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9�[i:=@M>1IYP

Axx̂
j]C`BDPoBDHJ:MHJI�BDH�:��¥:

x
j

IY>?P1I
Ay ŷ

C`BDPoBDHJ:MHJI�BDHO:��?:
y
b�G
9\>1:MP1@=:MP1I

Az ẑC`BDPoBDHJ:MHJI�BDHs:��?:
z
eO8f<xN
:=@MVFP-j

~A = Ax x̂ + Ay ŷ + Az ẑ .

µ��/�Y¶��?¯�·�¸��
� H7F2=U9 C*EGF<?DI C ;/TV; H F�S H^F2=�9 C*EGF<SU9 
 EGF<= ?�= F5I �5?�C*EGF H^?DI
0 :-BD9

~A = (Ax, Ay, Az) = Axx̂ + Ay ŷ + Az ẑ

b
~B = (Bx, By, Bz) = Bxx̂ + Byŷ + Bz ẑ

N
IS<�[i:=@M>1IYP1:=<\BDP « VF>?PoBDP?VJIS<-e 0 :�N
:LkO9O:�:MH�®��?���
°Y¶d½-¾¬��®�¶��`¾¬��:M9]>?P1:�HJIS<+[i:=@M>1IYP1:=< ~A

b ~B
QR:L�

NdVUBD9]>1:vHUBR:LK�C
P1:=<?VJXY9
~A · ~B ≡ | ~A| | ~B| cos γ ,

µ��/�Y¶��?¯�·�¸��

N
IY9ON
:
γ
:=<x:MH}�D9
�SG
HJIT:M9]>?P1:vHJIS<�N
IS<Z[i:=@M>1IYP1:=<���[i:MPZkO�SG
PoBT de
	S¢Le

�3:xHUBvN
:LkO9
VJ@MVJXY9_<1:xN
:=<1C
P1:M9ON
:��qGO:x:MH`C
P1I�NdGO@M>1IvC
G
9q>1I�N
:�N
IS<f[i:=@M>1IYP1:=<r:=<fG
9�9]±
QR:MP1I
P1:-BDH¬e*1ZN
:MQT�Y<-jDb�:=<?>1I3:=< Q�G
b�VFQ\C�IYP?>oBD9q>1:SjS:=<(VF9ON
:MC�:M9ONdVJ:M9q>1:xN
: HUB+IYP?VJ:M9]>oBY@MVJXY9TN
:MH
<?VJ<?>1:MQTB
N
:v@=IqIYP1N
:M9`BYNOBY<5e/Y�<�BD9ON
I\HUB	N
:LkO9
VJ@MVJXY9hN
:3C
P1I�NdGO@M>1IRC
G
9q>1IR:=<ZVF9
QR:=NdVUBD>1IT�qGO:

x̂ · x̂ = ŷ · ŷ = ẑ · ẑ = 1

b
x̂ · ŷ = x̂ · ẑ = ŷ · ẑ = 0 .

_ >?PoBY<�@-BDPoBY@M>1:MP?EJ<?>?VJ@-BY<�VFQ\C�IYP?>oBD9q>1:=<�N
:MHsC
P1I�NdGO@M>1I\C
G
9q>1IT<1IY9g<?Gg@=IY9
Q�G
>oBD>?VF[qVJNOBYN
~A · ~B = ~B · ~A

bnNdVJ<?>?P?V « G
>?VF[�VJNOBYN
~A · ( ~B + ~C) = ~A · ~B + ~A · ~C .



���������
	��
��������������������������������� ��!"��#��
�$�
���%���&�'���(�
�
� �  
8�[YBDHFGO:MQRIS<�:MH¤C
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G
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IS<+[i:=@M>1IYP1:=< ~A

b ~B
:M9a>1´MP?Q\VF9OIS<vN
:�<?GO<3@=IqIYP¥�

N
:M9`BYNOBY<-e 0 :­>?VJ:M9O:
~A · ~B = (Axx̂ + Ay ŷ + Az ẑ) · (Bxx̂ + By ŷ + Bzẑ)

= AxBx x̂ · x̂ + AxBy x̂ · ŷ + AxBz x̂ · ẑ + AyBx ŷ · x̂ + AyBy ŷ · ŷ +

+AyBz ŷ · ẑ + AzBx ẑ · x̂ + AzBy ẑ · ŷ + AzBz ẑ · ẑ
= AxBx + AyBy + AzBz .

+�:=<?G
QR:M9 ��8�H�QRXqNdG
HJI	N
:xG
9n[i:=@M>1IYPrb\HUB�<1G
QTBvb\C
P1I�NdGO@M>1I�C
G
9q>1I	N
:�N
IS< [i:=@M>1IYP1:=< [qVJ:M9O:M9
NOBYN
IS<xCWIYP

| ~A| =
√

A2
x + A2

y + A2
z

~A + ~B = (Ax + Bx, Ay + By, Az + Bz) = (Ax + Bx) x̂ + (Ay + By) ŷ + (Az + Bz) ẑb
~A · ~B = | ~A|| ~B| cos γ = AxBx + AyBy + AzBz .

��IY>1:r�qGO:�HUB�±
HF>?VFQTB+:LK�C
P1:=<?VJXY9�CW:MP?Q\VF>1: :M[SBDHFG`BDP�:MHd�D9
�SG
HJI3:M9q>?P1: N
IS< [i:=@M>1IYP1:=<�<?Vd<1: @=IY9OIq@=:M9
<?GO<x@=IYQ\CWIY9O:M9]>1:=<+@-BDP?>1:=<?VUBD9`BY<-e

PRQ ?�:<SUTVF
8�[YBDHFGO:MQRIS<(9qGO:M[YBDQR:M9q>1:Z:MH��D9
�SG
HJI3:M9]>?P1:rN
IS<
NdVUBD�iIY9`BDHJ:=<�N
:3G
9�@MG « I
e
0 :-B ~A

:MHi[i:=@M>1IYP BrHJIrHUBDP?�iIxN
:�HUBrNdVUBD�iIY9`BDH��]GO:
G
9O:­:MH�C
G
9q>1Ig� � j � j � ¢ @=IY9A:MH�C
G
9q>1Ig�¥¡SjF¡SjF¡5¢©b
~B
:MH�[i:=@M>1IYP\BAHJIgHUBDP?�iI�N
:RHUB�NdVUBD�iIY9`BDHZ�]GO:

G
9O:T:MHfC
G
9q>1I^�¥¡Sj � j � ¢v@=IY9�:MHfC
G
9q>1I^� � jF¡SjF¡5¢Le
�sIS<3[i:=@M>1IYP1:=< ~A

b ~B
j�C�IYP+HJIn>oBD9]>1I
jWC
GO:=N
:M9

:=<1@MP?V « VFP1<1:Z:M9R@=I�IYP1N
:M9`BYNOBY<�@-BDP?>1:=<?VUBD9`BY<fN
:rHUB
,¿IYP?QTB

~A = x̂ + ŷ + ẑ
b ~B = −x̂ + ŷ + ẑ . µ��/�Y¶��?¯�·�¸��

8�[YBDHFGO:MQRIS<+:MH�C
P1I�NdGO@M>1I\C
G
9]>1I�N
:­:=<?>1IS<xN
IS<x[i:=@M>1IYP1:=<5e 0 :3>?VJ:M9O:
~A · ~B = | ~A| | ~B| cos γ =

√
3
√

3 cos γ ,
N
IY9ON
:

γ
:=<Z:MH��D9
�SG
HJI\:M9]>?P1:3HJIS<rN
IS<r[i:=@M>1IYP1:=<v�¿I	<1:-Bdjd:MHs�D9
�SG
HJI	:M9]>?P1:3HUBY<ZN
IS<rNdVUBD�iIY9`BDHJ:=<�¢Le

£¤IYP+IY>?PoB	C`BDP?>1:Sj
GO<oBD9ON
IR@=I�IYP1N
:M9`BYNOBY<�@-BDP?>1:=<1VUBD9`BY<
~A · ~B = 1 · (−1) + 1 · 1 + 1 · 1 = 1 .

�+:vHUBY<xN
IS<x:=@MG`BY@MVJIY9O:=<�BD9q>1:MP?VJIYP1:=<�<o:­N
:=NdGO@=:��qGO:
cos γ = 1/3

j`I\<1:-Bdj
γ = 70,53◦

e
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:�HUB�@MVF9O:MQT�D>?VJ@-BnN
:�G
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IS<+bg>?P1:=<3NdVFQR:M9O<?VJIY9O:=<
:=<xNdVFP1:=@M>oBde

0 G
C�IY9
�]BDQRIS<­�qGO:
~r (t)

P1:MC
P1:=<1:M9]>oB�HUB\CWIS<?VJ@MVJXY9aN
:�@MVJ:MP?>oBTC`BDP?>?EJ@MG
HUBdeW8�9]>1IY9O@=:=<­<?Gh[i:L�
HJIq@MVJNOBYNAbABY@=:MHJ:MPoBY@MVJXY9^��VF9O<1>oBD9]>o�D9O:-Bi¢x[i:M9ONdPo�D9�NOBYNOBY<xCWIYP

~v(t) = ~̇r (t) = ĺım
∆→0

~r(t + ∆) − ~r(t)

∆b
~a(t) = ~̇v(t) = ~̈r (t) = ĺım

∆→0

~v(t + ∆) − ~v(t)

∆
.

�+:vHUB	:LK�C
P1:=<?VJXY9�BD9]>1:MP?VJIYP�<o:­N
:=NdGO@=:v�]GO:­<1V
~r (t) = x(t)x̂ + y(t)ŷ + z(t)ẑ ,

N
IY9ON
:
x(t)

j
y(t)

b
z(t)

<1IY9AHUBY<x@=IYQ\CWIY9O:M9]>1:=<+N
:MH�[i:=@M>1IYP�N
:3CWIS<?VJ@MVJXY9sjO:M9]>1IY9O@=:=<
~v(t) = ẋ(t)x̂ + ẏ(t)ŷ + ż(t)ẑ ,

Ix<1:-BdjMC`BDPoBZ:M9O@=IY9q>?PoBDP¤HUBr[i:MHJI�@MVJNOBYNv<1:(C
GO:=N
:�N
:MP?VF[YBDP @-BYNOBZ@=IYQ\C�IY9O:M9q>1:�N
:MHi[i:=@M>1IYP}C�IS<?VJ@MVJXY9
C�IYP�<o:MC`BDPoBYN
I
e

. 9q>?P1IqNdG
p-@-BDQRIS<	>oBDQ « VJ´M9 :MH©@=IY9O@=:MC
>1IaN
:h¼D�M4F�-½M� °i¯i°'�1�M4F¯S¾¿��¼7¯Se 0 G
C�IY9
�]BDQRIS<	�qGO:TG
9`B
C`BDP?>?EJ@MG
HUB

A
<1:+Q�GO:M[i:­@=IY9A[i:MHJI�@MVJNOBYN

~vA

b�IY>?PoB�C`BDP?>?EJ@MG
HUB
B
@=IY9_[i:MHJI�@MVJNOBYN

~vB

jd:M9]>1IY9O@=:=<
HUB	[i:MHJIq@MVJNOBYN�@=IY9��]GO:

A
I « <1:MP?[SB\�]GO:­<o:3Q�GO:M[i:

B
j�[�VJ:M9O:vNOBYNOB	CWIYP

~v = ~vB − ~vA .

0 :vNdVJ@=:v�qGO:��
~v
:=<xHUB	[i:MHJIq@MVJNOBYNgP1:MHUBD>?VF[YB\N
:

B
P1:=<?CW:=@M>1ITB

A
�oe

PRQ ?�:<SUTVFXW
0 G
C�IY9
�]Bh�]GO:�HUBg@=IYP?P?VJ:M9q>1:_N
:TG
9^@-BD9`BDH©>?VJ:M9O:�G
9`Bg[i:MHJI�@MVJNOBYN^N
:h¡ � Z Q��7¨�:M9�NdVFP1:=@=@MVJXY98f<?>1:SeDY�9R>?PoBD9O< « IYP1NOBYN
IYP�9`B-[i:M�]B�:M9THUBvNdVFP1:=@=@MVJXY9�N
:

30◦
�+IYP1Iq:=<?>1:SjqB3G
9`B­[i:MHJI�@MVJNOBYNTN
: ���

Z Q��7¨OIYPoB�@=IY9_P1:=<?CW:=@M>1I�B�HUB�@=IYP?P?VJ:M9]>1:­N
:MH�@-BD9`BDH(��[i:MP kO�SG
PoB	 de ) ¢Le/[ � G`�DH�:=<©HUB�[i:MHJIq@MVJNOBYNnbNdVFP1:=@=@MVJXY9hN
:MHs>?PoBD9O< « IYP1NOBYN
IYP�<1:M�S±
9�G
9gI « <1:MP?[YBYN
IYP�<?VF>?G`BYN
IR:M9gHUB�P?V « :MPoB \£ BDPoB'P1:=<1IYHF[i:MPR:MHZC
P1I « HJ:MQTBaVF9]>?P1I�NdGO@MVFP1:MQRIS<RG
9 <1VJ<?>1:MQTB�N
:A@=IqIYP1N
:M9`BYNOBY<
x̂, ŷ

@MG
biI
IYP?VF�i:M9

O′
<1:�Q�GO:M[i:©�¥G
9]>1I\BDHsBD�SG`B�N
:MH�@-BD9`BDH¬ed£(BDPoB	:MH�I « <1:MP?[SBYN
IYP

O′
j�G
9�C
G
9q>1I�kS�¥I�:M9�HUB

IYP?VFHFHUB\<1:3Q�GO:M[i:�@=IY9g[i:MHJI�@MVJNOBYN
~vA = [−10, 0] Z Q��7¨

Q\VJ:M9]>?PoBY<+�]GO:­:MHs>?PoBD9O< « IYP1NOBYN
IYP�<o:vBDHJ:��?B\@=IY9AG
9`B\[i:MHJIq@MVJNOBYN
~vt = [−20 sin(30◦), 20 cos(30◦)] Z Q��7¨ = [−10, 10

√
3] Z Q��7¨ .
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IYPxb�HUBRIYP?VFHFHUBi¢LjO<1:MPo�

~v = ~vt − ~vA = [0, 10
√

3] Z Q��7¨ = 10
√

3 ŷ Z Q��7¨ .
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V , IYP?QR:T��[i:MPxC
P1I « HJ:MQTB�¡- 	N
:­HUB	<1:=@=@MVJXY9h de  i¢Le

� ;�� =�;<T	��� H^?
]­BDHFVFHJ:=I ,¿GO:�:MHWC
P?VFQR:MP1I\:M9A@=IY9O<?VJN
:MPoBDPZHUB�@-BDEJNOB	N
:+G
9`B�C`BDP?>?EJ@MG
HUB	@=IYQRI�G
9`B	<?G
CW:MP?CWID�

<?VJ@MVJXY9�N
:­N
IS<xQRI5[qVFQ\VJ:M9q>1IS<-e
�}BgkO�SG
PoBh deF¡S¡Sj(BAHUB�VFp-�]G
VJ:MP1NOBdj¤Q�GO:=<1>?PoB�HUBgC�IS<1VJ@MVJXY9^N
:TG
9`BgCW:MHJIY>oBg:M9�@-BDEJNOBgHFV « P1:

NdG
PoBD9]>1:\[SBDP?VJIS<3VF9O<?>oBD9]>1:=<�:=�]G
VJ:=<?C`BY@MVUBYN
IS<5e21 HUBnN
:MP1:=@1¨`BA<o:�Q�GO:=<?>?PoB_HUBn<?VF>?G`BY@MVJXY9%�qGO:�<o:
I « <1:MP?[YB+<?V�:MH
@MGO:MP?C�I3BYN
:MQT�Y<(VF9
VJ@MVUBDHFQR:M9]>1:Z>?VJ:M9O:©G
9`B�[i:MHJIq@MVJNOBYN�¨OIYP?VFp-IY9q>oBDH¬ei�}B�>?PoB=bi:=@M>1IYP?VUB
:M9g:=<?>1:­@-BY<1I\:=<rG
9`B�C`BDPo� « IYHUBde/1�9q>1:=<xN
: ]­BDHFVFHJ:=I
j
HJIS< kOHJXS<oI^,¿IS<x<o:+:=<-,¿IYP?p5BDP1IY9AQ�GO@1¨OIRC`BDPoB
VF9]>1:M9]>oBDP	:LKdC
HFVJ@-BDP�:=<?>1:	QRI5[qVFQ\VJ:M9q>1I
eR]vBDHFVFHJ:=Ig@=:M9]>?P1Xh<?G'VF9]>1:MP1´=< « GO<1@-BD9ON
IgHUBgN
:=<1@MP?VFC�@MVJXY9
QT�Y<©<1:M9O@MVFHFHUBvbRNdVFP1:=@M>oBde �3:x¨O:=@o¨OI
j]HJI�BD9`BDHFVFp-X�@=IYQRI�G
9`Bv<?G
CW:MP?CWIS<?VJ@MVJXY9�N
:�N
IS<�QRI5[qVFQ\VJ:M9d�
>1IS< �OVº¢ZHUB	>1:M9ON
:M9O@MVUB�9`BD>?G
PoBDH¤N
:vHJIS<+@MGO:MP?CWIS<�B\QTBD9q>1:M9O:MP­<?Gg[i:MHJI�@MVJNOBYN^��HJ:MbAN
:vVF9O:MP1@MVUBi¢xb
VFVº¢fHUB�@-BDEJNOB�HFV « P1:3N
:+G
9n@MGO:MP?CWI	N
: « VJNOB\BvHUB	BD>?PoBY@=@MVJXY9A�SPoB=[�VF>oBD>1IYP?VUBde 1�Q « IS<©QRI5[qVFQ\VJ:M9q>1IS<
<1:­<?G
CW:MP?C�IY9O:M9�<1VFQ�G
HF>o�D9O:-BDQR:M9]>1:�b_NOBD9�IYP?VF�i:M9hBDHsQRI5[qVFQ\VJ:M9q>1IRC`BDPoB « XYHFVJ@=I
e

µf�F�Y¶��¥¯_·�¸º¹i¹
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Y�9`Bh[i:MpgBY@=:MC
>oBYN
I'�qGO:n:MH QRI-[�VFQ\VJ:M9]>1I¦N
:�G
9`BhC`BDP?>?EJ@MG
HUBa:M9�G
9m@-BDQ\C�I��SPoB-[qVF>oBD>1ID�
P?VJI_G
9
V ,¿IYP?QR:\<1:�C
GO:=N
:\N
:=<1@MP?V « VFPv@=IYQRI_G
9`B_<1G
C�:MP?CWIS<?VJ@MVJXY9'N
:\N
IS<­N
:=<?C
HUBDp5BDQ\VJ:M9]>1IS<��qGO:
Iq@MG
P?P1:M9�<1VFQ�G
HF>o�D9O:-BDQR:M9]>1:SjW@=IY9q>?VF9]G`BDQRIS<3@=IY9AHUB\N
:=<1@MP?VFCW@MVJXY9�N
:v:=<?>1:3QRI5[qVFQ\VJ:M9q>1I
e
£ BDPoB�@=IYQR:M9
p5BDP-j]:=<?CW:=@MV/k`�]GO:MQRIS<©:MH`<?VJ<?>1:MQTB3N
:xP1:M,¿:MP1:M9O@MVUBdeq8�H`:��?:

x̂
HJIv:MHJ:��¥VFQRIS<�N
:rQTBD9O:MPoB

�]GO:v<1G�NdVFP1:=@=@MVJXY9h@=IYVF9O@MVJNOBT@=IY9�HUB	C
P1I5bi:=@=@MVJXY9�N
:­HUB\[i:MHJIq@MVJNOBYNh<1I « P1:v:MH}C
HUBD9OIR¨OIYP?VFp-IY9]>oBDH¬j
Q\VJ:M9]>?PoBY<3�]GO:�:MH}:��¥:

ẑ
HJIR:MHJ:M�SVFQRIS<�¨`BY@MVUBTBDP?P?V « Bh�¿IR<1:-BdjOG
9`B\C`BDP?>?EJ@MG
HUB�BDH}@-BY:MP3BY@=:MHJ:MPoBR:M9

HUBgNdVFP1:=@=@MVJXY9 −ẑ
¢Le �3:TBY@MGO:MP1N
IaBA9]GO:=<1>?PoBg¨
VFCWXY>1:=<?VJ<-j�HUBhBY@=:MHJ:MPoBY@MVJXY9^:M9�>1IqN
I�VF9O<?>oBD9]>1:n:=<

~a(t) = −gẑ
e J BDQ « VJ´M9\<?G
CWIY9ONdP1:MQRIS<¤�qGO:fHUBx[i:MHJIq@MVJNOBYN�:M9�:MHqVF9O<?>oBD9]>1:

t = 0
[�VJ:M9O:�NOBYNOB�C�IYP

~v(0) = v
(0)
x x̂+ v

(0)
z ẑ

bT�qGO:�HUB�C`BDP?>?EJ@MG
HUB	<1:�:M9O@MGO:M9q>?PoB\:M9_:MH�HFG
�]BDP
~r(0) = ~r0 = x0x̂ + z0ẑ

e
1�9`BDHFVJ@=:MQRIS<�@-BYNOB	G
9`B\N
:­HUBY<x@=IYQ\CWIY9O:M9]>1:=<�CWIYPx<1:MC`BDPoBYN
I
e
� IYQ\C�IY9O:M9q>1:

x
�
�¤BRBY@=:MHJ:MPoBY@MVJXY9�9OI	>?VJ:M9O:v@=IYQ\CWIY9O:M9]>1:�:M9AHUB\NdVFP1:=@=@MVJXY9

x
jOI\<1:-Bdj

ax = 0 .

�}B	[i:MHJI�@MVJNOBYN
vx

:=<5j
C�IYPZHJI	>oBD9q>1I
j`@=IY9O<?>oBD9q>1:SjOVF�SG`BDH¤BDH�[SBDHJIYPxVF9
VJ@MVUBDH �
vx(t) = v(0)

x ∀t .

£ BDPoBT:MHsN
:=<?C
HUBDp5BDQ\VJ:M9]>1In:M9gHUB	NdVFP1:=@=@MVJXY9
x
<1:­:M9O@MGO:M9]>?PoBT�]GO:

x(t) = x(0) + v(0)
x t .

� IYQ\C�IY9O:M9q>1:
z
�
�}BTBY@=:MHJ:MPoBY@MVJXY9h:=<

az = −g .

�}B	[i:MHJI�@MVJNOBYN
vz

bn:MH}N
:=<1C
HUBDp5BDQ\VJ:M9]>1IT:M9�HUB	NdVFP1:=@=@MVJXY9
z
[i:M9ONdPo�D9�NOBYN
IS<�C�IYP

vz(t) = v(0)
z − gt

b
z(t) = z(0) + v(0)

z t − 1

2
gt2 .

8f<?>1IS<xP1:=<1G
HF>oBYN
IS<xHJIS<ZCWIqN
:MQRIS<�@=IY9ON
:M9O<oBDP�:=<1@MP?V « VJ´M9ON
IYHJIS<+:M9 ,¿IYP?QTB\[i:=@M>1IYP?VUBDH �

~a(t) = −gẑ

~v(t) = ~v (0) − gtẑ

~r(t) = ~r0 + ~v (0) t − 1

2
gt2ẑ .
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µf�F�Y¶��¥¯_·�¸º¹^N
PRQ ?�:<SUTVF
Y�9 « IYQ « BDP1N
:MP1I�[qGO:MHUB�@=IY9�G
9`B�[i:MHJI�@MVJNOBYNT¨OIYP?VFp-IY9q>oBDH

v0
j]@=IY9O<?>oBD9q>1:SjdbTBvG
9`B�BDHF>?G
PoB

h
:M9

G
9`B�>?PoB-bi:=@M>1IYP?VUB	�]GO:�C`BY<oB�NdVFP1:=@M>oBDQR:M9]>1:­CWIYP©<oI « P1:+<1G�I « �?:M>?VF[iI
e [ 1��qGO´��D9
�SG
HJI	N
:+[qVJ<1VJXY9
φ
N
: « : <1IYHF>oBDP HUB « IYQ « BdjYN
:�,¿IYP?QTB+�qGO:�´=<?>oB�HFHJ:M�SGO:ZB�<1G�I « �?:M>?VF[iI \ � . �S9OIYP1:©:MHd:M,¿:=@M>1I3N
: « VJN
IBDHsP1Iq@=:­N
:MH BDVFP1:Se ¢

�}B « IYQ « Bh:M9¦:MH�VF9O<1>oBD9]>1:T:M9^�]GO:T<1:RN
:��1BAHFV « P1:R>?VJ:M9O:THUB_Q\VJ<?QTBg[i:MHJIq@MVJNOBYN��]GO:�:MH « IYQ	�
« BDP1N
:MP1I
e �3:LkO9
VFQRIS<	:MHr<?VJ<?>1:MQTBhN
:T@=I�IYP1N
:M9`BYNOBY<\N
:nBY@MGO:MP1N
IaBgHJIh�]GO:n<1:�I « <1:MP?[YBh:M9¦HUB
kO�SG
PoBT deF¡ � e`8f9]>1IY9O@=:=<+HUB	CWIS<?VJ@MVJXY9�bnHUB\[i:MHJI�@MVJNOBYNgVF9
VJ@MVUBDH N
:­HUB « IYQ « BT[qVJ:M9O:M9�NOBYNOBY<�CWIYP
~r0 = hẑ

b
~v0 = v0x̂

j`P1:=<?CW:=@M>?VF[YBDQR:M9q>1:Se2[ � G`�D9]>1InN
:MQRIYPoB�HUB « IYQ « B�:M9h@-BY:MP \ �¤B « IYQ « BHFHJ:M�]BDPo��BDHW<?GO:MHJI�@MG`BD9ON
I
z(t) = h− gt2/2 = 0

e�8f<?>1I�Iq@MG
P?P1:+:M9_:MH�VF9O<?>oBD9q>1:
τ =

√

(2h/g)
e

��G
PoBD9q>1:�:MH`VF9]>1:MP?[SBDHJI�N
:�>?VJ:MQ\C�I
τ
HUB « IYQ « B�BDHJ@-BD9
p5B�B3P1:=@=IYP?P1:MP�G
9`B�NdVJ<?>oBD9O@MVUB­¨OIYP?VFp-IY9q>oBDH

L = v0 τ
e
��GO:M�iIRC`BDPoBR:MH}�D9
�SG
HJIRN
:­[�VJ<?VJXY9gI « >1:M9O:MQRIS<

tan φ =
L

h
=

v0

h

√

2h

g
=

√

2v2
0

gh
.

� F � � : �V? 
 EGF C
�VH7C�9 TV; H 9 
 ��� F HL:<?
� IY9O<?VJN
:MP1:MQRIS<ZG
9`B�C`BDP?>?EJ@MG
HUB	�qGO:��SVFPoB	@=IY9_PoBDC
VJN
:Mpv@=IY9O<?>oBD9q>1:­<1I « P1:+G
9`B�>?PoB=bi:=@M>1IYP?VUB

@MVFP1@MG
HUBDPrN
:+PoBYNdVJI
R
�¿�qGO:�N
:LkO9O:+:MH�C
HUBD9OI

x
`
y
¢Le�8�HFVF�SVJ:M9ON
I\:MHWIYP?VF�i:M9ABDHW@=:M9]>?P1I	N
:MHW@MEFP1@MG
HJI
j

:MH¤�D9
�SG
HJIRN
:MHs[i:=@M>1IYPxCWIS<?VJ@MVJXY9g@=IY9�:MH¤:��¥:
x̂
BDG
QR:M9q>oBDPo�\G
9
V , IYP?QR:MQR:M9]>1:��

φ(t) = φ0 + ω0t ,

N
IY9ON
:
φ0

:=<�:MH­�D9
�SG
HJI�:M9c:MH+VF9O<?>oBD9]>1:
t = 0

b
ω0

:=<�G
9`B�@=IY9O<?>oBD9]>1:a�qGO:hN
:M>1:MP?Q\VF9`B
@MG`�D9gPo�DC
VJN
IR[SBDP?EUB\:MH}�D9
�SG
HJIh��CWIYPx:=<?>oB	PoBDp-XY9h<1:3HJ:v<?GO:MHJ:­HFHUBDQTBDP�¼D�M4F�-½M� °i¯i°g¯Y���Y¶�4F¯Y�1¢LeO�}BY<
@=IYQ\C�IY9O:M9q>1:=<

x
:

y
N
:MH�[i:=@M>1IYPxCWIS<?VJ@MVJXY9g[�VJ:M9O:M9�NOBYNOBY<ZCWIYP

x(t) = R cos φ(t) = R cos(φ0 + ω0t)
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:

y(t) = R sinφ(t) = R sin(φ0 + ω0t).

8�Hs[i:=@M>1IYPxCWIS<?VJ@MVJXY9�:=<-jdCWIYPZHJI\>oBD9q>1I
j

~r(t) = R cos(φ0+ω0t)x̂+R sin(φ0+ω0t)ŷ .

�+:MP?VF[SBD9ON
I
~r(t)

<1:­:M9O@MGO:M9q>?PoB\HUB�[i:MHJI�@MVJNOBYN

~v(t) = − Rω0 sin(φ0 + ω0t)x̂

+ Rω0 cos(φ0 + ω0t)ŷ .

8�[YBDHFGO:MQRIS<­:MH(QRX�NdG
HJI�N
:�HUBT[i:MHJIq@MVJNOBYNm��PoB7�
C
VJN
:Mp7¢ �

µ��F�Y¶q�?¯n·q¸�¹Y·

v = |~v(t)| =
√

vx(t)2 + vy(t)2

=
√

R2ω2
0 sin2(φ0 + ω0t) + R2ω2

0 cos2(φ0 + ω0t) = Rω0 .

1 C�:=<oBDP N
:��qGO:xHUB�PoBDC
VJN
:Mp+:=< @=IY9O<?>oBD9q>1:	��9OI�N
:MC�:M9ON
:+N
:MH�>?VJ:MQ\C�I]¢LjqHUB­[i:MHJI�@MVJNOBYNT9OI�HJI�:=<5j
b]B��qGO:�@=IY9q>?VF9]G`BDQR:M9]>1:�@-BDQ « VUB+N
: <1:M9]>?VJN
I
eD8f<?>oB�±
HF>?VFQTB+:=@MG`BY@MVJXY9�:M9O<1:��`B��qGO:�HUB�[i:MHJIq@MVJNOBYN
BD9
�SG
HUBDP�:=<ZHUB�PoBDC
VJN
:Mp�N
:3HUB	C`BDP?>?EJ@MG
HUB\NdVF[�VJNdVJNOB	C�IYP�:MH�PoBYNdVJIRN
:­�SVFP1I
e

8�[SBDHFG`BD9ON
IT:MH�C
P1I�NdGO@M>1IRC
G
9]>1IT:M9]>?P1:
~r
b

~v
�

~r(t) · ~v(t) = x(t)vx(t) + y(t)vy(t) = 0

<1:v:M9O@MGO:M9]>?PoB��qGO:�´=<?>1:v:=<�9]G
HJI
e � IYQRIT:MH}C
P1I�NdGO@M>1IRC
G
9q>1ITN
:�N
IS<x[i:=@M>1IYP1:=<�9OI\9]G
HJIS<�[YBDHJ:
@=:MP1I¦<1XYHJI%<1VxHJIS<TN
IS<T[i:=@M>1IYP1:=<�<1IY9;C�:MP?CW:M9ONdVJ@MG
HUBDP1:=<-j�<o:A¨`BDHFHUB'�qGO:AHUB'[i:MHJI�@MVJNOBYN;N
:AG
9`B
C`BDP?>?EJ@MG
HUBR:M9gG
9AQRI5[qVFQ\VJ:M9q>1I�@MVFP1@MG
HUBDPxG
9
V , IYP?QR:v:=<x<1VJ:MQ\C
P1:­C�:MP?CW:M9ONdVJ@MG
HUBDP+BDH�PoBYNdVJI
e

�3:MP?VF[YBD9ON
I\HUB\[i:MHJIq@MVJNOBYNg<o:­:M9O@MGO:M9]>?PoBTHUB\BY@=:MHJ:MPoBY@MVJXY9 �

~a(t) = −Rω2
0 cos(φ0 + ω0t)x̂ − Rω2

0 sin(φ0 + ω0t)ŷ .

��IY>1:v�qGO:­:M9g>1I�N
I	VF9O<?>oBD9]>1:
~a(t) = −ω2

0 ~r(t) ,I\<1:-BdjdHUB\BY@=:MHJ:MPoBY@MVJXY9�<?VJ:MQ\C
P1:�BDC
G
9q>oB	¨`BY@MVUB\:MHsIYP?VF�i:M9¦��PoBDp-XY9gCWIYPZHUB	@MG`BDHs<1:3HFHUBDQTBA¯i½��M4F� �
�¥¯i½=�¿ÀY�%½o�M�`¾¿��� ®
�M¾¬¯7¢Le`�}B	QTBD�S9
VF>?GONhN
:3HUBRBY@=:MHJ:MPoBY@MVJXY9h<1VJ:MQ\C
P1:v:=<x@=IY9O<?>oBD9q>1:vbn[YBDHJ:

a = |~a(t)| = Rω2
0 .
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tvu tvu ∗ �;~­~Z����z � ��� �x����~����Z�Wz��

� F I �5?DC EGF H^?DI 9 
 � EG; H �VF I
r̂
�

θ̂
�

��:MQRIS<([�VJ<?>1I3�qGO: :MHdQRI5[qVFQ\VJ:M9q>1I�N
: G
9	C
G
9]>1I
P
:M9\:MHdC
HUBD9OI

x, y
<1: C
GO:=N
:Z:=<?CW:=@MV/k`@-BDP

GO<oBD9ON
IRN
IS< ,¿G
9O@MVJIY9O:=<��qGO:­N
:=<1@MP?V « BD9h<1GO<Z@=IqIYP1N
:M9`BYNOBY<+@-BDP?>1:=<?VUBD9`BY<�N
:MH�C
G
9q>1I
j`I\<1:-Bdj

~r(t) = x(t) x̂ + y(t) ŷ .

J¤BDQ « VJ´M9aCWIqN
:MQRIS<�:=<?C�:=@MV/k`@-BDP+:MHsQRI-[�VFQ\VJ:M9]>1I
P
GO<oBD9ON
IT@=IqIYP1N
:M9`BYNOBY<�C�IYHUBDP1:=<5jO:=<�N
:=@MVFP-j

NOBD9ON
IAHUBY<&,¿G
9O@MVJIY9O:=<
r(t)

b
θ(t)

e21�H�GO<oBDPv@=I�IYP1N
:M9`BYNOBY<­CWIYHUBDP1:=<­C`BDPoBAN
:=<1@MP?V « VFP�:MH�QRI-[�V/�
Q\VJ:M9]>1I3N
:fG
9�C
G
9]>1I

P
j=P1:=<?G
HF>oB�<?G
QTBDQR:M9]>1:r@=IY9q[i:M9
VJ:M9]>1:rVF9]>?P1I�NdGO@MVFP HJIS<}[i:=@M>1IYP1:=< G
9
VF>oBDP?VJIS<

r̂
b

θ̂
N
:LkO9
VJN
IS<xCWIYP

r̂ = cos θ x̂ + sin θ ŷb
θ̂ = − sin θ x̂ + cos θ ŷ .

_ « <1:MP?[i: �]GO: :=<?>1IS<�[i:=@M>1IYP1:=< G
9
VF>oB7�
P?VJIS<m�i:M9O:MPoBDHFQR:M9]>1: �¿@MG`BD9ON
I

θ = θ(t)N
:MC�:M9ON
: N
:MHT>?VJ:MQ\CWI]¢�<1IY9 >?VJ:MQ\CWI�N
:L�
C�:M9ONdVJ:M9q>1:=<-e­8�H�[i:=@M>1IYP

r̂
BDC
G
9]>oBl:M9 HUB

NdVFP1:=@=@MVJXY9�PoBYNdVUBDH¬j
Q\VJ:M9q>?PoBY<��qGO:­:MH�[i:=@M>1IYP
θ̂
:=<+>oBD9
�i:M9O@MVUBDH�BDH�@MEFP1@MG
HJIA�]GO:�C`BY<oB�CWIYP

P
b�>?VJ:M9O:v<1Gg@=:M9]>?P1IT:M9h:MHsIYP?VF�i:M9se

PRQ ?DH^C
�VC
�VFXW �+:MQ�GO:=<?>?P1:\�qGO:�HJIS<3[i:=@M>1IYP1:=<
r̂
b

θ̂
:M, :=@M>?VF[YBDQR:M9q>1:�<1IY9RG
9
VF>oBDP?VJIS<5e J¤BDQ	�

« VJ:M9;N
:MQ�GO:=<?>?P1:��]GO:A<1IY9 �S�L¾¬�Y���Y��³R¯L4J��²Mj
:=<xN
:=@MVFP-j

r̂ ⊥ θ̂
e µ��F�Y¶��¥¯n·q¸�¹��

8�9O@=IY9]>?P1:MQRIS<�HUB�N
:MP?VF[SBYNOB�>1:MQ\C�IYPoBDH
N
:r:=<?>1IS<¤[i:=@M>1IYP1:=<(G
9
VF>oBDP?VJIS<-jY:=<¤N
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dr̂

dt
= ˙̂r =

d

dt
[ cos θ x̂ + sin θ ŷ ]

=
d cos θ(t)

dt
x̂ +

d sin θ(t)

dt
ŷ

= − sin(θ(t)) θ̇(t) x̂ + cos(θ(t)) θ̇(t) ŷ

= θ̇(t) [ − sin(θ(t)) x̂ + cos(θ(t)) ŷ ] = θ̇ θ̂
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dθ̂

dt
=

˙̂
θ =

d

dt
[ − sin θ x̂ + cos θ ŷ ]

= −d sin θ(t)

dt
x̂ +

d cos θ(t)

dt
ŷ

= − cos(θ(t)) θ̇(t) x̂ − sin(θ(t)) θ̇(t) ŷ

= −θ̇(t) [ cos(θ(t)) x̂ + sin(θ(t)) ŷ ] = −θ̇ r̂
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~̇r(t) = R ˙̂r = R θ̇ θ̂ .
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9
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θ(t) = ω0 t
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θ̇(t) = ω0
e

�3:M>1:MP?Q\VF9O:MQRIS< BD¨OIYPoB3HUB�BY@=:MHJ:MPoBY@MVJXY9TC`BDPoB­:MHOQRI5[qVFQ\VJ:M9q>1I�@MVFP1@MG
HUBDP-e �+:MP?VF[SBD9ON
Iv:MHO[i:=@L�
>1IYPx[i:MHJIq@MVJNOBYN�<1:­:M9O@MGO:M9]>?PoB

~̇v(t) = R
d

dt

(

θ̇ θ̂
)

= R
(

θ̈ θ̂ + θ̇
˙̂
θ
)

= Rθ̈ θ̂ − Rθ̇2 r̂8�H3C
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HJIS<©[i:=@M>1IYP1:=< ~A = 2x̂+ ŷ
j ~B = 3x̂+ ŷ−2ẑ

b ~C = x̂+3ŷ− ẑ
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~A = cos (α)x̂ + sin (α)ŷ
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cos (α − β)
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~u = 2x̂ + ŷ − ẑ
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jON
IY9ON
:
α
:=<ZG
9g9q±
QR:MP1IRP1:-BDHs9OI	9qG
HJI
e

	�e � IY9O<?VJN
:MP1:nHUBh<?VF�SG
VJ:M9]>1:_<?VF>?G`BY@MVJXY9m:M9^9]GO:=<?>?P1Ia:=<?C`BY@MVJI�,¿EJ<?VJ@=I�N
:n>?P1:=<�NdVFQR:M9O<?VJIY9O:=< �
�3:=<1N
:Z@MVJ:MP?>1I�IYP?VF�i:M9�:MQR:MP?�i:M9�@MG`BD>?P1Iv[i:=@M>1IYP1:=<©N
:ZVF�SG`BDH`>oBDQTB �OI
j]N
:ZQTBD9O:MPoB��]GO:ZHJIS<
�D9
�SG
HJIS<­:M9q>?P1:\@MG`BDHJ�]G
VJ:MP­C`BDPvN
:�[i:=@M>1IYP1:=<v<1:-BD9aVF�SG`BDHJ:=<-e�8f9O@MGO:M9]>?P1:R:MH([SBDHJIYP3N
:\:=<o:
�D9
�SG
HJI
e(�¿£ BDPoB�P1:=<1IYHF[i:MP­:=<?>1:�C
P1I « HJ:MQTB�P1:MHUBY@MVJXY9O:MHJIA@=IY9�:MH N
:�HUBY<3NdVUBD�iIY9`BDHJ:=<3N
:�G
9
@MG « I\@=IY9O<?VJN
:MPoBYN
IT:M9AHUBR<1:=@=@MVJXY9h deF¡Se ¢
� IYQR:M9q>oBDP?VJI �S�}BY<}� C
G
9]>oBY<¥�rN
:©HJIS<(@MG`BD>?P1I+[i:=@M>1IYP1:=< ,¿IYP?QTBD9	HJIS< [i´MP?>?VJ@=:=<�N
:©G
9�>1:M>?PoBY:L�
NdP1I	P1:M�SG
HUBDP-e
�}B�QRIYHJ´=@MG
HUBRN
:3QR:M>oBD9OI � �

4
:=<ZG
9A:��?:MQ\C
HJIRN
:+HJIRBDP?P?V « B�C
HUBD9]>1:-BYN
I
e

8�9\>oBDH
QRIYHJ´=@MG
HUBv:MH`�D>1IYQRIvN
:Z@-BDP « IY9OI­<o:Z:M9O@MGO:M9]>?PoBvBDHO@=:M9q>?P1I�N
:rHJIS<�@MG`BD>?P1I��D>1IYQRIS<
N
:3¨
VJNdP1XY�i:M9OI��]GO:­:=<?>o�D9hNdVJ<?>?P?V « G
VJN
IS<�N
:­HUB�QTBD9O:MPoB\QT�Y<xP1:M�SG
HUBDPxCWIS<?V « HJ:Se

Â e 8�9O@MGO:M9q>?P1:�:MH �D9
�SG
HJI�:M9]>?P1:nN
IS<v[i:=@M>1IYP1:=<�N
: Â bm¡ � G
9
VJNOBYN
:=<	N
:\HUBDP?�iI
j¤<?V�:MHf[i:=@L�
>1IYP­<?G
QTB , IYP?QTBTG
9¦�D9
�SG
HJIAN
:

50◦
@=IY9':MH�QTB=biIYPvN
:	:MHFHJIS<-eW8�9O@MGO:M9q>?P1:R>oBDQ « VJ´M9'HUB

QTBD�S9
VF>?GONgN
:MH}[i:=@M>1IYP�<?G
QTBde
) e �}B�<?G
QTBAN
:�N
IS<v[i:=@M>1IYP1:=<�Q\VJN
:�  � G
9
VJNOBYN
:=<�b%, IYP?QTB��D9
�SG
HJIS<�N
:

25◦
b

50◦
@=IY9

:MHFHJIS<-e [ � G`�DH}:=<ZHUB�QTBD�S9
VF>?GONhN
:v@-BYNOB�G
9OIRN
:­HJIS<x[i:=@M>1IYP1:=< \
¡ � e 0 G
CWIY9
�]B	�]GO:+HUB�CWIS<?VJ@MVJXY9

~r
N
:3G
9`B�C`BDP?>?EJ@MG
HUB\:M9 ,¿G
9O@MVJXY9gN
:MHW>?VJ:MQ\C�I

t
[�VJ:M9O:­NOBYNOB

CWIYP �
~r = ~r (t) = r0

(

cos

(

t

t0

)

x̂ + sin

(

t

t0

)

ŷ
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~a(t)
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t = 0
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:R<1:MP�BDH/�
@-BD9
p5BYN
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C
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HUB	:=@MG`BY@MVJXY9

y(x) = −
(

tan θ0

R

)

x2 + x tan θ0 .

µ��F�Y¶q�?¯n·q¸ N�¹
�+IY>1:v�qGO:­:=<?>oB\:=@MG`BY@MVJXY9h@=IYP?P1:=<1C�IY9ON
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HFEJ@MVF>oBDQR:M9q>1:�NOBYN
I\CWIYP

tan θ =

[

1 − 2x

R

]

tan θ0 .

��� e ]+PoB7k`�qGO:	:M9'C`BDC�:MH(CWIYHUBDP­HUB�>?PoB=bi:=@M>1IYP?VUBgN
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HUB_<?V�<?GaCWIS<?VJ@MVJXY9%:M9'@=IqIYP¥�
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[�VJ:M9O:vNOBYNOB	CWIYP �
¯d¢ {

r(t) = r0

θ(t) = t/t0
@=IY9

r0 = 1 � Q��sb t0 = 2π � <�� e
� ¢ {

r(t) = At
θ(t) = t/t0

@=IY9
A = 1/(4π) � Q��D<��}b t0 = 2π � <�� e
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r(t) = r0 + B cos (t/2t0)
θ(t) = t/t0

@=IY9
r0 = 1 � Q�� j t0 = 2π � < �sb B = 0,5 � Q�� e
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G � ����� @MQ��D< 2 e]8�9O@MGO:M9q>?P1:39]G
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C
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~r(t + ∆) ' ~r(t) + ~v(t)∆

~v(t + ∆) ' ~v(t) + ~a(t)∆

~a(t + ∆) = −G~r(t + ∆)/r3(t + ∆) .
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:+:MH�C
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θ
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~r = 30 · t x̂ � (40 · t − 5 t2)ŷ
j

N
IY9ON
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t
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N
:MHZC
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~v = d

√

g b

2h (b + d)
x̂ + (2 b + d)

√

h g

2 b (b + d)
ẑ .

� Â e 0 G
CWIY9
�]BDQRIS<R�qGO:
r(t)

b
θ(t)

<oIY9^HUBY<T@=IqIYP1N
:M9`BYNOBY<TC�IYHUBDP1:=<RN
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9mC
G
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~v(t) =

[

dr

dt
cos θ − r

dθ

dt
sin θ

]

x̂ +

[

dr

dt
sin θ + r

dθ

dt
cos θ

]

ŷ

=
[

ṙ cos θ − r θ̇ sin θ
]

x̂ +
[

ṙ sin θ + r θ̇ cos θ
]

ŷ .

8�9O@MGO:M9q>?P1:\HUB�[i:MHJIq@MVJNOBYN':M9'@=I�IYP1N
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ẑ
HJIS<f:��?:=<

¨OIYP?VFp-IY9]>oBDH�bR[i:MP?>?VJ@-BDH¬j�P1:=<?CW:=@M>?VF[YBDQR:M9q>1:Sed�}BvCWIS<?VJ@MVJXY9_N
:+HUB « BDHUB_�¿<?VJ:M9ON
I
t = 0

:MH�VF9O<?>oBD9q>1:
N
:MH}NdVJ<?C`BDP1I]¢ [i:M9ONdPo�\NOBYNOB\C�IYPxHUBY<�@=IqIYP1N
:M9`BYNOBY<
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�¥¡5¢b
v2
0 sin2 θ0 = 2hg .

� � ¢
��VF[�VJNdVJ´M9ON
IRHUB�±
HF>?VFQTB\C�IYPxHUB\BD9q>1:MC�:M9q±
HF>?VFQTBT<o:­:M9O@MGO:M9]>?PoB

tan θ0 =
2h

D
.

8f<?>oB+P1:MHUBY@MVJXY9RCW:MP?Q\VF>1:x:M9O@=IY9]>?PoBDP :MH`�D9
�SG
HJI­N
:Z:MHJ:M[YBY@MVJXY9�N
:MHONdVJ<?C`BDP1I
θ0
eS£(BDPoB­N
:M>1:MP?Q\VF9`BDP

:MHs[YBDHJIYPxN
:
v0
:MHJ:M[SBDQRIS<�BDH}@MG`BYNdPoBYN
IRHUB\:=@MG`BY@MVJXY9��¥¡5¢ �

v4
0 sin2 θ0 (1 − sin2 θ0) = D2g2 .

�+:=<1C�:��1BD9ON
I
sin2 θ0

N
:n� � ¢Lj`<?GO<?>?VF>?G
bi´M9ON
IYHJIn:M9�HUB\±
HF>?VFQTBT:=@MG`BY@MVJXY9a<1:v:M9O@MGO:M9q>?PoBTC`BDPoB
v0HUB\:LK�C
P1:=<1VJXY9

v2
0 =

(D2 + 4h2)g

2h
.
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0 :-B+K�`]b	:MH
C
HUBD9OI�:M9T�qGO:Z<1:ZQ�GO:M[i:M9�HJIS<fC
P1I5bi:=@M>?VFHJ:=<-j
ẑ
:MH�:��¥:Z�qGO:�BDC
G
9]>oBv¨`BY@MVUB�BDP?P?V « B

bn@=IYHJI��]GO:MQRIS<�:MHsIYP?VF�i:M9�:M9�:MH�HFG
�]BDP�:M9h�]GO:­<1:­:M9O@MGO:M9q>?PoBT:MHs@-B �OXY9se
0 :-B

t
:MH(>?VJ:MQ\CWIT>?PoBD9O<o@MG
P?P?VJN
IAN
:=<1N
:�:MH(NdVJ<?C`BDP1InN
:�HUB « BDHUB�� ¡Se��}BTCWIS<?VJ@MVJXY9�N
:	:=<oB

« BDHUB	[qVJ:M9O:�NOBYNOB	C�IYP
{

z1(t) = v0 sin θ1 t − 1
2gt2

x1(t) = v0 cos θ1 t .
0 :-B

t′
:MHd>?VJ:MQ\CWI3>?PoBD9O<1@MG
P?P?VJN
I­N
:=<1N
:r:MH
NdVJ<?C`BDP1I3N
: HUB « BDHUB�� � eY�}B+CWIS<?VJ@MVJXY9\N
:©HUB+<1:M�SG
9ONOB

« BDHUB	[qVJ:M9O:Sj�BD9`�DHJIY�]BDQR:M9]>1:Sj�NOBYNOB	C�IYP
{

z2(t
′) = v0 sin θ2 t′ − 1

2gt′2

x2(t
′) = v0 cos θ2 t′ .

£ BDPoB��]GO:rHUBY< « BDHUBY<©@1¨OI��]GO:M9�N
: « :M9R@=IYVF9O@MVJNdVFP©HUBY<fN
IS<f@=I�IYP1N
:M9`BYNOBY<�N
:�BDQ « BY< « BDHUBY<-jSI­<1:-Bdj
N
: « :v@MG
Q\C
HFVFP1<o:

cosθ1 t = cosθ2 t′
�  de  i¢

b
v0 sin θ1 t − 1

2
gt2 = v0 sin θ2 t′ − 1

2
gt′2 .

�  de �q¢
�+:=<1C�:��1BD9ON
I

t′
N
:THUB_C
P?VFQR:MPoBgN
:T:=<?>oBY<�:=@MG`BY@MVJIY9O:=<�baP1:=:MQ\C
HUBDp5�D9ON
IYHUBh:M9¦HUBA<1:M�SG
9ONOBg<o:

I « >?VJ:M9O:
v0 sin θ1 t − 1

2
gt2 = v0 sin θ2

cos θ1

cos θ2
t − 1

2
g

cos2 θ1

cos2 θ2
t2 .

��GO:M�iITNdVF[�VJNdVFQRIS<xCWIYP
t
jdQ�G
HF>?VFC
HFVJ@-BDQRIS<�CWIYP

cos θ2
bnP1:=IYP1N
:M9`BDQRIS<xHJIS<x>1´MP?Q\VF9OIS<��

v0 (cos θ2 sin θ1 − sin θ2 cos θ1) =
gt

2 cos θ2
(cos2 θ2 − cos2 θ1) .

�  de Á ¢
0 :-B

∆t
:MH�>?VJ:MQ\CWI3:M9]>?P1:ZBDQ « IS<�NdVJ<?C`BDP1IS<-e 0 : >?VJ:M9O:r:M9]>1IY9O@=:=<f�qGO:

t′ = t−∆t
e 0 GO<1>?VF>?G
bi:M9ON
I

:=<?>1IR:M9¦� Á e  i¢r<1:­:M9O@MGO:M9q>?PoBR�qGO:

t =

(

cos θ2

cos θ2 − cos θ1

)

∆t .
�  de � ¢

0 GO<?>?VF>?G
bi:M9ON
IT:=<?>oB\P1:MHUBY@MVJXY9hB	<?GA[i:Mp�:M9�� Á e � ¢Lj`<1:­I « >?VJ:M9O:��

v0 (cos θ2 sin θ1 − sin θ2 cos θ1) =
g

2

(cos2 θ2 − cos2 θ1)

cos θ2 − cos θ1
∆t ,

IR<1:-Bdj
∆t =

2v0

g

sin(θ1 − θ2)

cos θ1 + cos θ2
' 11

<
.
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0 :-B

~r (t) = x(t) x̂ + y(t) ŷ
HUB�CWIS<?VJ@MVJXY9gN
:+HUB�C`BDP?>?EJ@MG
HUBde �3:MP?VF[YBD9ON
I	P1:=<1C�:=@M>1I\BDHW>?VJ:MQ\C�I\<o:

:M9O@MGO:M9]>?PoB�<?GA[i:MHJIq@MVJNOBYN��
~v(t) = ẋ(t) x̂ + ẏ(t) ŷ .£¤IYP+IY>?PoB	C`BDP?>1:SjON
:vBY@MGO:MP1N
I�BDHs:M9qG
9O@MVUBYN
I
j�<�B « :MQRIS<x�qGO:

~v(t) = a x̂ + bx(t) ŷ .

. �SG`BDHUBD9ON
InBDQ « BY<�:LKdC
P1:=<?VJIY9O:=<-j`@=IYQ\C�IY9O:M9q>1:�B	@=IYQ\CWIY9O:M9]>1:Sj`I « >1:M9O:MQRIS<

ẋ(t) = a

b
ẏ(t) = bx(t) .

�}B�C
P?VFQR:MPoB�N
:�:=<?>oBY<+:LK�C
P1:=<1VJIY9O:=<�VF9ONdVJ@-Bn�qGO:Sj`C`BDPoBTHUB�@=IYQ\C�IY9O:M9q>1:RB\HJI�HUBDP?�iInN
:MH(:��?:
x̂
j

:MHsQRI-[�VFQ\VJ:M9]>1I�:=<ZG
9
V ,¿IYP?QR:Sj�I\<1:-Bdj

x(t) = x(0) + at .

£¤:MP1I
jfN
:ABY@MGO:MP1N
I%BDHZ:M9]G
9O@MVUBYN
I
j
x(0) = 0

j HFGO:M�iI
x(t) = at

e 0 GO<?>?VF>?G
bi:M9ON
I':=<?>1Ia:M9�HUB
:=@MG`BY@MVJXY9�C`BDPoB

ẏ(t)
<1:­:M9O@MGO:M9]>?PoB

ẏ(t) = bat .
�+:­BY�qG
E�<1:�N
:=NdGO@=:­�qGO:3:MHWQRI-[�VFQ\VJ:M9]>1ITB�HJI�HUBDP?�iI	N
:MHW:��?:

ŷ
:=<rG
9
V ,¿IYP?QR:MQR:M9q>1:�BY@=:MHJ:MPoBYN
I
j

HFGO:M�iI
y(t) = y(0) +

1

2
bat2 =

1

2
bat2 .

�+: :=<?>oBxQTBD9O:MPoBx¨O:MQRIS<(:M9O@=IY9]>?PoBYN
I3�qGO:fHUBY< @=IqIYP1N
:M9`BYNOBY<
x
:
y
N
:�HUBxC`BDP?>?EJ@MG
HUBdjD:M9 ,�G
9O@MVJXY9

N
:MHs>?VJ:MQ\C�I
jO[qVJ:M9O:M9�NOBYNOBY<xC�IYP
x = at

y =
ab

2
t2 .

�+:=<1C�:��1BD9ON
I
t
N
:\HUB_C
P?VFQR:MPoBgN
:T:=<?>oBY<�:=@MG`BY@MVJIY9O:=<�bhP1:=:MQ\C
HUBDp5�D9ON
IYHJIa:M9%HUBg<1:M�SG
9ONOBdj}<1:

I « >?VJ:M9O:­kO9`BDHFQR:M9]>1:�HUB\:=@MG`BY@MVJXY9�N
:­HUB�>?PoB-bi:=@M>1IYP?VUB

y = y(x) =
b

2a
x2 .
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Bi¢ 0 :-B

v0
HUB�[i:MHJI�@MVJNOBYN�N
:MHd�SHJI « I�P1:=<?CW:=@M>1I3B�G
9	I « <1:MP?[SBYN
IYP kS�¥I�:M9�HUB�JrVJ:MP?PoBdeY�}B�[i:MHJIq@MVJNOBYN

[i:MP?>?VJ@-BDH}bn¨OIYP?VFp-IY9]>oBDH¤<o:MPo�D9
vz = v0 cos 30◦ =

v0

√
3

2b
vx = v0 sin 30◦ =

v0

2
,

P1:=<?C�:=@M>?VF[SBDQR:M9]>1:Se¤�}BA@=IYQ\CWIY9O:M9]>1:�¨OIYP?VFp-IY9]>oBDH N
:\HUBn[i:MHJIq@MVJNOBYN¦N
:MHf�SHJI « I�N
: « :\@=IYVF9O@MVJNdVFP
@=IY9gHUB\N
:MH�[�VJ:M9]>1I
j`I\<o:-Bdj

vx = v0/2 = vv

e��+:vBY�qG
E}<1:­N
:=NdGO@=:��]GO:
v0 = 2vv = 20 Z Q��7¨se�}B­@=IYQ\CWIY9O:M9]>1:�[i:MP?>?VJ@-BDH`N
:ZHUB+[i:MHJI�@MVJNOBYNTN
:MHO�SHJI « I­:=<fC
P1:=@MVJ<�BDQR:M9]>1:xHUB­[i:MHJIq@MVJNOBYNR@=IY9

�]GO:­´=<?>1:­<o:3Q�GO:M[i:­P1:=<?CW:=@M>1IRBDH¤BDVFP1:R�¿<?GAQRI5[qVFQ\VJ:M9q>1IR¨OIYP?VFp-IY9q>oBDH¤<1:­N
: « :vBDH�[qVJ:M9q>1I]¢LeO8f<?>oB
[i:MHJIq@MVJNOBYN�[i:MP?>?VJ@-BDHs[qVJ:M9O:�NOBYNOB	C�IYP

vz = v0

√
3/2 = 17, 3... Z Q��7¨se

« ¢ � IY9OIq@MVJ:M9ON
I
vz

:=<&,¬�Y@MVFHf:M[SBDHFG`BDPv:MH�>?VJ:MQ\C�I
t∗
�]GO:\N
:MQRIYPoBg:MH��SHJI « IA:M9¦BDHJ@-BD9
p5BDPvG
9`B

BDHF>?G
PoBRN
:
h = 1 Z QgeO8f<1>1:3[qVJ:M9O:vNOBYN
IRC�IYP

t∗ =
h

vz

' 1

17, 3
� ¨ � ' 3, 46 � Q\VF9qG
>1IS<�� .

8 F TV9 C
����
 ;/T(S H^F �UTV?�:<;������
0 :-B

ω0
HUBT[i:MHJI�@MVJNOBYN%BD9
�SG
HUBDP3N
:�HUB�P?GO:=NOB_BD9]>1:=<­N
:	<1:MP�,�P1:M9`BYNOB �

ω0 = 2π
<
−1 e 0 :-B α

HUB
BY@=:MHJ:MPoBY@MVJXY9�BD9
�SG
HUBDP��qGO:3<?G3,�P1:3HUB�P?GO:=NOB\BDHs<o:MP ,�P1:M9`BYNOBde 0 V

t = 0
:=<Z:MH�VF9O<?>oBD9]>1:v:M9g�qGO:­<1:

BDC
HFVJ@-B\:MH2,¿P1:M9OI
jO<1:3>?VJ:M9O:v�qGO:3HUB�[i:MHJIq@MVJNOBYN�BD9
�SG
HUBDPx[i:M9ONdPo�\NOBYNOB	CWIYP
ω(t) = ω0 + α t ,

Q\VJ:M9]>?PoBY<+�]GO:­:MH¤�D9
�SG
HJIT�]GO:3P1IY>oBDPo�	HUB\P?GO:=NOB\<1:MPo�

θ(t) = θ(0) + ω0t +
1

2
αt2 = ω0t +

1

2
αt2 .

0 :-B
t∗
:MH�>?VJ:MQ\CWI��qGO:�>oBDP1NOB�HUB�P?GO:=NOB�:M9_�qGO:=NOBDP :M9nP1:MC�IS<oI
e �3:3BY@MGO:MP1N
I	BDHW:M9]G
9O@MVUBYN
I\N
:MH

C
P1I « HJ:MQTBdj`N
: « :v@MG
Q\C
HFVFP1<1:v�qGO:
ω(t∗) = 0

b
θ(t∗) = π

j
IR<1:-Bdj

π = ω0t
∗ +

1

2
α t∗ 2 b

ω0 + αt∗ = 0 .

�+: :=<?>oBY< :=@MG`BY@MVJIY9O:=<(C�I�N
:MQRIS< N
:=<?C�:��1BDP
t∗
b

α
e78f9�C`BDP?>?VJ@MG
HUBDP(C`BDPoB�HUB�BY@=:MHJ:MPoBY@MVJXY9RBD9
�SG
HUBDP

<1:­I « >?VJ:M9O:
α = −ω2

0

2π
= −2π � � −2 � .

�}B\QTBD�S9
VF>?GON�N
:­HUBTBY@=:MHJ:MPoBY@MVJXY9�>oBD9
�i:M9O@MVUBDH b_@=:M9q>?P?EFC�:M>oB���[i:MP�<o:=@=@MVJXY9� de  i¢ [�VJ:M9O:M9hNOBYNOBY<
C�IYP

at = Rα
b

ac = −Rω2 e5Y+<oBD9ON
In:=<?>oBY<3:LK�C
P1:=<1VJIY9O:=<+@=IY9 R = 0, 25 � Q��(b ω = ω0 =
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2π
<
−1 <1:�:M9O@MGO:M9]>?PoBg�]GO:�HUB_BY@=:MHJ:MPoBY@MVJIY9O:=<­>oBD9
�i:M9O@MVUBDHfb�@=:M9q>?P?EFC�:M>oB_N
:�G
9aC
G
9]>1InkS�?I�:M9:MH « IYP1N
:TN
:\HUB_P?GO:=NOBdjs@MG`BD9ON
Ih´=<?>oB_@=IYQ\VJ:M9
p5B�BA<o:MP&,�P1:M9`BYNOBdj¤<1IY9

at = −1, 57 � Q��D< 2 ��b
ac = 9, 87 � Q��D< 2 � e
8 F TV9 C
����
 ;/T(S H^F �UTV?�:<;�� � �
Bi¢ �sI��]GO:

A
>oBDP1NOB�:M9�HFHJ:M�]BDP©¨`BY<?>oB�:MH�<?GO:MHJI�:=<fVF�SG`BDH�B­HJI��]GO:�N
:MQRIYPoB

B
N
:=<oN
:�<?G�C
G
9]>1I

QT�7K�VFQRIg� BDQ « IS<�BD¨
E�>?VJ:M9O:M9AG
9`B�[i:MHJI�@MVJNOBYN_[i:MP?>?VJ@-BDHs9qG
HUBi¢Le
B
N
:MQRIYPoB�HJI	Q\VJ<?QRI\:M9A<?G « VFP

�]GO:v:M9 « B7�1BDP-j
HFGO:M�iI\HUB�PoBDp-XY9h:M9]>?P1:vHJIS<x>?VJ:MQ\C�IS<�N
:3[qGO:MHJIRN
:
A
b

B
:=<

tA
tB

=
1

2
.

« ¢ �}B�[i:MHJIq@MVJNOBYN;¨OIYP?VFp-IY9]>oBDH+N
:�BDQ « IS<\C
P1I-bi:=@M>?VFHJ:=<n:=<R@=IY9O<?>oBD9q>1:Se�1�Q « IS<RP1:=@=IYP?P1:M9 HUB
Q\VJ<?QTB	NdVJ<?>oBD9O@MVUB�¨OIYP?VFp-IY9]>oBDHsb�@=IYQRI

B
C`BDPoB�:MHFHJI�N
:MQRIYPoB	:MH�N
I « HJ:­�qGO:

A
jd<1:3N
:=NdGO@=:­�]GO:

HUB	[i:MHJIq@MVJNOBYNg¨OIYP?VFp-IY9]>oBDH¤N
:
B
N
: « :­<1:MPZHUB	Q\VF>oBYNgN
:3HUBRN
:

A
e

@5¢��}B	[i:MHJI�@MVJNOBYNg[i:MP?>?VJ@-BDH @=IY9��]GO:
A
b

B
HFHJ:M�]BD9�BDH}<?GO:MHJIT:=<ZHUB	Q\VJ<?QTBg��HUBRN
:­G
9`BR@-BDEJNOB

HFV « P1:­N
:�G
9`B	BDHF>?G
PoB
h
¢Led8f<?>oB�:=<

vv =
√

2gh
ed8�HW>?VJ:MQ\CWI�N
:3@-BDEJNOB	N
:

A
:=<

t∗ =
√

(2h/g)
e

8�9h:=<1:v>?VJ:MQ\C�I
A
B-[YBD9
p5BT:M9�NdVFP1:=@=@MVJXY9h¨OIYP?VFp-IY9q>oBDH¤G
9`BRNdVJ<?>oBD9O@MVUB\¨OIYP?VFp-IY9q>oBDH

L
e � IYQRIRHUB

[i:MHJIq@MVJNOBYN^¨OIYP?VFp-IY9]>oBDH�:=<�G
9
V , IYP?QR:_<1:nN
:=NdGO@=:n�qGO:n´=<?>oB���C`BDPoBhHUB�C`BDP?>?EJ@MG
HUB
A
¢�N
: « :_<1:MP

vh = L/t∗ = L
√

g/(2h)
e
�}B	PoBDC
VJN
:Mp�N
:

A
@MG`BD9ON
I\HFHJ:M�]BTBDH}<?GO:MHJI\:=<-jdCWIYPxHJI	>oBD9]>1I
j

|~vA(t∗)| =
√

v2
v + v2

h =

√

2gh +
L2g

2h
.

£ BDPoB	HUB�C`BDP?>?EJ@MG
HUB
B
HUB�@=IYQ\CWIY9O:M9]>1:v[i:MP?>?VJ@-BDH}N
:+HUB�[i:MHJI�@MVJNOBYNA:=<rHUB�Q\VJ<?QTBdjdQ\VJ:M9]>?PoBY<��]GO:

HUB\@=IYQ\C�IY9O:M9q>1:v¨OIYP?VFp-IY9q>oBDH¤:=<ZHUB	Q\VF>oBYN�N
:3HUB\N
:
A
jOI\<o:-Bdj

|~vB(t∗)| =
√

v2
v + (vh/2)2 =

√

2gh +
L2g

8h
.


