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x̂ × x̂ = ŷ × ŷ = ẑ × ẑ = 0 ,

x̂ × ŷ = −ŷ × x̂ = ẑ ,

ŷ × ẑ = −ẑ × ŷ = x̂
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ẑ × x̂ = −x̂ × ẑ = ŷ .
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~A = (Ax, Ay, Az) = Axx̂ + Ayŷ + Az ẑ

~B = (Bx, By, Bz) = Bxx̂ + By ŷ + Bzẑ,eznws9`�nfpqeqg3g9e;sriaeznfe
~A × ~B = (Axx̂ + Ay ŷ + Az ẑ) × (Bxx̂ + Byŷ + Bz ẑ)

= AxBxx̂ × x̂ + AxByx̂ × ŷ + AxBzx̂ × ẑ + AyBxŷ × x̂ + AyByŷ × ŷ +

+AyBz ŷ × ẑ + AzBxẑ × x̂ + AzBy ẑ × ŷ + AzBz ẑ × ẑ

= (AxBy − AyBx)ẑ + (AyBz − AzBy)x̂ + (AzBx − AxBz)ŷ
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~A = 3x̂ + ŷ + 3ẑ ,tµiaeznwsr\CZ�g3bwcfeJez^O}oeqpzs9`�\ªbwcfe;c
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P1 ¦ P3

eqg
~B = 2x̂ + 7ŷ − 3ẑ .
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eqg
α + β

mf^kcfezjo`
| ~A × ~B| = | ~A| | ~B| | sin(α + β)| = sin(α + β) .Y `�\3`�sr\CZ	�|Z]\rs9e

| ~A × ~B| = |(cos α x̂ − sinα ŷ) × (cos β x̂ + sinβ ŷ|
= |(cos α sinβ + sinα cos β) ẑ| = cos α sinβ + sinα cos β .
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�
� ¯ �Ècfezjo` Ì Z�pqe	�|Z�g�Z]\3^�Z�p5Z]\rjwZ q

pq`�n³}oez^a`dpziaxfZ�x
~v = v0 ẑ
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� ¥ ivezn"ez^iknfgrsCZ]nds9e

t = 0
^�Zº�|Z]\rs21apzc
^�Z�g9e	eznfpzcfeznwsr\CZ�ezn(ez^É`�\rikjoezn ¬ ~r(0) = ~0

¯ ¦ grc³}oez^a`dpziaxfZ�xezn eqg9euiknfgrsCZ]nds9eºeqg
~v(0) = v0x̂

m eznfpzcfeznwsr\9e�ez^�}oeqpzs9`�\	x
eu�V`lgriapzia��n
~r(t)

ezn 5 c
nfpzia��nx
ez^.sriaeztµ�V`
� ¬ �SZ 5 cfez\rÏ=Z�bdcfeµez^Ép5Z]tµ�H`�t�Z]jln 7zsriapq`Òe�� ez\9pqeµg9`�´
\9eu^�Z��|Z]\rs21apzc
^�Z�}diaeznfexfZ�xfZº�V`�\ª^�Z �©�
�©�9�5�Ò�w���S���r�z¹|���	ÍH}oez\ª�
\9`�´
^aezt�Z�Z]nds9ez\ria`�\5� ¯!A nfxyiap5Z�pzia��nO«V\9eqpzcfez\9x
e�^a`bdcfeJgCZ]´VeJg9`�´
\9eJez^Otu`5}�iktµiaeznws9`ºpzik\9pzc
^�Z]\hc
n
i45�`�\rtuel�
� � Î;ezt_cfeqg9sr\9eËbdcfe�^�Z"�V`lgriapzia��n x
ez^;pqeznwsr\9`�x
eÒt�Z�gCZ�g�x
eÔc
n|Z"^�°]tµikn|Z�sr\ri�Z]n
jlc
^�Z]\�x
ex
eznfgriaxfZ�x�c
n
i45�`�\rtueJg9e3c
´
iap5Z	ezn�ez^È^kc
jwZ]\Dx
`�nfx
eJg9e;pq`�\rsCZ]n�^�Z�g{sr\9eqg{sr\CZ]nfgr}oez\9gCZ]^aeqgDx
ejl\CZ5}oeqxfZ�xÔx
ez^Èsr\ri�°]n
jlc
^a`
�



���������
	��
��������������	���������������� �!�#"$�!%&�'%�()�
��	+*,�-*,.���*/� G � ®
K � §.n	pziknfpq`3x
e�^a`lg0g9eziag }M7z\rsriapqeqg0x
e�c
n Ì e
	
°]jo`�nf`3\9ezjlc
^�Z]\ Ì Z ¦ c
n|ZDt�Z�gCZ m0

�?§Énfpzcfeznwsr\9e^�ZL�V`lgriapzia��nÔx
ez^Opqezndsr\9`�x
eJt�Z�gCZ�g=�
Iy� §.nfpzcfezndsr\9e~^�Z��V`lgriapzia��n�x
ez^Opqeznwsr\9`ux
e;t�Z�g�Z�gx
eªc
n|Z�^�°]tµikn|Z�x
e3x
eznfgriaxfZ�x ¬ x
e3t�Z�gCZo¯Éc
n
i435�`�\rtue

σ0 ¦ bwcfe;sriaeznfe~^�Z 5 `�\rt�Z	iknfxyiap5Z�xfZ�ezn^�Z�¨fjlc
\CZuZ�x � c
nwsCZy�
;��7·����r� < =@? �

� � §.nfpzcfezndsr\9e~^�Z��V`lgriapzia��n�x
ez^Opqeznwsr\9`ux
e;t�Z�g�Z�gx
e�c
n xyiag9pq`"x
eÒx
eznfgriaxfZ�x g9c
�Hez\ ¨|pzi�Z]^
σ0 ¦bdcfeµsriaeznfeuc
n Z]jlc � ez\9`Òpzik\9pzc
^�Z]\�pq`�tu`ÔgCeµikn 3xyiap5Z	ezn�^�Z�¨fjlc
\CZºZ�x � c
ndsCZy�

�ªeqgr�
cfeqgrsCZy«_§É^�pqezndsr\9`�x
eÅt�Z�gCZ�g�x
ez^�xyiag 3pq`(pq`�n Z]jlc �rez\9`¶bdcfeqxfZ¶Z]^D^�Z�x
`¶`��
cfeqg9s9`¶x
e^�Z��Vez\ 5 `�\CZ�pzia��n ¦ Z c
n|Z xyiagrsCZ]nfpzi�Z
a =

r2d/(R2−r2)
x
ez^|pqezndsr\9`�x
ez^Hxyiag9pq`_x
eT\CZ�xyia`

R
�

;��7·����r� < =@? �

­ � �SZ�¨fjlc
\CZ�t_cfeqgrsr\CZ�c
n¶^aezsr\9ez\9`�^kc
tµiknf`lg9`Òx
et�Z�gCZ
m
bdcfeLpzcfez^kjwZºx
eLc
n|Zº´|Z]\r\CZ ¬ x
e_t�Z>3gCZºx
eqgr�
\9eqpzi�Z]´
^ae=¯ªbdcfeLgCe_t�Z]ndsriaeznfe Ì `�\rikÏ5`�n 3sCZ]^Vpq`�nº^�ZLZ ¦ cfxfZLx
ehc
n|ZLpzcfez\9xfZy� 9 Z]^apzc
^ae3^�Zs9eznfgria��n x
e�^�Z¶pzcfez\9xfZ ¦ ^�Z$5 cfez\rÏ=Z¶e��rez\9pziaxfZ�V`�\T^�ZL´|Z]\r\CZµpq`�nwsr\CZu^�Z	�|Z]\9eqxÈ�

;��7·����r� < =@? �
Õy� 9 `�nfgriax
ez\9ehc
n|Z~eqgrsr\rcfpzsrc
\CZ'5 `�\rt�Z�xfZ~�H`�\vx
`lg´|Z]\r\CZ�g�c
n
i45 `�\rtueqgºx
e�^�Z]\rjo`lg

a ¦ b
m.c
n
iaxfZ�gx
e(tu`�x
` bdcfe 5�`�\rt�Z]n c
nÓ°]n
jlc
^a` \9eqpzs9` ¦bdcfe�pzcfez^kjwZÔpq`�n Ì ik^a`Òx
eqg9x
eºez^Ðpziaez^a` ¬ }oez\�¨ 3jlc
\CZ³Z�x � c
nwsCZo¯©�.Î;ezs9ez\rtµiknfe�ez^{°]n
jlc
^a`

α
x
e^�Z�eqg9sr\rcfpzsrc
\CZ�pzc|Z]nfx
`Ôez^k^�Z�gCeueznfpzcfeznwsr\CZÒezneqbdc
ik^kik´
\ria`
� ;��7·����r� < =@?
�

�y� Î;eqg9pz\rik´|Z	c
n��
\9`�pqeqxyiktµiaeznws9`�bdcfe;�Hez\rtµiksCZ�x
ezs9ez\rtµikn|Z]\ªe
	y�Hez\riktuezndsCZ]^ktueznws9e�^�Z	�H`lg9i43pzia��n	x
ez^�pqezndsr\9`Jx
e�t�Z�g�Z�g x
evc
n|Zª^�°]tµikn|Zh�
^�Z]n|Zhik\r\9ezjlc
^�Z]\Épq`�n	x
eznfgriaxfZ�x	x
eqg9pq`�nf`dpziaxfZ
¬¢¦ nf`	nfeqpqeqgCZ]\ri�Z]tueznws9e�c
n
i45�`�\rtue=¯©�
¬ Êª´fg9ez\r}oe�bwcfe�Z]^vpq`�^kjwZ]\_c
n"pzcfez\r�V`Ôx
eµc
n"�
c
nws9` P ¦ eqgrsCZ]\ 7qgrs9euezn"eqbdc
ik^kik´
\ria`
mSez^pqezndsr\9`ux
eJt�Z�gCZ�gDg9iaeztµ�
\9e~x
ez´HeJeqg9sCZ]\hg9`�´
\9e;^�Z	nf`�\rt�Z]^SbdcfeJ�|Z�gCZL�V`�\

P
� ¯



���������
	��
��������������	���������������� �!�#"$�!%&�'%�()�
��	+*,�-*,.���*/� G � G
® � � 0ªn|Z�´|Z]\r\CZym
pzc ¦ Z	t�Z�gCZLeqgTx
eµ® ��� j ¦ sriaeznfe;sr\9eqg{tuezsr\9`lgDx
e;^�Z]\rjo`
m
gCe3x
`�´
^�Zuezn 45◦Z

1
t�x
eLc
nf`�x
eL^a`lgJe
	�sr\9eztu`lg ¦ g9eLpzcfez^kjwZ�pq`�tu`�g9e_iknfxyiap5Z�ezn³^�Z�¨fjlc
\CZ�Z�x � c
nwsCZy��SZ�eqgrsr\rcfpzsrc
\CZLg9e3eznfpzcfeznwsr\CZ	ezn�eqbdc
ik^kik´
\ria`�jl\CZ�pzi�Z�gTZ�c
n|Z_t�Z�gCZ

M
bdcfe3g9eªpzcfez^kjwZLeznc
nf`µx
eJ^a`lghe
	�sr\9eztu`lg5�

��¯ §.nfpzcfeznwsr\9e�^�ZLs9eznfgria��n
T ¦ ez^È}�Z]^a`�\ªx
e

M
� �=§.^feqbwc
ik^kik´
\ria`�eqgÉeqgrsCZ]´
^aeT`;iknfeqgrsCZ>3´
^ae �

� ¯ 9 `�nws9eqgrs9e nwcfez}lZ]tueznws9e ^�Z�g'tµiag9t�Z�g�
\9ezjlc
nwsCZ�g�x
e�^�ZË�|Z]\rs9e�Zo¯©m[�Vez\9`¶Z�grc 3tµiaeznfx
`ÅZ Ì `�\CZ�bwcfeË^�Z�´|Z]\r\CZÁZ]^;^�Z�x
`ikÏ5bwc
iaez\9x
`
mHeznÔ^kc
jwZ]\3x
e_eqgrsCZ]\3x
`�´
^�Z�xfZ
Ì Z�pzi�Z�Z]´|Z �r`�ezn 45◦

mdeqg9sC°~x
`�´
^�Z�xfZ Ì Z>3pzi�ZuZ]\r\rik´|Zµezn
45◦

� ;��7·����r� < =@? 

®l®l� 9 `�nfgriax
ez\9evc
n|Zh^�°]tµikn|ZDsr\ri�Z]n
jlc
^�Z]\0c
n
i45�`�\rtuelmx
e;t�Z�gCZ

M = 5
� jfm
bwcfeJeqg9sC°	grc � ezsCZµZLc
n|Z�|Z]\9eqx�pq`�n�c
n|Z³Z]\rsriapzc
^�Z�pzia��n ¦ pq`�^kjwZ�xfZ³x
ez^pziaez^a`µpq`�n�c
n|Z	pzcfez\9xfZymfsCZ]^Opq`�tu`ug9e;t_cfeqg9sr\CZezn�^�Zµ¨fjlc
\CZ�Z�x � c
nwsCZy�H§.nfpzcfeznwsr\9eL^�Z	s9eznfg9ia��n

T
x
eJ^�Z	pzcfez\9xfZy�

;��7·����r� < =@? <
® G � §.nfpzcfezndsr\9e;^�Z~�V`lgriapzia��n�x
e3eqbwc
ik^kik´
\ria`	x
e3c
n|Z}lZ]\rik^k^�Z³x
e�^�Z]\rjo`

L
pq`�^a`�p5Z�xfZ(x
eznwsr\9`�x
e�c
n�V`dpzik^k^a`
� 9 `�nfgriax
ez\9e	Z]^S�V`dpzik^k^a`ºpq`�tu`�c
n|Z�g9e63tµiaeqg 5�ez\CZªx
e�\CZ�xyia`

R ¦ Z�grc
t�Zªbdcfevezndsr\9e�7qg9s9e¦ ^�Z	}�Z]\rik^k^�Zµnf` Ì Z ¦ \9`dpqel� ;��7·����r� < =@?G�
® � � � ¥ eT�V`dxy\C°'5 `�t�Z]\vc
n|ZJs9`�\r\9ehpq`�nº^�Z�xy\rik^k^a`lg

¬ grcfez^ks9`lg©¯©mwc
nf`	eznfpzikt�ZLx
e;`�sr\9` ¬ }oez\Ð¨fjlc 3\CZo¯©mÉx
eÔt�Z]nfez\CZ¶bdcfe�ez^D^�Z�xy\rik^k^a`�x
e�t�°�gZ]\r\rik´|Z³eqgrs87�x
eqg9�
^�Z]Ï=Z�x
`¶eznÁt�°�gux
e�c
n|Zc
n
iaxfZ�xÅpq`�n \9eqgr�Veqpzs9`"Z]^hx
e�t�°�g�Z]´|Z �r`
mgrikn�bdcfe;^�ZLs9`�\r\9e~g9eJx
eqg9�
^a`�tue �
A nfxyiap5Z�pzia��nO« 9 `�tµiaeznfpqe3ez^PZ]n|°]^kiagriagvpq`�n�^a`lg^�Z�xy\rik^k^a`lgªgrc
�Hez\ria`�\9eqg=� ;��7·l�d�r�$<>=@? �



���������
	��
��������������	���������������� �!�#"$�!%&�'%�()�
��	+*,�-*,.���*/� G ���
® K � �S\9eqg�sCZ]t_´V`�\9eqgÔx
ez^~tµiag9tu`Á\CZ�xyia`ÅeqgrsC°]nZ]\r\rc
t�´|Z�x
`lgLpq`�tu`Òg9e	iknfxyiap5Z�ezn�^�Z�¨fjlc 3\CZºZ�x � c
ndsCZy�P§.nfpzcfezndsr\9e	ez^St�1kn
iktu`�pq`de©¨ 3pziaeznds9e_x
eJ\9`�pqe_eqgrsC°]sriapq`ºbwcfe_x
ez´He~e
	yiagrsrik\ezndsr\9e�^a`lg3sCZ]t�´H`�\9eqg ¦ sCZ]t�´
i 7zn¶eznwsr\9eL^a`lgsCZ]t�´H`�\9eqg ¦ ez^Dgrcfez^a`(x
e�t�Z]nfez\CZ¶bwcfe�ez^griag9s9ezt�ZLnf`ug9eJx
ez\r\rc
t_´Vel� ;��7·l�d�r�$<>=�� �
® Iy� 0ªn_sr\ri�°]n
jlc
^a`Jeqbdc
ik^�°]s9ez\9`
m�x
ev^�Z�x
`

a = 10
pzt ¦ t�Z�gCZ M = 10 � j3g9eÐgrc �rezsCZhezn 5�`�\rt�Z\21kjliaxfZ�Z�c
n|Z��V`�^ae5Z�x
eu\CZ�xyia`

R = 4
pzt�� §.^Ésr\ri�°]n
jlc
^a`³Z�pzs �|Z�x
e�pq`�ndsr\CZ]�HeqgC`��|Z]\CZt�Z]nds9eznfez\Dezn�eqbdc
ik^kik´
\ria`µZ�c
n|Z_t�Z�g�Z

m = 1 � jµbwcfe3pzcfez^kjwZ	x
ehc
n Ì ik^a`	ezn
\9`�^k^�Z�x
`µezn^�ZL�V`�^ae5Z ¬ }oez\{¨fjlc
\CZ ­ �k®5Õo¯��¯ §.nfpzcfeznwsr\9e¶ez^3}lZ]^a`�\�x
ez^J°]n
jlc
^a`
βbwcfeLt�Z]nwsriaeznfe�ez^0g9iagrs9ezt�Z�ezn¶eqbwc
i43^kik´
\ria`
� ¬ β eqg ez^y°]n
jlc
^a`3ezndsr\9e�^�ZDnf`�\ 3t�Z]^ ¦ ^�ZuZ]^ksrc
\CZux
ez^Osr\ri�°]n
jlc
^a`
� ¯

� ¯ � 9 c|°]^Jeqg�ez^;t�° 	�iktu` }lZ]^a`�\�x
e
m�|Z]\CZ;ez^|pzc|Z]^fez^fgriagrs9ezt�Z;g9e{t�Z]nds9ezn 3xy\C°µezn�eqbwc
ik^kik´
\ria` � ;��7·l�d�r�$<>=�� ?

® � � Î;e c
n|Z*�
iaezÏ=Z*tuezsC°]^kiap5Z�pzc|Z�xy\CZ�xfZymux
ex
eznfgriaxfZ�x�grc
�Vez\ ¨|pzi�Z]^Vc
n
i45 `�\rtue
σ0

mdg9e3\9e63pq`�\rsCZ�c
n(sr\ri�°]n
jlc
^a`�iagC�lg9pqez^aeqg~x
e	t�Z]nfez\CZsCZ]^hbdcfe�^�Z¶^�°]tµikn|Z(\9eqgrc
^ksCZ]nds9eÒbdcfeqx
eÔezneqbdc
ik^kik´
\ria`Jeznµpzc|Z]^abwc
iaez\É�V`lgriapzia��nµgri
g9e{grc 3
�rezsCZTx
eqg9x
evez^o�
c
nws9`

P
� � 9 c|°]^weqgO^�ZªZ]^ksrc
\CZx
ez^Èsr\ri�°]n
jlc
^a` � ;��7·l�d�r�$<>=�� �

® ­ � 0ªn|ZD´|Z]\r\CZ3x
evt�Z�gCZ M ¦ ^�Z]\rjo` L
m]bwcfe�
cfeqx
eº�
ik}o`�s9e5Z]\	^kik´
\9eztueznws9e�ezn�s9`�\rnf`Z"ÊLm�g9e�t�Z]nwsriaeznfe³ezn eqbdc
ik^kik´
\ria`"pq`�nc
n|Z¶t�Z�gCZ

m ¦ c
n|Z¶pzcfez\9xfZymvsCZ]^hpq` 3tu`ºg9e~t�cfeqgrsr\CZ�eznÒ^�Zµ¨fjlc
\CZºZ�x � c
nwsCZy�§.nfpzcfezndsr\9e�ez^Ð°]n
jlc
^a`
α
�|Z]\CZÒez^Ðp5Z�g9`ezn�bwcfe

m/M = 0,5
� �=§.^Peqbdc
ik^kik´
\ria`LeqgeqgrsCZ]´
^aeJ`uiknfeqgrsCZ]´
^ae � ;��k·���� �$<>= � �



���������
	��
��������������	���������������� �!�#"$�!%&�'%�()�
��	+*,�-*,.���*/� G � K
®5Õy� 9 `�nfgriax
ez\9eºc
n �
cfeznws9e�pzc ¦ `ËZ]\rt�Z]Ï5��npq`�nfgriag9s9e�x
e¶® K g9`��V`�\rs9eqg�x
e�^�Z]\rjo` a

�
¬ §.nL^�ZD¨fjlc
\CZªgCe�`�´fg9ez\r}lZ]n�^a`lg ­ g9`��V`�\ 3s9eqg{x
e3c
nf`	x
eª^a`lg{^�Z�x
`lg=� ¯ � grc
t�ZLbdcfe^a`lg;g9`��V`�\rs9eqg;g9��^a`�sr\CZ]nfgrtµiks9ezn 5¢cfez\rÏ=Z�gZ�^a`�^�Z]\rjo`Åx
e(ez^k^a`lg5mT`�g9e5ZymTezn p5Z�xfZc
n
ia��n g9��^a`�g9eËsr\CZ]nfgrtµiks9ezn 5 cfez\rÏ=Z�g ¦nf`Ts9`�\9bdcfeqg5�5§Énfpzcfeznwsr\9ev^�ZTs9eznfgria��n�Z�xyi43pzia`�n|Z]^ ¬ Z]^hjoeznfez\CZ�x
`(�H`�\ºez^T�Heqg9`(x
ez^�
cfeznds9e=¯Jbdcfeµx
ez´Heµg9`��V`�\rsCZ]\_p5Z�xfZ�gC` 3�V`�\rs9e�griw�H`�\Sez^�pqeznwsr\9`3x
ez^w�
cfeznds9ev�|Z�g�Zc
n�p5Z]tµia��nËx
e;�Heqg9`

W
�

;��k·���� �$<>= � �

§Ég9�Heqpzi7¨|bdcfeJeznÔp5Z�xfZµp5Z�g9`µg9iÈ^�Z	s9eznfgria��nÔeqgDx
eJpq`�tµ�
\9eqg9ia��nÒ`µx
eJsr\CZ�pqpzia��nO�
® �y� 0ªn|Z(p5Z�x
ezn|Z¶x
eÔt�Z�gCZ

M ¦ ^�Z]\rjo` Lg9eTeznfpzcfezndsr\CZ_Z]�V` ¦ Z�xfZ ¬ ezn�eqbwc
ik^kik´
\ria`w¯g9`�´
\9e3c
n�pq`�nf`L\9eqpzs9`	pzc ¦ `u°]n
jlc
^a`Lezn 3sr\9e�^�Z�nf`�\rt�Z]^ ¦ ez^�t�Z]nds9`Ëeqg α
�[§.n 3pzcfezndsr\9e~^�ZLs9eznfgria��nÔx
e;^�Zup5Z�x
ezn|Zy�

A nfxyiap5Z�pzia��nO« � �
^kiabwcfe�^�Z�gO^ae ¦ eqg x
e�eqbdc
i43^kik´
\ria`	ZJc
n��Heqbdcfez±f`~sr\9`�Ï5` ¬ ikny¨fn
iks9eqgri43t�Z]^Â¯{x
eJp5Z�x
ezn|Zy� ;��k·���� �$<>= � �
G � � 0ªn�`�´ � ezs9` 5�`�\rt�Z�x
` �H`�\(sr\9eqg³^�°]tµi43n|Z�g�pzc|Z�xy\CZ�xfZ�gËx
e(^�Z�xfZ

a
m Ì `�tu`�jM763nfe5Z�g ¦ x
e�ikjlc|Z]^3x
eznfgriaxfZ�xÈmÉx
eqg9p5Z]nfgCZg9`�´
\9e_c
n|Z�g9c
�Hez\ ¨|pziae Ì `�\rikÏ5`�nwsCZ]^�Z]�V` 3¦ Z�x
`�ezn�x
`lgv�
ik}o`�s9eqg{pq`�^a`dp5Z�x
`lgÐeznº^a`lg}M7z\rsriapqeqgÉx
ez^fpzc|Z�xy\CZ�x
`_ikn 5 ez\ria`�\ ¬ }oez\É¨ 3jlc
\CZ ­ � G � ¯©���¯ §.nfpzcfeznwsr\9e�^�Z	�V`lgriapzia��nÒx
ez^Spqezn 3sr\9`ux
e;t�Z�gCZ�g5�

� ¯ 9 Z]^apzc
^aeu^�Z�\CZ]Ï5��n x
eµ^�Z�t�Z]jln
i43srcfx(x
e	^�Z�g
5¢cfez\rÏ=Z�g~x
eL\9e5Z�pqpzia��nx
eJp5Z�xfZ	�
ik}o`�s9el�

;��k·���� �$<>= � 


G ®l� 0ªn|Z�\9ezjl^�Z�� ���
x
e;t�Z�gCZ M
my^�Z]\rjo`

a ¦ ´|Z]\r\CZsr\CZ]nfgr}oez\9g�Z]^
b
�V`lgCZ~gC`�´
\9ehc
nº�
^�Z]nf` Ì `�\rikÏ5`�n 3sCZ]^y�
c
^kiax
`~pq`�tu`Jg9e{iknfxyiap5Zy� 9 Z]^apzc
^aeD^�Z�g0\9e5Z�p63pzia`�nfeqg0nf`�\rt�Z]^aeqg.eznµp5Z�xfZª�
c
nws9`Jx
e{pq`�nwsCZ�pzs9`pq`�n�ez^Sg9cfez^a`
� ;��7·����r� < =�� <



���������
	��
��������������	���������������� �!�#"$�!%&�'%�()�
��	+*,�-*,.���*/� G � I

G G � 9 `�nfgriax
ez\9e c
n|Z�g9eztµiaeqg 5�ez\CZ Ì `�tu`�jM763nfe5ZÁx
e¶\CZ�xyia`
R
�DÎ;ezt_cfeqgrsr\9e�bwcfe¶ez^pqezndsr\9`�x
eÓt�Z�gCZ�g x
e ^�Z�g9eztµiaeqg 5�ez\CZeqgrs � Z¶c
´
iap5Z�x
`�g9`�´
\9eÔez^;e�� eÒx
eÒg9iktue63sr\21�Z ¦ Z�c
n|Z�xyiagrsCZ]nfpzi�Z b = 3R/8

x
e^�ZL´|Z�g9el� ;��k·���� �$<>= ���
G � � 9 `�nfgriax
ez\9e c
n|Z�g9eztµiaeqg 5�ez\CZ Ì `�tu`�jM763nfe5Zµx
e~\CZ�xyia`

R
bdcfe~g9e~eznfpzcfezndsr\9e�g9` 3´
\9evc
n��
^�Z]nf`3iknfpz^kikn|Z�x
`
�l§ 	yiagrs9evc
n�\9` 3pqe{eqgrsC°]sriapq`Jbdcfe{ez}diksCZ;bdcfeÐ^�Z;g9eztµiaeqg 5�e63\CZ�g9eµx
eqg9^kikÏ=Z��H`�\~ez^É�
^�Z]nf`
�SÎ3ezs9ez\rtµi43nfeµez^.t�° 	yiktu`Ô°]n
jlc
^a`�x
e	iknfpz^kikn|Z�pzia��n

β
bwcfeª�
cfeqx
e3s9eznfez\Tez^P�
^�Z]nf`L�|Z]\CZLbwcfe^�Z	g9eztµiaeqg25 ez\CZLnf`ugCe � x
eJ}dcfez^ksCZ��C� ;��k·���� �$<>= �
�

G K � 9 `�nfgriax
ez\9e c
n|Z g9eztµiaeqg 5�ez\CZ x
e�\CZ�xyia`
R
m Ì eqp Ì Z�x
eÒc
n t�Z]s9ez\ri�Z]^~x
eËx
eznfgri43xfZ�x

ρ0

m=bdcfeÉg9eveznfpzcfeznwsr\CZªpq`�n_^�ZT�|Z]\rs9epzc
\r}lZ³g9`�´
\9e�c
n|Z(g9c
�Hez\ ¨|pziae Ì `�\rikÏ5`�n 3sCZ]^ ¬ }oez\0¨fjlc
\CZ~Z�x � c
nwsCZo¯©�w§.^fpqeznwsr\9`�x
et�Z�gCZ�gvx
ehc
n|Z_g9eztµiaeqg 5�ez\CZ Ì `�tu`�jM7znfe5ZbdcfeqxfZ	g9`�´
\9e;ez^Oe�� eJx
e;griktuezsr\21�Z�Z_c
n|ZxyiagrsCZ]nfpzi�Z
b = 3R/8

x
eJ^�ZL´|Z�gCel� ;É�k·���� �$<>= � �
Zo¯�§.nfpzcfezndsr\9eJ^�Z�t�Z]jln
iksrcfx ¦ xyik\9eqpqpzia��n�x
ez^Vs9`�\9bdcfelmy\9eqgr�Heqpzs9`µZ]^V�
c
nws9`µx
e~Z]�V` ¦ `
me��rez\9pziax
`"�V`�\�^�Z 5 cfez\rÏ=Z"x
eÒjl\CZq}oeqxfZ�x�pzc|Z]nfx
` ^�Z�g9eztµiaeqg 5�ez\CZ"gCeÔ^�Z�x
e5Z�ezn c
n°]n
jlc
^a`

β
�ÐÊª´fg9ez\r}oeÔbdcfe�ez^Ds9`�\9bdcfe�bwcfeÒZ]�|Z]\9eqpqe�sr\CZ]sCZ(x
e Ì Z�pqez\º}o`�^k}oez\�ZË^�Zg9eztµiaeqg25 ez\CZ³ZËgrc �H`lgriapzia��nÁx
e�eqbdc
ik^kik´
\ria` ¬ `(g9e5ZymS^�ZË�V`lgriapzia��nÁx
e�eqbwc
ik^kik´
\ria`(eqgeqgrsCZ]´
^ae=¯©�

´P¯ 9 `�^a`�bwcfeztu`lg	Z Ì `�\CZÔc
n�pzik^kiknfxy\9` Ì `�tu`�jM7znfeq` Ì eqp Ì `³x
ez^�tµiagrtu`Òt�Z]s9ez\ri�Z]^�m x
ez^tµiagrtu`h\CZ�xyia`
R ¦ Z]^ksrc
\CZ h

m=g9`�´
\9evez^�pzik^kiknfxy\9`
�]Î;ezs9ez\rtµiknfev^�ZD�H`lg9iapzia��nLx
ez^�pqeznwsr\9`x
e;t�Z�gCZ�ghx
ez^Sgriagrs9ezt�Z	pq`�tµ�
cfeqgrs9`
�
p=¯�Î;eqg9pz\rik´|ZJeznº�|Z]^�Z]´
\CZ�g�^�Z~pq`�nfxyiapzia��n�bdcfeDx
ez´VeDgCZ]sriag 5�Z�pqez\�^�Z;�V`lgriapzia��n�x
ez^Hpqeznwsr\9`x
eÔt�Z�gCZ�g��|Z]\CZ"bwcfeÔ^�Z(�V`lgriapzia��n x
eÔeqbdc
ik^kik´
\ria`�x
ez^3griagrs9ezt�Z¶pq`�tµ�
cfeqg9s9`�grikjwZgriaeznfx
`µeqg9sCZ]´
^ael�
x|¯�§.nfpzcfezndsr\9e�^�ZÒZ]^ksrc
\CZ�^ 1ktµiks9eºx
ez^vpzik^kiknfxy\9`Ò�|Z]\CZ�^�ZÔpzc|Z]^vez^vg9iagrs9ezt�Z�pq`�tµ�
cfeqgrs9`�
iaez\9x
e~g9c�eqgrsCZ]´
ik^kiaxfZ�xÈ�



���������
	��
��������������	���������������� �!�#"$�!%&�'%�()�
��	+*,�-*,.���*/� G ���

G Iy� 9 `�nfgriax
ez\9euc
n|Z�g9eztµiaeqg 5�ez\CZ�x
eµ\CZ�xyia` R
m Ì e63p Ì Zµx
e;c
n�t�Z]s9ez\ri�Z]^Sx
e~x
eznfg9iaxfZ�x ρ0

m
bdcfeJg9eeznfpzcfezndsr\CZ³g9`�´
\9e�c
n|ZÒg9c
�Hez\ ¨|pziae Ì `�\rikÏ5`�nwsCZ]^¦ Z]�H` ¦ Z�xfZ(pq`�nwsr\CZ³c
n|ZË�|Z]\9eqxÅsCZ]^Dpq`�tu`(g9et�cfeqgrsr\CZ	ezn�^�Z�¨fjlc
\CZµZ�x � c
ndsCZy�f§.^Opqezndsr\9`ux
et�Z�gCZ�g[x
eÉc
n|Zªg9eztµiaeqg 5�ez\CZ Ì `�tu`�jM7znfe5Z3bdcfeqxfZg9`�´
\9e	ez^Ée��reµx
eµgriktuezsr\21�Z ¦ Z�c
n|Z�xyiag9sCZ]nfpzi�Z
b = 3R/8

x
ev^�Zh´|Z�g9el� ¥ c
�V`�n
jwZ3bwcfelm]eznwsr\9eÐ^�Zg9eztµiaeqg25 ez\CZ ¦ ez^Sg9cfez^a`�ez^Spq`�e©¨|pziaeznws9eLx
e~\9`�pqeeqgrsC°]sriapq`³eqg
µ = 3/16

m0tµiaeznwsr\CZ�gubdcfe�eznwsr\9e^�ZL�|Z]\9eqx ¦ ^�Z	g9eztµiaeqg 5�ez\CZµez^È\9`�pqe~eqgTndc
^a`
� ;��7·����r� < =�� ?
Zo¯�²;Z]jwZLc
nÔxyi�Z]jl\CZ]t�Zµx
e~pzcfez\r�V`µ^kik´
\9eJ�|Z]\CZµ^�Z	g9eztµiaeqg 5�ez\CZy�
´P¯�§.nfpzcfezndsr\9e_^�Zµt�Z]jln
iksrcfx ¦ xyik\9eqpqpzia��n³x
ez^Os9`�\9bwcfelm|\9eqgr�Veqpzs9`�Z]^S�
c
nds9`�x
e�Z]�V` ¦ `

P
m�e�� ez\9pziax
`L�V`�\{^�Z�5 cfez\rÏ=ZLx
ehjl\CZ5}oeqxfZ�x�pzc|Z]nfx
`L^�ZLg9eztµiaeqg 5�ez\CZ�eqg9sC°_^�Z�x
e5Z�xfZLeznc
nÔ°]n
jlc
^a`

β
�

p=¯�§.nfpzcfezndsr\9e~^�Z�5 cfez\rÏ=Z	x
eJ\9`�pqeJeznwsr\9e_^�Z	g9eztµiaeqg 5�ez\CZ ¦ ez^Og9cfez^a`
�x|¯�§.nfpzcfezndsr\9e;ez^H°]n
jlc
^a`_x
eªiknfpz^kikn|Z�pzia��n�t�° 	�iktu`
β 
����

�H`lg9ik´
^aeD�|Z]\CZ~bdcfeD^�Z_eqg 5�ez\CZnf`	\9eqgr´|Z]^ael�
e=¯ 9 `�^a`�bwcfeztu`lg~Z Ì `�\CZ�c
n¶pzik^kiknfxy\9` Ì `�tu`�jM7znfeq`
m Ì eqp Ì `�x
ez^.tµiagrtu`�t�Z]s9ez\ri�Z]^�mOx
ez^tµiagrtu`�\CZ�xyia`

R ¦ x
eºZ]^ksrc
\CZ h
g9`�´
\9euez^vpzik^kiknfxy\9`
� Î;ezs9ez\rtµiknfeu^�Z��V`lgriapzia��n"x
ez^pqezndsr\9`ux
eJt�Z�gCZ�gDx
ez^ griagrs9ezt�Z	pq`�tµ�
cfeqgrs9`
� ¬ ®;�
c
nws9`w¯5©¯�§.nfpzcfezndsr\9eµ^�Z�Z]^ksrc
\CZ�^ 1ktµiks9e

h 
����
x
ez^.pzik^kiknfxy\9`�Zº�|Z]\rsrik\;x
eL^�Z�pzc|Z]^�mH�|Z]\CZ

h >
h 
����

m
ez^Sgriag9s9ezt�Z	pq`�tµ�
cfeqgrs9`�g9eJxfZL}�cfez^ksCZ ¬ eqgDx
eqpzik\5mf�
iaez\9x
e~grc�eqgrsCZ]´
ik^kiaxfZ�x|¯©�

G � � 0ªn|Z�g9eztµiaeqg 5�ez\CZ Ì `�tu`�jM7znfe5ZÒx
eµt�Z�gCZ M ¦\CZ�xyia`
R
g9e Ì Z�pq`�\rsCZ�x
`�ezn¶x
`lg;tµiksCZ�x
eqg5�O§É^griag9s9ezt�ZªgCevxyiagr�V`�nfe{pq`�n	^�Z�g.x
`lg0tµiksCZ�x
eqg5mlp5Z>3\CZ;Z3p5Z]\CZym ¦ pq`�nµ^�Z3grc
�Vez\ ¨|pziaeTx
e{pq`�\rs9e{}oez\rsri43p5Z]^�� � ¨fnµx
e{bdcfev^�Z�g0tµiksCZ�x
eqgÉnf`3gCeÐgCez�|Z]\9eznOmc
n|Z;pzcfez\9xfZ;griknµ\9`�pqe ¦ pq`�nµt�Z�gCZ�gÉikjlc|Z]^aeqgÉezngrcfgªe
	�sr\9eztu`lg=mPeqgªxyiagr�
cfeqgrsCZºpq`�tu`�g9e_iknfxyiap5Zeznu^�Z;¨fjlc
\CZy�dÎ;ezs9ez\rtµiknfeD^�Z�g�t�Z�gCZ�gÉt�1kn
ikt�Z�gZÒZ]sCZ]\Lezn ^a`lg�e
	ysr\9eztu`lg	x
e�^�ZÒpzcfez\9xfZÔ�|Z]\CZbdcfe;^�Z�gTtµiksCZ�x
eqgD�Vez\rt�Z]nfezÏ5p5Z]n � c
nwsCZ�g=�

;��7·����r� < =����



���������
	��
��������������	���������������� �!�#"$�!%&�'%�()�
��	+*,�-*,.���*/� G � ­
Go­ � §.n	^a`lg0e
	ysr\9eztu`lg.x
e�c
n|Zª´|Z]\r\CZ;x
evt�Z�gCZ3x
eqg 3�
\9eqpzi�Z]´
^aeÉgCeÉZ�x Ì iaez\9ezn_´V`�^�Z�gOx
e.t�Z�g m ¦ 2m

m\9eqgr�Veqpzsrik}lZ]tueznws9el��§.^Pgriag9s9ezt�ZJ�V`lgCZ~g9`�´
\9ehc
nsriaeqgrs9`Lx
e�5�`�nfx
`Leqg 5 7z\riapq`�\9eqgr´|Z]^a`lg9`
m�x
eª\CZ�xyia`ikjlc|Z]^
Z]^d^�Z]\rjo`;x
ev^�ZD´|Z]\r\CZy� 9 Z]^apzc
^ae{ez^
°]n
jlc
^a`bdcfe;^�ZL´|Z]\r\CZ�5�`�\rt�Zµpq`�n�^�ZL}oez\rsriap5Z]^�� ;��7·����r� < =�� �
G Õy� 0ªn�}�Z�g9`Lpzik^ 1knfxy\riapq` ¬ Z]´
iaez\rs9`	�V`�\DZ]\r\rik´|Zo¯©mfx
e\CZ�xyia`3´|Z�gCZ]^

a ¦ Z]^ksrc
\CZ b
m Ì eqp Ì `~x
eÐc
nLt�Z]s9e63\ri�Z]^Hx
ehx
eznfgriaxfZ�xºgrc
�Hez\ ¨|pzi�Z]^Hc
n
i45�`�\rtuelmo�V`lgCZg9`�´
\9eªc
n��
^�Z]nf`	iknfpz^kikn|Z�x
` ¦ nf`�\9eqgr´|Z]^�Z�jl\CZ>3pzi�Z�g3Z	c
nÔs9`��VeJ¨��r`ueznÒez^S�
^�Z]nf`
�PÎ;ezt_cfeqg9sr\9ebdcfe~ez^Spqezndsr\9`ºx
e_t�Z�gCZ�ghg9e~c
´
iap5Z�Zµ^a`u^�Z]\rjo`x
ez^Oe��re ¦ ZLc
n|ZuxyiagrsCZ]nfpzi�Z b2/(a + 2b)

x
eJ^�Z´|Z�g9el�vÎ;ezs9ez\rtµiknfeÒez^;°]n
jlc
^a`"x
e�iknfpz^kikn|Z�pzia��nt�° 	yiktu`	x
ez^È�
^�Z]nf`µx
eªtu`�x
`µbdcfe3ez^V}lZ�g9`Lnf`}�cfez^abwcfel� ;��7·����r� < =�� �

G �y� §.nº^�ZJ¨fjlc
\CZ�g9eht_cfeqgrsr\CZ�c
nºpzik^kiknfxy\9`	x
eht�Z>3gCZ
M ¦ \CZ�xyia` R

mdez^|pzc|Z]^PgCehZ]sCZ_Z~^�Z;t_c
\CZ]^k^�Ztueqxyi�Z]nds9eªc
n|ZLpzcfez\9xfZy� � ^k\9eqx
eqx
`�\{x
eªc
n�p5Z>3^�Z�x
`TbdcfeÉg9e0^ae Ì Z Ì eqp Ì `hZ]^wpzik^kiknfxy\9`DgCe.ezn
\9`�^k^�Zc
n|ZLpzcfez\9xfZLiax
e5Z]^��fÎ;e3^�ZLpzcfez\9xfZ	pzcfez^kjwZ	c
n|Zt�Z�gCZ
m
�H`�\µx
ezs9ez\rtµikn|Z]\5� ¥ iDez^Tpq`�e©¨|pziaeznws9ex
eÔ\9`dpqe�ezndsr\9e³ez^hgrcfez^a` ¦ ez^3pzik^kiknfxy\9`�eqg µ

mx
ezs9ez\rtµiknfeº^�Z�t�Z�gCZ�t�° 	�ikt�ZÒZ�pq`�^kjwZ]\��|Z]\CZbdcfeJez^Opzik^kiknfxy\9`unf`	\9`�s9el� ;��7·����r� < =�� �
��� � 0ªn gCeztµiapzik^kiknfxy\9`(x
e�\CZ�xyia`

R ¦ �HeqgC` W
gCeeznfpzcfezndsr\CZ¶ezn eqbdc
ik^kik´
\ria`¶eqgrsC°]sriapq`¶gC`�´
\9e�c
n�
^�Z]nf` Ì `�\rikÏ5`�nwsCZ]^�mvpq`�n�c
nÁ�Heqbdcfez±f`Ë´
^a`dbdcfex
e	�Veqg9`

Q
g9`�´
\9e�7z^��S§.^É´
^a`�bwcfeµeqgrsC°�^kikjwZ�x
`tueqxyiaeznds9eJc
n�\9eqg9`�\rs9e;iax
e5Z]^Ox
e3^�Z]\rjo`	n|Z]src
\CZ]^

`0 = R ¦ pq`�nfgrsCZ]nws9e�ez^�°�grsriap5Z k
Zºc
n³�
c
nws9`

A
eznµez^y´V`�\9x
e ¬ }oez\ ¨fjlc
\CZo¯©� ¥ c
�H`�n
jwZ;bdcfeÐnf`Ì Z ¦ \9`dpqeÐeznwsr\9eÐ^�Zªgrc
�Vez\ ¨|pziaevx
ez^ypzik^kiknfxy\9` ¦ ^�Zt�Z�gCZ~x
eT�HeqgC`

Q
�oÎ;ezs9ez\rtµiknfehez^P°]n
jlc
^a`

α
x
eeqbdc
ik^kik´
\ria`
� 9 `�nfgriax
ez\9e3pq`�nf`�pziaxfZJ^�Z~xyiag9sCZ]nfpzi�Z

D
ZJ^�Z;bwcfeTg9eTeznfpzcfezndsr\CZ_ez^fpqezndsr\9`_x
e{t�Z�gCZ�gx
ez^��
c
nws9`

O
� � n|Z]^kiapqeÐpq`�nµpzc
iaxfZ�x
`Jbdcfe��|Z�g�Zpzc|Z]nfx
`

Q
eqgT�Heqbdcfez±f`
�

;��7·����r� < =���




���������
	��
��������������	���������������� �!�#"$�!%&�'%�()�
��	+*,�-*,.���*/� G � Õ
@3A @3A �;GhX9K�M[U���� W!WDX��hK �LG���ILR XCG����LFHG �	X9R ��W��
N ÄH¾LO ¡w�¢£P� ¿f¾�� Æ]Ä C0¾¢�dÃ¶¿ E �
§.^ki �rZ]tu`lgÐez^f`�\rikjoezn ¦ ^a`lgÉe��reqgÉsCZ]^|pq`�tu`_g9et_cfeqgrsr\CZÔezn¶^�Z�¨fjlc
\CZ�Z�x � c
nwsCZy� ¥ e5Z

α
ez^°]n
jlc
^a`µbwcfe3^�Z�}�Z]\rik^k^�Z 5�`�\rt�ZLpq`�n�^�Z Ì `�\ri43Ï5`�nwsCZ]^�m|`�g9e5Zym
ez^S°]n
jlc
^a`

ABO
eqg

α
�
Y[`�\g9ez\

AOB
c
n	sr\ri�°]n
jlc
^a`;iag9�lgCpqez^aeqg5m?gCe�sriaeznfebwcfe~ez^S°]n
jlc
^a`

AOB
sCZ]t_´
i 7znËeqg

α
� ;��7·����r� < =�� <

9 `�tu`3nf` Ì Z ¦ \9`dpqeÐeznwsr\9eÐ^�Z�g[grc
�Hez\ ¨|pziaeqg0x
evpq`�nwsCZ�pzs9`
m�^�Z�g 5¢cfez\rÏ=Z�g0x
eÉ\9e5Z�pqpzia��nµx
ez´VevgCez\�Hez\r�Veznfxyiapzc
^�Z]\9eqghZ�^�Z�gTgrc
�Vez\ ¨|pziaeqgTx
e3pq`�ndsCZ�pzs9`
�f§.n�`�sr\CZ�g{�|Z]^�Z]´
\CZ�g5«y^�Z 5 cfez\rÏ=Z�x
e3\9e5Z�pqpzia��n
~F1

ezn
O
g9ez\C°�Zº^a`�^�Z]\rjo`�x
ez^ � \CZ�xyia` �

OA
mHtµiaezndsr\CZ�g_bdcfe�^�Z 5 cfez\rÏ=Z�x
e	\9e5Z�pqpzia��n ~F2

ezn
Bg9ez\C°L�Hez\r�Veznfxyiapzc
^�Z]\3ZL^�ZL}lZ]\rik^k^�Zy� 
ªcfeJ^�Z 5 cfez\rÏ=Z	s9`�sCZ]^ Ì `�\rikÏ5`�ndsCZ]^[g9`�´
\9e;^�ZL}lZ]\rik^k^�Zµg9e5Z	pqez\9`nf`lghxfZL^�Z	\9ez^�Z�pzia��n

F1 cos(2α) = F2 sinα . ¬�­ �JIo¯
�SZ	\9ez^�Z�pzia��nÒpq`�\r\9eqg9�H`�nfxyiaeznds9e~�|Z]\CZ	^�Z	pq`�tµ�V`�nfeznws9e�}oez\rsriap5Z]^Seqg

Mg = F2 cos α + F1 sin(2α) . ¬�­ � � ¯Y[Z]\CZ�bdcfe~^�Zµ}lZ]\rik^k^�Zueqg9s87_eznÒeqbdc
ik^kik´
\ria`ºsCZ]t_´
i 7zn(ez^Ss9`�\9bdcfe_s9`�sCZ]^ ¬ \9eqgr�Veqpzs9`�Z O
¯Tx
ez´Ve_g9ez\nwc
^a`
� �SZ 5¢cfez\rÏ=Z

F1

nf`Le�� ez\9pqeªs9`�\9bdcfe ¬¢¦ ZLbdcfeªgrcº´
\CZ]Ï5`	eqgvpqez\9`w¯©Íyez^H�Heqg9`Le��rez\9pqehc
n�s9`�\9bwcfe
~τg = Mg (L/2) cos α ŷ

mqtµiaeznwsr\CZ�g[bwcfe.ez^ws9`�\9bwcfe.joeznfez\CZ�x
`h�H`�\ ~F2

eqg
~τ2 = −F22R cos α ŷ

�Î3e_eqgrsCZLt�Z]nfez\CZ	^�Zµpq`�nfxyiapzia��nËx
eJbwcfeJez^Os9`�\9bdcfeJs9`�sCZ]^SgCe5ZLnwc
^a`µnf`lgDxfZµ^�ZL\9ez^�Z�pzia��n
Mg

L

2
cos α = 2F2R cos α . ¬�­ � ­ ¯

�Seznfeztu`lg~sr\9eqgJeqpzc|Z�pzia`�nfeqg_pq`�n(sr\9eqg;iknfpq��jln
iksCZ�g5�ÈÎ;e�^�Z �
^ksrikt�Z�eqpzc|Z�pzia��n"gCeLx
eqxycfpqe	ikn
tue63xyi�Z]sCZ]tueznws9eLbwcfe
F2 =

MgL

4R
. ¬�­ � Õo¯Î3e~^�Z	eqpzc|Z�pzia��n ¬�­ �JIo¯{g9eJeznfpzcfezndsr\CZ

F1 = F2

sinα

2 cos2 α − 1
. ¬�­ � �o¯

0ªgCZ]nfx
` ¬�­ � Õo¯ ¦³¬�­ � �o¯Tezn ¬�­ � � ¯©mfg9e;sriaeznfe
Mg =

MgL

4R

[

cos α +
sin 2α sinα

2 cos2 α − 1

]

,

`ug9e5Zym
Γ ≡ 4R

L
= cos α +

2 cos α (1 − cos2 α)

2 cos2 α − 1
=

cos α

2 cos2 α − 1
.
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�SZ �
^ksrikt�Z \9ez^�Z�pzia��n eqgºc
n|Z eqpzc|Z�pzia��n x
e³g9ezjlc
nfx
` jl\CZ�x
`��|Z]\CZ

cos α
ÍÐ\9eqg9`�^k}�i 7znfx
`�^�Z�g9eeznfpzcfeznwsr\CZu¨fn|Z]^ktueznws9e

cos α =
1 +

√
1 + 8Γ2

4Γ
.

N ÄH¾LO ¡w�¢£P� ¿f¾�� Æ]Ä C0¾¢�dÃ¶¿ E��
�SZ_¨fjlc
\CZLZ�x � c
nwsCZ�t�cfeqgrsr\CZ�^�Z�g 5 cfez\rÏ=Z�g{bwcfe3Z�p63s �|Z]n	gC`�´
\9e�^a`lg[sCZ]t_´V`�\9eqg ¬ ^�Z�g��|eqp Ì Z�g.pq`�nL^ 1knfe5Z�g^k^aezn|Z�gvg9`�n 5¢cfez\rÏ=Z�gvbwcfe3Z�pzs �|Z]nºg9`�´
\9eDez^PsCZ]t_´V`�\ikn 5 ez\ria`�\5m{tµiaezndsr\CZ�g�bwcfeË^�Z�g��|eqp Ì Z�g�pq`�n ^ 1knfe5Z�gg9ezjltueznwsCZ�xfZ�gµpq`�\r\9eqgr�V`�nfx
ezn Z 5¢cfez\rÏ=Z�gLbdcfe�Z�p63s �|Z]n³gC`�´
\9eLez^[sCZ]t_´V`�\Jgrc
�Vez\ria`�\�¯©�ÈÊª´fgCez\r}oeLbdcfenf` Ì Z ¦ c
n|Z 5¢cfez\rÏ=Z Ì `�\rikÏ5`�ndsCZ]^µeznwsr\9e¶^a`lgÒx
`lgsCZ]t_´V`�\9eqg	ikn 5 ez\ria`�\9eqg5�0Êª´fg9ez\r}oeºsCZ]t_´
i 7znÁbwcfe�ez^°]n
jlc
^a`

α
ezndsr\9e�^�Z Ì `�\rikÏ5`�nwsCZ]^ ¦ ^�ZT\9eqpzsCZhbwcfe�c
nfeZT^a`lg[pqeznwsr\9`lg[x
eÉc
n_sCZ]t�´H`�\[ikn 5�ez\ria`�\ pq`�n�ez^dsCZ]t 3´H`�\3grc
�Hez\ria`�\3eqghx
e

60◦
mf^kcfezjo`

sinα =
√

3/2 ¦
cos α = 1/2

�
;��7·l�d�r�$<>=����

�SZ �
n
iap5Z�g�5 cfez\rÏ=Z�gµbwcfeº�
\9`dxycfpqeznÁc
n�s9`�\9bdcfe�g9`�´
\9e�ez^ÐsCZ]t�´H`�\µikn 5�ez\ria`�\ ¬ \9eqgr�Veqpzs9`³ZgrcËpqezndsr\9`w¯ªg9`�nÒ^�Z�g;x
`lg�5 cfez\rÏ=Z�g3x
e�\9`�pqel� 9 `�tu`�ez^[s9`�\9bwcfe�s9`�sCZ]^.g9`�´
\9e�ez^[sCZ]t_´V`�\;ikn 5 ez\ria`�\x
ez´He	g9ez\3nwc
^a`�g9eLx
eqxycfpqeµbdcfeLZ]t�´|Z�g
5¢cfez\rÏ=Z�gJx
eL\9`�pqe�x
ez´Vezn³s9eznfez\3^�Zºtµiagrt�Zºt�Z]jln
iksrcfxÈÍ^k^�Z]t 7ztu`lgr^�Z
fr

�
�SZ 5 cfez\rÏ=Z�nfezsCZ�}oez\rsriap5Z]^ÐgC`�´
\9euc
nf`Ôx
eu^a`lg_sCZ]t�´H`�\9eqg�ikn 5 ez\ria`�\9eqgLx
ez´Veug9ez\_ndc
^�ZyÍSeqgrs9`nf`lghxfZL^�Z	\9ez^�Z�pzia��n

F1 − Mg − F2

√
3

2
− fr

1

2
= 0 .

�SZ	\9ez^�Z�pzia��nÒpq`�\r\9eqg9�H`�nfxyiaeznds9e�ZL^�Z�g�5 cfez\rÏ=Z�g Ì `�\rikÏ5`�ndsCZ]^aeqgªeqg
fr + fr

√
3

2
− F2

1

2
= 0 .

9 `�tu`
2F1

x
ez´HeJg9ez\hikjlc|Z]^SZ]^O�HeqgC`	s9`�sCZ]^Sx
e;^a`lgTsr\9eqgDsCZ]t�´H`�\9eqgªg9e;sriaeznfe
F1 =

3

2
Mg .

�Seznfeztu`lg;sr\9eqg3eqpzc|Z�pzia`�nfeqg3pq`�nËsr\9eqgªiknfpq��jln
iksCZ�g ¬ eznË\9e5Z]^kiaxfZ�xÒ^�Zµs9ez\9pqez\CZ�eqpzc|Z�pzia��n ¦ ZºeqgD^�Zg9`�^kcfpzia��nÔx
e;c
n|Z	x
e;^�Z�gTiknfpq��jln
iksCZ�g�¯©�|Y[Z]\CZ	^�Z�gh`�sr\CZ�gDx
`lg{iknfpq��jln
iksCZ�g
fr ¦ F2

g9e;eznfpzcfeznwsr\CZ
fr =

(

1 −
√

3

2

)

Mg

¦
F2 =

1

2
Mg .
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µ1

eqg~ez^Épq`de©¨|pziaeznds9e�x
e	\9`�pqeµeqgrsC°]sriapq`�ezndsr\9e�ez^.sCZ]t_´V`�\~ikn 5�ez\ria`�\ ¦ ez^Égrcfez^a`
m ¦ µ2

eqgJez^pq`de©¨|pziaeznds9ehx
e{\9`�pqeTeznwsr\9eT^a`lg0sCZ]t�´H`�\9eqg�ikn 5 ez\ria`�\ ¦ grc
�Vez\ria`�\5mleznws9`�nfpqeqg5ml�|Z]\CZ~bwcfe{ez^fgriagrs9ezt�Znf`ug9eJx
ez\r\rc
t_´Velm|x
ez´VeJpzc
tµ�
^kik\9g9e
fr ≤ µ1F1 ¦ fr ≤ µ2F2 .Î3e_eqgrsCZ�gDx
eqgrikjlc|Z]^axfZ�x
eqgªg9eJx
eqxycfpqelm
¨fn|Z]^ktueznds9elm|bdcfe

µ1 ≥ 2 −
√

3

3
¦ µ2 ≥ 2 −

√
3 .

N ÄH¾LO ¡w�¢£P� ¿f¾�� Æ]Ä C0¾¢�dÃ¶¿ E��
§.^O\CZ�xyia`ux
ez^Sp/1k\9pzc
^a`�bwcfe
5�`�\rt�Z	^�Z	p5Z�x
ezn|Zueqg

R =
L

2π
.

9 `�nfgriax
ez\9eztu`lgËc
n sr\9`�Ï5` x
e¶p5Z�x
ezn|Z x
e"^�Z]\rjo`ikny¨fn
iks9eqgrikt�Z]^
R dθ

�OÎ;ez´
iax
`ÒZ�^�Z�pzc
\r}lZ]src
\CZym ^�Zs9eznfgria��n
T
e�� ez\9pqe(gC`�´
\9e(ez^3�Veqbdcfez±f`�sr\9`�Ï5`Åx
ep5Z�x
ezn|Zµc
n|Z�5 cfez\rÏ=ZµnfezsCZ

FT Ì Z�pzi�Z�ez^Spqeznwsr\9` O¬ }oez\T¨fjlc
\CZ ­ � � �lZo¯©«
~FT = −2T sin

(

dθ

2

)

r̂ = −T dθ r̂ . ;��k·���� �$<>= ���w�
Ñª` Ì Z ¦ \9`�pqe�ezndsr\9e_^�Zºp5Z�x
ezn|Z ¦ ez^[pq`�nf`
mP^kcfezjo`^�Z 5 cfez\rÏ=ZËbwcfe�ez^Tpq`�nf`³e�� ez\9pqe�g9`�´
\9e�^�ZËp5Z�x
ezn|Zeqgµ�Hez\r�Veznfxyiapzc
^�Z]\�Z]^ht�Z]nws9`
� ¥ e5Z

FN

^�ZËt�Z]j 3n
iksrcfxÒx
eLeqgrsCZ 5 cfez\rÏ=Zy�|Î;e�^�Zµ^�Zµ¨fjlc
\CZ ­ � � �]´³g9ex
eqgr�
\9eznfx
e_bdcfe
~FN = FN cos α r̂ + FN sinα ẑ .

Y `�\ �
^ksriktu`
mP^�Zu`�sr\CZ 5¢cfez\rÏ=Z�bwcfeLZ�pzs �|Z�g9`�´
\9eLez^sr\9`�Ï5`ux
e~p5Z�x
ezn|Zymfx
ez´
iax
`�ZL^�ZLjl\CZq}oeqxfZ�xÈmHeqg
~Fg = − dθ

2π
Mg ẑ .

9 `�tu`Jez^dsr\9`�Ï5`Jx
e{pzcfez\9xfZ3eqgrsC°3ezn	\9ez�H`lg9`
m?^�Z3grc 3t�ZJx
eT^�Z�gÉsr\9eqg 5¢cfez\rÏ=Z�gvx
ez´HeDgCez\.nwc
^�Zymweqg�x
eqpzik\5m ;��7·����r� < =���� �
~FT + ~FN + ~Fg = −T dθ r̂ + FN cosα r̂ + FN sinα ẑ + − dθ

2π
Mg ẑ = 0 .
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A jlc|Z]^�Z]nfx
`�^�Z�gDpq`�tµ�H`�nfeznds9eqgªgCeJ`�´
sriaeznfezn�^�Z�gT\9ez^�Z�pzia`�nfeqg

T dθ = FN cos α

¦
Mg

dθ

2π
= FN sinα .Î3eqg9�He��9Z]nfx
`µ^�ZLs9eznfgria��nÔgCeJeznfpzcfeznwsr\CZym
¨fn|Z]^ktueznds9e

T =
Mg

2π tanα
.

N ÄH¾LO ¡w�¢£P� ¿f¾�� Æ]Ä C0¾¢�dÃ¶¿ � �
Y[Z]\CZ³ez}lZ]^kc|Z]\	^�Z��V`lgriapzia��n�x
ez^{pqezndsr\9`³x
et�Z�gCZ�g(x
e ^�Z g9eztµiaeqg25 ez\CZym3^�Z pq`�^a`dp5Z]tu`lgpq`�nÒ^�Z�p5Z]\CZµ�
^�Z]n|Zºg9`�´
\9e_ez^ �
^�Z]nf`

x − y
m

Ì Z�pziaeznfx
`ºpq`�iknfpziaxyik\;ez^Se��re_pq`�n ẑ
m ¦ ^kcfezjo`^�Z(\9ez´|Z]n|Z]tu`lg�ezn sCZ �9Z�xfZ�g�x
eÒZ]nfp Ì ` dz¬ }oez\T¨fjlc
\CZo¯©�§.}�Z]^kcfeztu`lgh�
\riktuez\9`	^�Z�t�Z�gCZ	x
e3^�ZL\9ez´|Z>3n|Z�xfZ�bdcfe3g9eªeznfpzcfezndsr\CZµZ~^�ZLZ]^ksrc
\CZ

z
� ¥ ct�Z�gCZ;eqg

ρ0 π(R2−z2) dz
mlx
`�nfx
e

ρ0

eqg0^�Zx
eznfgriaxfZ�x�x
eut�Z�gCZÒx
e�^�ZÔg9eztµiaeqg 5�ez\CZy� §É^pqeznwsr\9`Áx
eËt�Z�gCZ�x
eËeqg9sCZ¶\9ez´|Z]n|Z�xfZ �V`�\grc
�
cfeqgrs9`�bdcfeµbwcfeqxfZ�gC`�´
\9euez^Ée�� e
ẑ
Z�^�ZZ]^ksrc
\CZ

z
�

;É�k·���� �$<>= � �

§.^Dpqeznwsr\9`¶x
e�t�Z�g�Z�gµx
e�^�ZÒgCeztµiaeqg 5 ez\CZ³gCez\C°Ô^�Z³g9c
t�Z³x
eº^a`lg�pqeznwsr\9`lgux
e�t�Z�gCZ�gµx
e�p5Z�xfZ\9ez´|Z]n|Z�xfZµ�VeqgCZ�xfZ	pq`�n�^�Z	t�Z�gCZ	x
e_x
eJp5Z�xfZ	\9ez´|Z]n|Z�xfZym|eqgDx
eqpzik\5m
z 	�
 =

1

M

∫ R

0

zρ0 π(R2 − z2) dz =
ρ0π

M

∫ R

0

(zR2 − z3) dz

=
ρ0π

M

(

1

2
R2z2 − 1

4
z4

)
∣

∣

∣

∣

R

0

=
ρ0π

M

1

4
R4 .

Y ez\9`
M = 2ρ0πR3/3

m|^kcfezjo`
z 	�
 = 3R/8

�
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N ÄH¾LO ¡w�¢£P� ¿f¾�� Æ]Ä C0¾¢�dÃ¶¿ � �
Zo¯ �SZÒt�Z�gCZÒx
e�^�ZÔgCeztµiaeqg 5 ez\CZËeqg

M = 2πρ0R
3/3

�0§.^{s9`�\9bdcfe�ezn s9`�\rnf`(Z]^Ð�
c
nws9`(x
epq`�ndsCZ�pzs9`
P
}�iaeznfeJxfZ�x
`µ�H`�\

~τ = Mgb sin β x̂ ,x
`�nfx
e
x̂
eqg3c
n³}oeqpzs9`�\Jc
n
iksCZ]\ria`�bwcfelmP�|Z]\CZ�^�Z�g9iksrc|Z�pzia��n(tu`lgrsr\CZ�xfZ�ezn³^�Zu¨fjlc
\CZ�Z�x&3

� c
nwsCZym|Z]�
c
ndsCZ Ì Z�pzi�Zµez^È^aeqpzs9`�\5�

;��7·����r� <>=�� ?l� ;��7·l�d�r� <>= �D?M= �
´P¯ � ^[pq`�^a`�p5Z]\;g9`�´
\9eL^�Z�g9eztµiaeqg25 ez\CZºc
n³pzik^kiknfxy\9`�x
eLZ]^ksrc
\CZ

h
^�Z��H`lgriapzia��n(x
ez^.pqeznwsr\9`�x
et�Z�gCZ�gheqg

z 	�
 =
1

M + Mc

[

M
5

8
R + Mc

(

R +
h

2

) ]

,

x
`�nfx
e
Mc = πR2 h ρ0

eqg~^�Z�t�Z�gCZ�x
ez^Épzik^kiknfxy\9`
���heqeztµ�
^�Z]Ï=Z]nfx
`Ô^�Z�gJt�Z�gCZ�gJx
eµ^a`lgpzcfez\r�V`lgDg9eJ`�´
sriaeznfe
z 	�
 =

1
2

3
R + h

[

5

12
R2 + hR +

h2

2

]

.

p=¯��Òiaeznwsr\CZ�gDez^S^�ZL�H`lgriapzia��n�x
ez^Opqezndsr\9`�x
e;t�Z�gCZ�ghx
ez^Ogriagrs9ezt�Zµpq`�tµ�
cfeqgrs9`�g9e;eznfpzcfeznwsr\9e�V`�\Jx
ez´|Z � `�x
ez^.pqeznwsr\9`�x
ez^.g9eztµiapzik\9pzc
^a` ¬ �
c
nws9` A
¯©mVez^Éeqbdc
ik^kik´
\ria`�g9ez\C°�eqgrsCZ]´
^ael� ¬ §Ég5�°�pzik^hpq`�nw}oeznfpqeqg9\9g9eÔx
e�bdcfe�ez^ªs9`�\9bwcfe�bdcfeÔZ]�|Z]\9eqpqeËZ]^D^�Z�x
e5Z]\ºez^hg9iagrs9ezt�Z(sr\CZ]sCZ(x
e\9eqgrsriksrc
ik\JZ]^0pzcfez\r�H`�Z�g9cÒ�V`lgriapzia��n³x
e�eqbdc
ik^kik´
\ria`w¯©�VY `�\;^a`�pq`�nwsr\CZ]\ria`
mÈgri[ez^[pqezndsr\9`�x
et�Z�gCZ�gÐx
ez^Pg9iagrs9ezt�Z~pq`�tµ�
cfeqgrs9`	g9eheznfpzcfeznwsr\CZL�V`�\veznfpzikt�Z�x
ez^|�
c
nws9`

A
mwez^Peqbdc
ik^kik´
\ria`g9ez\C°Liknfeqg9sCZ]´
^ael�

x|¯ �SZµZ]^ksrc
\CZu^ 1ktµiks9e
h0

gCeJ`�´
sriaeznfe~pzc|Z]nfx
`
z 	�
 = R

� ¥ eJsriaeznfe
z 	�
 = R =

1
2

3
R + h0

[

5

12
R2 + h0R +

h2
0

2

]

.
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Î;eqgr�Ve��rZ]nfx
`	^�ZµZ]^ksrc
\CZu^ 1ktµiks9e~g9eJeznfpzcfezndsr\CZubdcfe'7qgrsCZ	}�iaeznfeJxfZ�xfZ	�H`�\

h0 =
R√
2

.

N ÄH¾LO ¡w�¢£P� ¿f¾�� Æ]Ä C0¾¢�dÃ¶¿ ���
Zo¯�§.^Oxyi�Z]jl\CZ]t�Z�x
e~pzcfez\r�V`	^kik´
\9e~g9e;t_cfeqg9sr\CZuezn�^�ZL¨fjlc
\CZuZ�x � c
nwsCZy�
´P¯ �SZÒt�Z�gCZÒx
e�^�ZÔgCeztµiaeqg 5 ez\CZËeqg

M = 2πρ0R
3/3

�0§.^{s9`�\9bdcfe�ezn s9`�\rnf`(Z]^Ð�
c
nws9`(x
epq`�ndsCZ�pzs9`
P
}�iaeznfeJxfZ�x
`µ�H`�\

~τ = Mgb sin β x̂ ,

x
`�nfx
e
x̂
eqg3c
n³}oeqpzs9`�\Jc
n
iksCZ]\ria`�bwcfelmP�|Z]\CZ�^�Z�g9iksrc|Z�pzia��n(tu`lgrsr\CZ�xfZ�ezn³^�Zu¨fjlc
\CZ�Z�x&3

� c
nwsCZym|Z]�
c
ndsCZ Ì Z�pzi�Zµez^È^aeqpzs9`�\5�

;��7·����r� <>=�� �d� ;��7·l�d�r� <>= � �&= �
p=¯ �SZ'5¢cfez\rÏ=Z

Fp

bdcfehe��rez\9pqeD^�ZJ�|Z]\9eqx�g9`�´
\9eh^�Z_g9eztµiaeqg25 ez\CZ_eqg�ezn�^�Z~xyik\9eqpqpzia��n Ì `�\rikÏ5`�nwsCZ]^
+ŷ ¦ grc�t�Z]jln
iksrcfxÒeqgTsCZ]^SbdcfeJez^Ès9`�\9bwcfeJs9`�sCZ]^S\9eqgr�Heqpzs9`ºZ P

eqgTnwc
^a`
� �Ècfezjo`
~Fp =

Mgh sin β

R
ŷ =

3

8
Mg sinβ ŷ .

9 `�tu`µ^�Z 5¢cfez\rÏ=Z Ì `�\rikÏ5`�ndsCZ]^ s9`�sCZ]^ x
ez´He~gCez\Dnwc
^�Zym ¦ ^�Z �
n
iap5Zu`�sr\CZ�5¢cfez\rÏ=Z Ì `�\rikÏ5`�nwsCZ]^eqgT^�Z 5 cfez\rÏ=Zµx
e;\9`�pqelmfg9e;sriaeznfe
~Fr = −~Fp = −Mgh sin β

R
ŷ =

3

8
Mg sinβ ŷ .
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x|¯ �SZ 5 cfez\rÏ=Zµx
eJ\9`�pqe;nf`ux
ez´VeJg9`�´
\9ez�|Z�gCZ]\hez^È}lZ]^a`�\

µMg
mf`µg9e5Zym

3

8
Mg sinβ ≤ µMg =

3

16
Mg

x
eJx
`�nfx
e
sinβ ≤ 1

2
.§.^S°]n
jlc
^a`ºpz\21ksriapq`ueqg5my�V`�\T^a`µsCZ]nws9`
m

β 
���� = 30◦
�

e=¯ � ^[pq`�^a`�p5Z]\;g9`�´
\9eL^�Z�g9eztµiaeqg25 ez\CZºc
n³pzik^kiknfxy\9`�x
eLZ]^ksrc
\CZ
h
^�Z��H`lgriapzia��n(x
ez^.pqeznwsr\9`�x
et�Z�gCZ�gheqg

s 	�
 =
1

M + Mc

[

M
5

8
R + Mc

(

R +
h

2

) ]

,

x
`�nfx
e
Mc = πR2 h ρ0

eqg~^�Z�t�Z�gCZ�x
ez^Épzik^kiknfxy\9`
���heqeztµ�
^�Z]Ï=Z]nfx
`Ô^�Z�gJt�Z�gCZ�gJx
eµ^a`lgpzcfez\r�V`lgDg9eJ`�´
sriaeznfe
s 	�
 =

1
2

3
R + h

[

5

12
R2 + hR +

h2

2

]

.

;��7·����r� <>=�� �w� ;��7·l�d�r� <>= � � = �
5©¯ �SZµZ]^ksrc
\CZu^ 1ktµiks9e

h 
����
g9eJ`�´
sriaeznfe_pzc|Z]nfx
`

s 	�
 = R
� ¥ eJsriaeznfe

s 	�
 = R =
1

2

3
R + h 
����

[

5

12
R2 + h 
���� R +

h2

����

2

]

.

Î;eqgr�Ve��rZ]nfx
`	^�ZµZ]^ksrc
\CZu^ 1ktµiks9e~g9eJeznfpzcfezndsr\CZubdcfe'7qgrsCZ	}�iaeznfeJxfZ�xfZ	�H`�\
h 
���� =

R√
2

.
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�SZ�gJ¨fjlc
\CZ�g ­ � K K Z ¦³­ � K K ´¶t�cfeqgrsr\CZ]n"^a`lg_xyi�Z]jl\CZ]t�Z�g_x
eµpzcfez\r�V`�^kik´
\9eux
e	^�Z�t�Z�gCZ Q¦ ez^[g9eztµiapzik^kiknfxy\9`
mH\9eqgr�Veqpzsrik}lZ]tueznws9el� Fr = kx
eqgª^�Z 5 cfez\rÏ=Z�e��rez\9pziaxfZ��H`�\3ez^ \9eqg9`�\rs9elm

W
ez^�Heqg9`Lx
ez^Èg9eztµiapzik^kiknfxy\9` ¦ Q

ez^P�Veqg9`Lx
ez^V´
^a`dbdcfeªbdcfe3g9eªeznfpzcfezndsr\CZµZ~c
n|ZLxyiagrsCZ]nfpzi�Z
x
x
e

O
�

�SZµxyiagrsCZ]nfpzi�Z
d
eznwsr\9e~ez^ pqeznwsr\9`ux
eJt�Z�g�Z�g ¦ O

^�Zµgrc
�V`�nfxy\9eztu`lgDpq`�nf`�pziaxfZy�

;��k·��d�r�$<>= � �|� ;��k·���� �$<>= � �D= �
Î;ez´
iax
`ºZµbdcfe_Z]t_´V`lgh`�´ �rezs9`lgheqg9sC°]nÔeznÔeqbdc
ik^kik´
\ria`�g9e~x
ez´VeJs9eznfez\3bwcfe;^�Z�5¢cfez\rÏ=Z	s9`�sCZ]^g9`�´
\9e~p5Z�xfZ	c
nf`ux
e_ez^k^a`lghx
ez´Ve~g9ez\Tnwc
^�Zym ¦ sCZ]t�´
i 7znÒez^Os9`�\9bdcfeJs9`�sCZ]^SgC`�´
\9e~ez^Sg9eztµiapzik^kiknfxy\9`¬ ezn�s9`�\rnf`�Z	pzc|Z]^abdc
iaez\ª`�\rikjoeznP¯©�Y[Z]\CZ�ez^È´
^a`dbdcfe

Q
gCeJ`�´
sriaeznfeJ^�Z	\9ez^�Z�pzia��n

~F ����� = (Fr cos θx̂ + Fr sin θẑ) − Qẑ + (N1 cos θ ẑ − N1 sin θ x̂) = 0 .

A jlc|Z]^�Z]nfx
`Ò^�Z�g_pq`�tµ�V`�nfeznws9eqg	x
eu^a`lg_}oeqpzs9`�\9eqg�x
e�^�Z �
^ksrikt�ZÔikjlc|Z]^axfZ�x ¦ cfgCZ]nfx
`Òez^ Ì eqp Ì `bwcfe
Fr = kx

mfg9eJ`�´
sriaeznfezn�^�Z�gheqpzc|Z�pzia`�nfeqg5m
kr cos θ = N1 sin θ ¬�­ �k® � ¯

¦
kx sin θ = Q − N1 cos θ . ¬�­ �k®l®=¯

�SZ�5 cfez\rÏ=Z	s9`�sCZ]^Sbdcfe~Z�pzs �|Zµg9`�´
\9e~ez^Og9eztµiapzik^kiknfxy\9` ¬ bwcfe;sCZ]t�´
i 7znÒx
ez´Ve~g9ez\Tndc
^�Zo¯{eqg
−Wẑ + Nẑ + (−Fr cos θx̂ − Fr sin θẑ) + (−N1 cos θ ẑ + N1 sin θ x̂) = 0 .§Égrs9`µnf`lgDxfZµ^�Z�gT\9ez^�Z�pzia`�nfeqg

−N1 cos θ − kx sin θ − W + N = 0 ¬�­ �k® G ¯
¦

N1 sin θ − kx cos θ = 0 .
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§ÉgrsCZ �
^ksrikt�Z�eqpzc|Z�pzia��n�nf`_xfZJikn 5�`�\rt�Z�pzia��n�nwcfez}lZ ¦ Z_bwcfeªpq`�iknfpziax
eªpq`�n ¬�­ �k® � ¯©�wY[`�\ �
^ksriktu`
mez}�Z]^kc|Z]nfx
`Ëez^�s9`�\9bdcfe�s9`�sCZ]^ ¬ ezn"s9`�\rnf`³Z]^��
c
nds9` O

¯~bwcfe�Z�pzs �|Z�g9`�´
\9eºez^vg9eztµiapzik^kiknfxy\9`
m0g9e`�´
sriaeznfel«
N1 x − Wd sin θ = 0 . ¬�­ �k® � ¯Î3eu^�Z�g~pzc|Z]sr\9`�eqbdc|Z�pzia`�nfeqg ¬�­ �k® � ¯©m ¬�­ �k®l®=¯©m ­ �k® G ¯ ¦�¬�­ �k® � ¯©m pq`�n(^�Z�g_pzc|Z]sr\9`�iknfpq��jln
iksCZ�g N

m
N1

m
x ¦ θ

m��V`dx
eztu`lgªx
eqgr�He��9Z]\
cos θ

� �he5Z]^kikÏ=Z]nfx
`�ez^ °]^kjoez´
\CZymfg9eJ`�´
sriaeznfelm
cos θ =

Wdk

Q2
.

��
ªcfe3�|Z�gCZLpzc|Z]nfx
`
Q
eqg{�Heqbdcfez±f` �J§�gÐpz^�Z]\9`µbdcfe3^�ZLg9`�^kcfpzia��n�`�´
s9ezn
iaxfZ	g9��^a`Lsriaeznfe3gCeznwsriax
`gri

Q2 > Wkd
� � ^�Z]n|Z]^kikÏ=Z]\_ez^.�
\9`�´
^aezt�Z ¬�� Ì °]jwZ]^a`�� ¯;pq`�n(t�°�g~pzc
iaxfZ�x
`Ôg9eµeznfpzcfeznwsr\CZÔbwcfe

θ = 0 ¬¢¦ mP�V`�\h^a`ºsCZ]nws9`
m x = 0
¯DsCZ]t_´
i 7zn ¬ �|Z]\CZ�s9`dx
`lg3^a`lgª}�Z]^a`�\9eqg3x
e Q

¯Teqgªc
n|Z�gC`�^kcfpzia��nx
eºeqgrs9e��
\9`�´
^aezt�ZËx
e�eqbdc
ik^kik´
\ria`
� �[Z]t_´
i 7znÅg9e�eznfpzcfeznwsr\CZ³bdcfeu�|Z]\CZ
0 ≤ Q2 < Wkd

mO^�Zg9`�^kcfpzia��n
θ = 0

eqgv^�Z �
n
iap5Zym
griaeznfx
`µeqg9sCZ]´
^ael��Y0Z]\CZ
Wdk < Q2

m Ì Z ¦ sr\9eqgTg9`�^kcfpzia`�nfeqg5« θ = 0¦ θ = ± � pq`lg (Wdk/Q2)
Ídg9iaeznfx
`_^�Z~�
\riktuez\CZ�x
e
7qgrsCZ�gviknfeqgrsCZ]´
^aelm ¦ eqgrsCZ]´
^aeqgv^�Z�gÐ`�sr\CZ�gÐx
`lg5�Y[Z]\CZ3pq`�tµ�
\9eznfx
ez\[tue�� `�\[^a`hbdcfeÉeqgrsC°h`dpzc
\r\riaeznfx
`3eqg �
srik^�Z]n|Z]^kikÏ=Z]\0ez^w�
\9`�´
^aezt�ZªsCZ]t_´
i 7znx
eqg9x
e�ez^D�
c
nds9`�x
e�}�iagrsCZ³x
e�^�Z¶eznfez\rj 1�Z(�V`�s9eznfpzi�Z]^���Î;e©¨fn
iaeznfx
`�ez^ª`�\rikjoezn x
e�^�Z(eznfez\rjli�Z�H`�s9eznfpzi�Z]^ jl\CZq}�iksCZ�pzia`�nfe5Z]^ pzc|Z]nfx
`

θ = 0
mfgCeJeznfpzcfeznwsr\CZubdcfe

U(θ) = Wd (1 − cos θ) − Qx sin θ +
1

2
kx2 .

§.^.�
\riktuez\;s87z\rtµiknf`�Z]^[^�Z�x
`�x
ez\9eqp Ì `�eqgJez^[p5Z]t�´
ia`�x
eL^�Z�eznfez\rj 1�Z��H`�s9eznfpzi�Z]^0jl\CZq}�iksCZ�pzia`�n|Z]^x
ez^Pg9eztµiapzik^kiknfxy\9`
myez^|g9ezjlc
nfx
`Lez^Pp5Z]t�´
ia`�x
eh^�ZJeznfez\rj 1�Z_�H`�s9eznfpzi�Z]^Hjl\CZq}�iksCZ�pzia`�n|Z]^Èx
eT^�ZJt�Z�gCZ
Q ¦ ez^Ss9ez\9pqez\9`µ^�Z	eznfez\rj 1�Zµ�V`�s9eznfpzi�Z]^Sx
ez^O\9eqg9`�\rs9el� 9 `�n kx = Q sin θ

bdcfeqxfZ
U(θ) = Wd(1 − cos θ) − Q2

2k
sin2 θ .

Y[Z]\CZ Ì Z�pqez\Oc
n_eqgrsrcfxyia`{jl\C°?¨|pq`ªx
e.eqgrsCZÐ\9ez^�Z�pzia��n_ikndsr\9`dxycfpziktu`lg[ez^l�|Z]\C°]tuezsr\9` α ≡ Q2/(kWd)¦ x
e©¨fn
iktu`lg U(θ) ≡ U(θ)/(Wd)
Ídx
e3eqgrsCZJt�Z]nfez\CZ�^�Z �
^ksrikt�Z_eqpzc|Z�pzia��n�bdcfeqxfZ_x
eª^�Z!5�`�\rt�Z

U(θ) = (1 − cos θ) − α

2
sin2 θ .

�SZº¨fjlc
\CZ ­ � K I�t_cfeqgrsr\CZ�ez^[jl\C°?¨|pq`��|Z]\CZ α = 0
Í −0, 5

Í.®lm � ¦ G �VY0Z]\CZ 0 < α < 1
mVez^jl\C°?¨|pq`ºsriaeznfe_c
nËgC��^a`utµikn
iktu`
mP�|Z]\CZ

α > 1
ez^Sjl\C°?¨|pq`ºsriaeznfe�x
`lgªt�1kn
iktu`lg ¬ ezn ±θ0

¯ ¦ c
nt�° 	�iktu` ¬ ezn θ = 0
¯©�fY0Z]\CZºeznfpq`�nwsr\CZ]\

θ0

x
ez´Heztu`lgªez}�Z]^kc|Z]\D^�Z�x
ez\rik}�Z�xfZux
e
U(θ)

\9eqgr�Veqpzs9`Z
θ
e;ikjlc|Z]^�Z]\r^�Z�Z	pqez\9`
«
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dU(θ)

dθ
= sin θ − α

2
· 2 sin θ cos θ = 0 ,

`ug9e5Zym
sin θ (1 − α cos θ) = 0 .

§ÉgrsCZËeqpzc|Z�pzia��nÁg9eºg�Z]sriag 5�Z�pqe�gri
sin θ = 0`

(1 − α cos θ) = 0
� �SZ��
\riktuez\CZÒx
e�eqg23sCZ�gÉpq`�nfxyiapzia`�nfeqgÉnf`lg.xfZ3^�Z;g9`�^kcfpzia��n

θ = 0tµiaeznwsr\9gLbwcfe	^�Z�g9ezjlc
nfxfZ�eznwsr\9ezjwZ�^�Z�g_g9` 3^kcfpzia`�nfeqg
θ0 = ± � pq`lg (1/α)

m�gC`�^kcfpzia`�nfeqgbwcfe;e
	yiagrs9e;g9��^a`�g9i
α ≥ 1

�yY[Z]\CZ
α = 2

myg9e`�´
sriaeznfe
θ0 = ±60◦

�
;É�k·���� �$<>= � �


