjZacx
n9f{l
[^j@[il~W-��d^WesztuWe[^Y\[)fbo
n/s�U~WZ]`f5¦

l\fb]H[^Yua/[zl\fql\f	oysqn
h =

1

2
gt20

(

1 − gt0
c

)

.

» �~� 	 s�hKacn/[^Y\[ih
A
�

B
� WZY
Wed^WkfbjZ]H[^Y�a/[Fh/[^o�fbn9fql
s�h{oysqn{x
Y�fml~Weh/a9fbY\d^Wkfgl
[g» � 	�]g� t�Wkf5�cfbY

[�fqd^Wkf#h/x¿[^Y\d^x\[^Y�acn/s�f�x
Y�f#t�[^jes�d^Wel\fql¿l
[ ��� 	�]�� [�� 	 [ih/l
[
A
o�fbnca/[mx
Y�f�o�fbjesq]`f

]H[^Y\h9f5�c[^n9f | x\[�jZje[^��f	fbjyacn/[^Y B
» �O]vWZYux
a/s�h:l
[ihco
x\¯ih+�
V�fbjed^x
je[1jkf{t�[^jes�d^Wel\fqlmdisqY | x\[t�x\[^jkfwjkf�o�fbjesq]`f#n/[ihcoU[id^a/s#fbj�acn/[^Y

A
� ��[ihcx\[^jZt�fw[^j�o
n/sq�
je[^]`f#[^Y�¸£sqnc]`f���n9_5��d+f��

jZx\[^��sH[^Y}¸£sqnc]`fHfbY�fbjZ¨ZacWed+f~�

» 
\� ·«fO�\��x
n9fªº~�Z»2)O]zx\[ihcacn9fHjkf°t�[^jesud^Wel\fqlwl
[1x
Y�f	o�fbncac¨ed^x
jkfH[^Y}¸¡x
Y\d^WepqY�l
[^j�acWe[^]voys
�
�~µ MuW�[^Y�[^j�WZY\hca9fbY�a/[

t = 0
hOjkfmo�fbncac¨ed^x
jkf�h/[ª[^Y\d^x\[^Y�acn9f�[^Y�[^j�sqncWZ��[^Y ´¡[ih°l
[id^WZn+�

x(0) = 0
µ���[^Y\d^x\[^Y�acn/[1jkfzoys�hcWed^WepqYFl
[�jkfKo�fbncac¨ed^x
jkf	[^Y}d+fql\fzWZY\hca9fbY�a/[�� �)n9f5� | x\[��

� µ ��[^o
WZa9f{jes [\[id [\sv[^Y}jkfzo�fbnca/[{f�µ���oy[^n/s	hcx
oysqY
We[^Y\l
s | x\[1[^Ym[^j@WZY\hca9fbYua/[ t = 0
h/[

acWe[^Y\[
x(0) = −3

]g�
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» �~� 	 [ih/l
[Px
Y`o
x\[^Y�a/[)l
[
60
]�l
[)fbjZacx
n9fzh/[�l
[©�cfzd+fq[^n±x
Y�fzo
We[il~n9f~� ��Y�f{h9[^��x
Y\l\f{o
We[il~n9f

h/[�fbncn/sb�cf1t�[^ncacWed+fbjZ]H[^Yua/[
[�fqd^Wkfzfb��f5�cs
1
h�]`_qh±a9fbn/l
[�� � ]z��fqhXo
We[il~n9fqh±jZje[^��fbY}fbj�hcx\[^jes

hcWZ]Ox
jZa9_bY\[+fb]H[^Y�a/[�� 
5VXx�_bj�¸¡x\[Xjkf)t�[^jes�d^Wel\fql	WZY
Wed^Wkfbj\l
[�jkf)h/[^��x
Y\l\f)o
We[il~n9f � ´ 	 [ihco
n/[id^We[[^j n/s�di[Kl
[^jBfbWZn/[��¶µ

»+Æ~� ��Y{dis4[\[^a/[�h/[�l~Wehco�fbn9f�t�[^ncacWed+fbjZ]H[^Y�a/[��bhcx
�
We[^Y\l
s:disqYOfqdi[^je[^n9fqd^WepqY°disqY\hca9fbY�a/[�l
[Xº���]��bh
2n/[ihcoy[id^a/s`f	jkfHo
jkfba9f5¸¡sqnc]`f`l
[KjkfbY
�3fb]vWe[^Y�a/s}l~x
n9fbYua/[ª»K]vWZYux
a/s
�@��Yw[ih/[K]Hsq]H[^Yua/sªh9[

fb��sqa9f)hcxvdisq]z�
x\h/acWZ�
je[��zdisqY�acWZYu²�f1]Hs+t�We¯^Y\l
s�h/[:h9pqjes���f5�cs)jkf1fqdid^WepqYHl
[Xjkf1fqdi[^je[^n9fqd^WepqY
l
[1��n9f+t�[il\fql �
�~µ 
bVXx�_bj�[ih�jkf	]`_ U~WZ]`fHfbjZacx
n9f | x\[{fbjed+fbY
�3f �� µ 
bVXx�_bj�[ih%[^j~acWe[^]voysPacn9fbY\h/d^x
ncncWel
sKl
[ih9l
[ | x\[�l
[ihcoU[^��f�[�fqhca9f�t�sqjZt�[^n�fPd+fq[^n�h/sq�
n/[jkf°o
jkfba9f5¸£sqnc]`f �¢3µ �)n9f5� | x\[1jkf	oys�hcWed^WepqYm�Ft�[^jesud^Wel\fqlg[^Yg¸¹x
Y\d^WepqY�l
[^j«acWe[^]voUs
�

»2)�� � fbY\d [
WZa/s°l
[©�cf1d+fq[^n±x
Y�f1oU[^jesqa9f{l
[ih/l
[�x
Y�f{fbjZacx
n9f
h
��·«f1oy[^jesqa9f~��d+fql\f1t�[^� | x\[:dI[\sud+fdisqYuacn9fv[^j hcx\[^jes
�~n/[^�Usqa9f	disqYmx
Y�f°n9fbo
Wel
[^�zWZ��x�fbj«fvf | x\¯^jZjkf	disqYmjkf	d^x�fbj jZje[^��p`fbj hcx\[^jes]Ox
jZacWZo
jZWed+fql\fvoysqn

α
�
l
sqY\l
[

α
[ih�x
Y�fHdisqY\hca9fbY�a/[

0 < α < 1
�\��Y\d^x\[^Y�acn/[:9

�~µ ·«fvfbjZacx
n9f | x\[{fbjed+fbY
�3fvjkf	oU[^jesqa9f	l
[ih/o
x\¯ihPl
[^j�o
ncWZ]H[^n:n/[^�ysqa/[��
� µ ·«fvfbjZacx
n9f | x\[{fbjed+fbY
�3fHl
[ihco
x\¯ihPl
[^j�h/[^��x
Y\l
sHn/[^�Usqa/[��
¢3µ ·«fvfbjZacx
n9f | x\[{fbjed+fbY
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x(6) = x(4) + 3 = 7

�y��j%��n9_5��disml
[
x(t)
� [^Y�acn/[

t = 4
�

t = t̃ = 6
h/[^n9_Ho�fbn9fb�ypqjZWedismdisqY

d^x
nctqfbacx
n9f:Y\[^��fbacWZtqf~� ��acn9f�¸£sqnc]`f�l
[�[^Y\disqY�acn9fbnLjkf�oys�hcWed^WepqYz[^Y
t = 6
[ih x\h fbY\l
s:jkf�[6U~o
n/[ihcWepqY

x(6) = x(4) + v(4) · (6− 4) + 0,5 a1 · (6− 4)2
��s°h/[+f~�

x(6) = 4 + 2 · 2− 0,5 · 0,5 · 22 = 7
�

	 [
t = 6

[�fqhca9f
t = 8

´¡l~x
n9fbYua/[}ºwh/[^��x
Y\l
s�h µzjkf�t�[^jesud^Wel\fql�h/[ª]`fbY�acWe[^Y\[mdisqY\hca9fbYua/[��%��j
��n9_5��dis`l
[

v(t)
[ih�x
Y�f	n/[id^a9f [\sqncWZ�+sqYua9fbjBdisqYgt�[^jes�d^Wel\fql=»��

��j1_bn/[+f=��f5��s�[^jP��n9_5��dis
v(t)
[^Y�acn/[

t = 6
� �#Y\s�h`l\frjkf=l~Weh/a9fbY\d^Wkf | x\[ A

fit�fbY
�3f�[^Y
[ih/[HWZYua/[^nctqfbjes
�%­Bfbj�_bn/[+fg[ih	º~��jZx\[^��s

x(8) = 7 + 2 = 9
� 	 x~n9fbYua/[ª[ih/a/[HWZY�a/[^nct�fbjes

x(t)
[ih

n/[^o
n/[ih/[^Y�a9fql
sªoUsqn�x
Y�fvn/[id^a9fg´¹t�[^jesud^Wel\fql�disqY\hca9fbY�a/[3µ��
M�[OacWe[^Y\[ | x\[ v(8) = 1

�@·Bf`o�fbncac¨ed^x
jkf}l
[ih fqdi[^je[^n9fªdisqY=fqdi[^je[^n9fqd^WepqY
a0 = −2

[�fqhca9f | x\[Ojkft�[^jesud^Wel\fqlwh/[+f −3
� M�[{sq�\h9[^nctqfHWZY
]H[il~Wkfba9fb]H[^Y�a/[ | x\[1o�fbn9f`[^jZjesHl
[^�y[zl
[ih9fqdi[^je[^n9fbn)l~x
n9fbY�a/[º}h/[^��x
Y\l
s�h+����Yua/sqY\di[ih

v(10) = v(8) + a0 · (10 − 8) = 1 − 2 · (10 − 8) = 1 − 4 = −3
�

��Y�acn/[
t = 8
��» �	[^j���n9_5��disHl
[

v(t)
[ih�x
Y�f	n/[id^a9f�´£fqdi[^je[^n9fqd^WepqYwdisqY\hca9fbYua/[3µ��

� s�l
[^]Hs�h1[^Y\disqY�acn9fbn1jkfHoys�hcWed^WepqY�l
[{jkfvo�fbncac¨ed^x
jkfF[^Y
t = 10

9
x(10) = x(8) + v(8) · (10 −

8) + 0,5 a1 · (10 − 8)2
��svh/[+f~�

x(10) = 9 + 1 · 2 + 0,5 · (−2) · 22 = 7
�

��Y
t = 10

jkfFo�fbncac¨ed^x
jkfgh/[	[^Y\d^x\[^Y�acn9fg[^Y
x(10) = 7

��hcx�t�[^jes�d^Wel\fql=[ih
v(10) = −3

� ·«f
o�fbncac¨ed^x
jkf}hcWZ��x\[°f`t�[^jes�d^Wel\fql�disqY\h/a9fbY�a/[ [�fqhca9f`jZje[^��fbnKfªl
s�h)]H[^acn/s�hKl
[^jBo
x
Yua/s}l
[zo�fbncacWel\f
´¡szh/[+f~�:[�fqh/a9f1jZje[^��fbn�f −2

]H[^acn/s�h µ���·«f{o�fbncac¨ed^x
jkf~��oysqn�jesKa9fbYua/s
�ul
[^�y[^n9_1n/[idisqncn/[^n �1]H[^acn/s�h+�
V�sqY

v1 = −3 � ]��bh���a9fbn/l\fbn9_�o�fbn9f�[^jZjes ��h/[^��x
Y\l
s�h+� � h9[+f~�L[^Yuacn/[ t = 10
�

t = 13
jkf

t�[^jesud^Wel\fqlwh/[^n9_	disqY\hca9fbY�a/[F´¹jZWZY\[+f [\sqncWZ�+sqY�a9fbj µ:[^Y�[^j ��n9_5��dis
v
[^Ym¸¹x
Y\d^WepqYwl
[

t
�

� o�fbncacWZnHl
[
t = 13

jkf�o�fbncac¨ed^x
jkfw¸¡n/[^Y�f�x
Y
W-¸¡sqnc]H[^]H[^Yua/[ [�fqhca9f | x\[il\fbnv[^Y n/[^oUs�h/s�[^Y [^jo
x
Y�a/svl
[)o�fbncacWel\f~�
��jy��n9_5��dis	l
[
v(t)
[ih�oUsqn�jes°a9fbY�a/s	x
Y�fOn/[id^a9f [�fqhca9f°di[^n/s
�~��j�_bn/[+fz��f5�cs
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jkf`d^x
nct�f`[^Yuacn/[
t = 13

�g[^jBWZY\hca9fbY�a/[	[^Y | x\[ | x\[il\fª[^Ywn/[^oys�h/sFl
[^�U[Oh/[^n −3
´¹jkf`o�fbncac¨ed^x
jkf

A
l
[^�y[	n/[idisqncn/[^nOfb²
Yrl
s�hK]H[^acn/s�hY[�fqd^Wkf}jkfFWZ� | x
We[^n/l\f}o�fbn9f}jZje[^��fbnOfbj�o
x
Yua/s�l
[	o�fbncacWel\f�µ����hPd^jkfbn/s | x\[1o�fbn9fv[^jZjesva9fbn/l\fbn9_ 
 � �vh/[^��x
Y\l
s�h+�
��Y�acn/[

t = 13
�

t = 14, 3
�Bjkfmo�fbncac¨ed^x
jkfwn/[idisqncn/[ −2

]H[^acn/s�h+�L��j���n9_5��diswl
[
x(t)
[ihOx
Y�f

o�fbn9_b�Usqjkfvd^x
nct�fql\f [�fqd^WkfªfbncncWZ��f | x\[1jZje[^��f`f t = 14, 3
disqYgoy[^Y\l~We[^Y�a/[zY�x
jkf~�

À�ÁZÂ ¤����FÃ~ÄZÃ�Å

À�ÁZÂ ¤����FÃ~ÄZÃ�Ã
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�@µF��Y
t = 6

�
t = 13

jkf�o�fbncac¨ed^x
jkf
A
h/[�[^Y\d^x\[^Y�acn9f¿[^Y

x(6) = 7
�

x(13) = −2
�

n/[ihcoU[id^acWZt�fb]H[^Y�a/[��@·«f	t�[^jes�d^Wel\fqlm]H[il~WkfH[^Yuacn/[{[ih/s�h:l
s�h:WZY\hca9fbY�a/[ih�[ih

v =
(−2) − 7

13 − 6
= −9/7

E��F=
.

d3µ1��Y
t = 8

jkf}t�[^jes�d^Wel\fql=[ihª»	]��bh+� � o�fbncacWZnzl
[H[ih/[	WZY\hca9fbYua/[Hjkf}o�fbncac¨ed^x
jkfwfqdi[^je[^n9fmdisqY
fqdi[^je[^n9fqd^WepqY

a0 = −2
��svh9[+f~�~a9fbn/l\f �~���vh�o�fbn9f | x\[il\fbn�a/[^]voysqn9fbjZ]H[^Y�a/[°[^Ymn/[^oys�h/s
�~��Y�[ih/[WZY\hca9fbY�a/[F´ �~���vh µ�s�d^x
ncn/[K[^jBfbje[©�cfb]vWe[^Yua/sH]`_ U~WZ]Hs
� M�[KacWe[^Y\[

x(8, 5) = x(8) + v(8) · (8, 5 − 8) +
1

2
a0 · (8, 5 − 8)2

= 9 + 1 · 0, 5 − 1

2
· 2 · 0, 52 = 9, 25 � E�� .

l�µ �)n9f5��d+fbY\l
s
xB(t)

[^Y#jkfª�\��x
n9fgº~� º~»`h/[v[^Y\d^x\[^Y�acn9f | x\[vjes�hzl
s�hK]Hp+t�WZje[ihzh/[	t�x\[^jZt�[^Yrf[^Y\disqY�acn9fbn1[^Yg[^j�WZY\hca9fbY�a/[
t = 11

h+�

	 � 	�

��������� 	 �
� ���
	����������

V�fql\fK]`fbY
�3fbY�fKl
[^�y[�a9fbn/l\fbn
t0 = 3 ·0, 5 = 1, 5

h/[^��x
Y\l
s�hX[^Y`hcx
�
WZn��°��f5�/fbn+� � j\jkfbY
�3fbn
x
YFsq�~�c[^a/szdisqYFt�[^jesud^Wel\fql

v0

[�fqd^Wkf°fbncncWZ��f{a9fbn/l\f{x
YªacWe[^]voys
v0/g

[�fqhca9fKjZje[^��fbn�fbncncWZ��f{�	x
Y
acWe[^]voUsvWZ��x�fbj [�fqhca9f	t�sqjZt�[^n�fbj o
x
Yua/s`l
[Ko�fbncacWel\f~�\­B[^Y\[^]Hs�h

t0 =
2v0

g
= 1, 5 � =	� .

��hca9fm[id^x�fqd^WepqY�Y\s�h{oy[^nc]vWZa/[H[^tqfbjZx�fbnzjkf}t�[^jesud^Wel\fql�disqY | x\[Hh/[vl
[^�y[vjkfbY
�3fbn{jkf}]`fbY
�3fbY�f~�
v0 = t0g/2

�
·«f�fbjZacx
n9f�fmjkf | x\[HjZje[^��fg[ihOx
Y�sq�~�c[^a/sgjkfbY
�3fql
s�disqYrt�[^jes�d^Wel\fql v0

[ih
h = v2

0/(2g)
�

V�sq]z�
WZY�fbY\l
sªjkfqh:l
s�h�²
jZacWZ]`fqhP[id^x�fqd^WesqY\[ih)h/[K[^Y\d^x\[^Yuacn9fvo�fbn9f
h
jkf	[6U�o
n/[ihcWepqY

h =
1

8
gt20 .

V�sqY
g ' 10 � ]��bh 2 �«h/[K[^Y\d^x\[^Y�acn9f h ' 3

]H[^acn/s�h3�
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	�������� �

f�µgVXx�fbY\l
s
B
[^Y�t�¨kfg[^j±]H[^Y\h f5��[ªh/[`[^Y\d^x\[^Yuacn9fwfwº�ºm] l
[

A
�B��j±]H[^Y\h f5��[ªa9fbn/l\f=» �qº

h°[^Y�jZje[^��fbnvfwhcx�l
[ihcacWZY\s
� 	 x
n9fbY�a/[}[ih/[ªWZY�a/[^nct�fbjes�[^jX]Hp3tuWZj
A
h/[^��x
WZn9_�]Hs+t�We¯^Y\l
s�h/[

l
[ihco
jkfb�3_bY\l
s�h9[
10 · 0, 5 = 5

]H[^acn/s�h+�±��jP]H[^Y\h9f5�c[gl
[^�y[^n9_#n/[idisqncn/[^n}[^Y �~���=h`x
Y�f
l~Wehca9fbY\d^Wkfwl
[w´£º�º�� ��µ

�
º*)�]H[^acn/s�h+�L·«f�t�[^jesud^Wel\fql�l
[^jX]H[^Y\h9f5��[Fh/[^n9_

c = 27/0, 5 =
54 � ]��bh�� �

�@µ}·«fqh�[id^x�fqd^WesqY\[ih�l
[)]Hs+t�WZ]vWe[^Y�a/s`l
[1jes�h�]Hp3tuWZje[ih3�~o�fbn9f
0 < t
�ª[^jyWZY\hca9fbYua/[{[^Y | x\[ B[^Yutu¨kfv[^j ]H[^Y\h f5��[`´¹jZjkfb]H¯^]Hs�h/jes

t1
µ��
h9sqY

xA(t) = xA(0) + vA(0)t = 100 + 10 · t

xB(t) =
1

2
a1t

2 =
1

2
t2

vA(t) = vA(0) = 100

vB(t) = a1t = t .´¡��Ymjkfqh�[6U�o
n/[ih/WesqY\[ihPfbY�a/[^ncWesqn/[ih)[ihca9fb]Hs�h:hcx
oysqY
We[^Y\l
s | x\[1jes�h�acWe[^]voys�hP[ihca9_bYgl\fql
s�h[^Y	h/[^��x
Y\l
s�h+�5jkfqh%l~Wehca9fbY\d^Wkfqh�[^YO]H[^acn/s�h3�3jkfqhLt�[^jes�d^Wel\fql
[ih�[^Y � ]��bh��
�Kjkfqh�fqdi[^je[^n9fqd^WesqY\[ih[^Y � ]��bh 2 � �¶µ
M~fb�y[^]Hs�h | x\[K[^Y t = t1

jkfvh/[^o�fbn9fqd^WepqYw[^Y�acn/[
A
�

B
[ih:l
[{º�ºv]H[^acn/s�h+�\svh/[+f~�

xA(t1) − xB(t1) = 100 + 10 t1 −
1

2
t21 = 22 .

��[ih/sqjZtuWe[^Y\l
s	[ihca9f°[id^x�fqd^WepqYgd^x�fql~n9_bacWed+f°o�fbn9f
t1
h9[�[^Y\d^x\[^Yuacn9f | x\[ t1 = 10± 16

�
��Y
[^j
disqY�a/[6U~a/s{l
[^j
o
n/sq�
je[^]`fKh9pqjes�jkf1h9sqjZx\d^WepqYvoUs�hcWZacWZt�f�acWe[^Y\[�h/[^Y�acWel
s
��s)h9[+f~�

t1 = 26 � h�� �·«f°t�[^jes�d^Wel\fql�l
[
B
[^Yg[^j�WZY\hca9fbYua/[

t1
[ih

vB(t1) = 26 � ]��bh�� �
d3µ 	 [ih/l
[ | x\[ B

[^Y�t�¨kf�[^j�]H[^Y\h9f5�c[ [�fqh/a9f�d [\s�d+fbnHdisqY
A
�%[^j�]Hp+t�WZj

B
l
[^�y[Fn/[idisqncn/[^n

x
Y�fwl~Wehca9fbY\d^Wkfwl
[Fº�º�� �
�
º*)�]H[^acn/s�h+�L��Y�[^j±WZY\hca9fbYua/[

t1
h9[`[^Y\d^x\[^Y�acn9f#f

xB(t1) =
(26)2/2 = 338

] l
[^j�sqncWZ��[^Y�� ·«f}l~Wehca9fbY\d^WkfFa/sqa9fbj | x\[ B
l
[^�y[°n/[idisqncn/[^nzl
[ih/l
[ | x\[o�fbnca/[{l
[^j�sqncWZ��[^Y�[�fqhca9f | x\[Kd [\s�d+fvdisqY A

[ihO´ �������1º*)�µ
�
��Æ��H]g�

l�µ 	 [ih/l
[ | x\[ B [^Yutu¨kfO[^j�]H[^Y\h f5��[�[�fqhca9fzdI[\sud+fbn�disqY A
��[^j@]Hp+t�WZj

B
l
[^�y[:n/[idisqncn/[^n�x
Y�f

l~Wehca9fbY\d^Wkf°l
[Kº�º�� �
�
º*)O]H[^acn/s�h+�\V�sq]HsvhcxFt�[^jesud^Wel\fql#´£fOo�fbncacWZn:l
[

t1
µ±[ih�l
[Kº�Æ{]��bh+�

a9fbn/l\fbn9_�º*) �qº�Æ�h/[^��x
Y\l
s�h+�%��j�acWe[^]voyswa/sqa9fbj¬�%l
[ih/l
[ | x\[ B
o�fbnca/[Fl
[^j�sqncWZ��[^Y [�fqhca9f

| x\[Kd [\s�d+fvdisqY A
[ihz´£º�Æ��1º*) �qº�Æ�µ�h+� � fbn9fvjkf°t�[^jes�d^Wel\fqlm]H[il~Wkf`l
[

B
h9[K[^Y\d^x\[^Y�acn9f

v =
365

26 + 27

26

' 13, 5 � E ��= � .
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617��{7 �rJ/I �&I�D��@<:>�M°I�JmA �PJ/A
�°J/< ?9D��	DO?��@I�>�? �&NPJgI�?/D��@I ��TyN:J

� disqYuacWZY�x�fqd^WepqY�h9[zo
n/[ih/[^Yua9f}x
Y�n/[ihcx
]H[^Y#l
[HfbjZ��x
Y\s�h1n/[ihcx
jZa9fql
s�h{l
[^j�d+_bjed^x
jes | x\[°h9[x\h9fbn9_bYH[6U�a/[^Y\h/WZtqfb]H[^Yua/[�[^Yvjes | x\[�hcWZ��x\[��AM�[�l
[©�cfbn9_�o�fbn9f)jes�h�d^x
n/h/s�h�l
[�]`fba/[^]`_bacWed+fqh±jkf�l
[�¦]Hs�hcacn9fqd^WepqYgncWZ��x
n/s�h9f	l
[)jes�h�n/[ihcx
jZa9fql
s�h+�TMux
oysqY\l~n/[^]Hs�h:WZ]vo
jZ¨ed^WZa9fb]H[^Yua/[ | x\[)jkfqh�¸¹x
Y\d^WesqY\[ih
| x\[{h9[�x\h fbYg]`_qhPfb��f5�csvacWe[^Y\[^Yga/s�l\fqh�jkfqh�o
n/sqo
We[il\fql
[ih�Y\[idi[ih9fbncWkfqh�o�fbn9f | x\[Kjes�h�a/[isqn/[^]`fqho
jkfbY�a/[+fql
s�h1h/[+fbY�t�_bjZWel
s�h	´¹oUsqnP[©�c[^]vo
jes
��h9[+fbYg¸¡x
Y\d^WesqY\[ih�disqYuacWZY�x�fqh+�Ul
[^ncWZtqfb�
je[ih3�Ufqdisqa9fql\fqh+�
[^a/d��¶µ��

M�[+fbY
f(t)
�

g(t)
l
s�h}¸¡x
Y\d^WesqY\[ihm�

α
x
Y Y�²
]H[^n/s ´¹n/[+fbjzs disq]vo
je[©��s�µ��P·«f�¸¹x
Y\d^WepqY

+A-�� Á N5�A+��
df(t)/dt

�~n/[^jkfqd^WesqY�fql\f`disqYmjkf	oy[^Y\l~We[^Y�a/[Ol
[1jkf°¸¡x
Y\d^WepqY
f(t)
�
oUsqn:l
[��\Y
Wed^WepqY�[ih

df(t)

dt
= ḟ(t) = ĺım

ε→0

1

ε
[f(t + ε) − f(t)] .

� n/sqo
We[il\fql
[ihF9
f�µ d(αf(t))

dt
= α ḟ(t) .

�@µ d(f(t) + g(t))

dt
= ḟ(t) + ġ(t) .

d3µ d(f(t) g(t))

dt
= ḟ(t) g(t) + f(t) ġ(t) .

l�µ df(g(t))

dt
= ḟ(g(t)) ġ(t) .

	 [^]Hs�h/acn9fqd^WepqYwl
[{d3µ69
	 [{jkf	l
[��\Y
Wed^WepqYwl
[1jkfV+A-^� Á N5�*+��zh/[Kl
[il~x\di[ | x\[��
o�fbn9f ε

]Ox
�}oU[ | x\[^§\s
f(t + ε) = f(t) + ε ḟ(t) . (∗)

V�sqY�[ihca9f°n/[^jkfqd^WepqY��\�Fx
Y�fHfbY�_bjesq��f	o�fbn9fvjkf°¸¹x
Y\d^WepqY
g(t)
��h/[Kl
[il~x\di[ | x\[

d(f(t) g(t))

dt
= ĺım

ε→0

1

ε
[f(t + ε) g(t + ε) − f(t) g(t)]

= ĺım
ε→0

1

ε

[

(f(t) + ε ḟ(t)) (g(t) + ε ġ(t)) − f(t) g(t)
]

= ĺım
ε→0

1

ε

[

ε ḟ(t) g(t) + ε f(t) ġ(t) + ε2 ḟ(t) ġ(t)
]

= ḟ(t) g(t) + f(t) ġ(t) .

	 [^]Hs�h/acn9fqd^WepqYwl
[{l�µ69

d

dt
f(g(t)) = ĺım

ε→0

1

ε
[f(g(t + ε)) − f(g(t))]

= ĺım
ε→0

1

ε
[f(g(t) + ε ġ(t)) − f(g(t))]
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� [^n/s
��x\h9fbY\l
svY�x\[^t�fb]H[^Y�a/[Ojkf	[id^x�fqd^WepqY
(∗) �\h/[1acWe[^Y\[

f(g + ε ġ) = f(g) + (ε ġ) ḟ(g) ,

jZx\[^��s
d

dt
f(g(t)) = ĺım

ε→0

1

ε

[

f(g(t)) + ε ġ(t) ḟ(g(t)) − f(g(t))
]

= ḟ(g(t)) ġ(t) .

��Yvx
Yv��n9_5��disKl
[�jkfP¸¹x
Y\d^WepqY
f(t)
[^Y	¸¡x
Y\d^WepqY

l
[
t
�~jkf	[6U~o
n/[ihcWepqY�´ Á 5��?- Â �c�q¥ µ

A =

∫ b

a
f(t) dt

n/[^o
n/[ih/[^Y�a9f=fbjP_bn/[+f�l
[^jZWZ]vWZa9fql
s#oysqn	jkfw¸¹x
Y~¦
d^WepqY

f(t)
�ª[^jy[©�c[
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