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QSRUTWVYX[Z
\^]+\^_`RaVSb
Tdcfedcg]YhYi[j^b
klcGZ
\I_mcUV6c
m n j^b n c4eoRaV+X[j^X[pUTrqs]+\tVYeu\tj^h+RGc4cgkwvax
TyVYX[VYh+\^_mcZ
\7]+\{z|\^]+\^TWj^XlcfXwTW\^]+j^Xlcgk~}���X[\^TW\7ZWcUZWc4eoRU]�\^kd��\tj^h+RU]

~r ��� \'c ~F
klc-zsbW\^]Y�/c4TW\^h6cf��bW\@cUj^hYxdc4V+RU�
]+\klc�edcg]YhYi[j^b
klc �u� T�h+RUTWjt\tV/�oZ
\DcUj^bW\^]+Z
Ryc`klcm�U�<k[\ n Z
\��%\^�Ih+RUT��dklcm\tj^bdcUj^X[pUTrZ
\�_`R'��Xw_�X[\^T�h+R\tV

~F =
d~p

dt
.� RU_mcgTWZ
Ry\^k�e
]+R�Z�bWj^h+R`j^]Yb
�GjtRUT�\^k���\tj^h+RU]

~r
V+\fRU�
hYX[\^TW\

~r × ~F = ~r × d~p

dt
.

q|� �w� }
�@�WV+\^]Y��\^_`RaV@��bW\

d

dt
(~r × ~p) =

d~r

dt
× ~p + ~r × d~p

dt
= ~r × d~p

dt
.

q|� � ��}� c�x
kwhYXw_mc	Xwvabdcgk[ZWcUZrV+\fZ
\tZ�bWjt\GZ
\^k��W\tj+�WR���bW\fk[RaV<��\tj^h+RU]+\tV
d~r/dt = ~v n ~p

V+RUT�edcg]6cgk[\^k[RaV �� V6cgTWZ
R�q|� � ��} \^T�q|� �w� } V+\fRU�
hYX[\^TW\
~τ = ~r × ~F =

d

dt
(~r × ~p) .
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\fb
TdcDedcg]YhYi[j^b
klc�euRU]
~̀ ≡ ~r × ~p ,\^T�h+RUTWjt\tV
~τ =

d~̀

dt
.¯ vabdcgk7��bW\°\^T±\^k j'cUV6R²Z
\^kIh+RU]+��bW\a��\^kI_`RU_`\^T�h+R³cgT
vab
klcg]mZ
\yb
Tdcredcg]YhYi[j^b
klc²Z
\^eo\^TWZ
\�Z
\^kRU]YXwv�\^T´��bW\�V6\�bWV+\�edcg]6cy\^�Ucgkwbdcg]Yk[R ��� XP\^kPh+RU]+��bW\G��bW\DcUj^hYxdc�V+RU�
]+\Gb
Tdc`edcg]YhYi[j^b
klc��o_`\tZ�X[Z
R
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]+\tVYeo\tj^h+RGcfj^X[\^]Yh+R4RU]YXwv�\^T�\tV¤T�b
k[R
��\^T�h+RUTWjt\tV \^kd_`RU_`\^T�h+R	cgT
vab
klcg]�Z
\Iklc-edcg]YhYi[j^b
klc���]+\tVYeo\tj^h+Rcgk�_�X[VY_`R`RU]YXwv�\^T��
TWR	�acg]YXlcg]%$�\^T�\^k�hYX[\^_�euR
�W\tV7Z
\tj^Xw]'�dV+\fjtRUTWV+\^]Y�acg]%$ �

&�&�&'&�&�&

� �UcgkwbW\^_`RaV%\^k�_`RU_`\^T�h+RycgT
vab
klcg]@Z
\-b
Tdc	edcg]YhYi[j^b
klcm\^T�_`R'��Xw_�X[\^T�h+R �
� b
eoRUT
v�cg_`RaVS��bW\ b
Tdcfedcg]YhYi[j^b
klc4Z
\ _mcUV6c mV+\ _�bW\^��\@\^Tm\^k
e
klcgTWR

x
�
y n V+\'cgT r(t), θ(t)klcUV¤jtR�RU]+Z
\^TdcUZWcUV�eoRUklcg]+\tV Z
\^k
��\tj^h+RU] Z
\ eoRaVYX)(j^X[pUT

~r(t) � � c�euRaVYX[j^X[pUT�Z
\�klc�edcg]YhYi[j^b
klcm��\^T*(Z�]%$�ZWcUZWc	euRU]
~r = rr̂ ,

Z
RUTWZ
\
r̂ = cos θ x̂ + sin θ ŷ .

¡ \^]YXw�acgTWZ
R`RU�
h+\^TW\^_`RaV@klcD��\^k[R�j^X[ZWcUZ
~v = ṙ r̂ + r ˙̂r .
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2 \^]+R
˙̂r =

d

dt
(cos θ x̂ + sin θ ŷ) = − sin(θ) θ̇ x̂ + cos(θ) θ̇ ŷ ≡ θ̇ θ̂ ,kwbW\^v�R

~v = ṙ r̂ + rθ̇ θ̂ .¡ \�\tVYh6cD_mcgTW\^]6c��Wedcg]6c	\^k�_`RU_`\^T�h+R�cgT
vab
klcg]%Z
\-klc	edcg]YhYi[j^b
klc�V+\f\^TWj^bW\^T�hY]6c`klc	\43�e
]+\tVYX[pUT
~̀ = ~r × ~p = mr r̂ × ~v = mrṙ r̂ × r̂ + mr2θ̇ r̂ × θ̂ = mr2θ̇ ẑ ,

Z
RUTWZ
\
ẑ
\tV�\^k@��\tj^h+RU]�b
T
Xwh6cg]YX[R³eo\^]Yeu\^TWZ�X[j^b
klcg]�cgk<e
klcgTWR q

x, y
}�q j^b n c�Z�Xw]+\tjtj^X[pUT \^T ��bW\cge
b
T�h6c`V6\f\^TWj^bW\^T�hY]6c�bWV cgTWZ
R�klc°®+¦|«U­wª�5�¦�­)ªm£`ªU§A¥.5�¦{®+¦7648�ª/} ��@�WV+\^]Y��\���bW\�VYXSklc�edcg]YhYi[j^b
klc´V+\°cgk[\:9Ycr\^T�Z�Xw]+\tjtj^X[pUT ]6cUZ�Xlcgk�q R�V+\'c��

θ̇ = 0 n ṙ 6= 0
}\^T�h+RUTWjt\tVS\^kW_`RU_`\^T�h+RDcgT
vab
klcg] \tV¤T�b
k[R ��� pUk[R�V+XW\^k;$gT
vab
k[R θ

Z
\^kW��\tj^h+RU]�Z
\7eoRaVYX[j^X[pUT�j'cg_��
Xlcc _`\tZ�X[ZWc ��bW\ hY]6cgTWV+j^b
]Y]+\´\^k%hYX[\^_�eoR
�S\^k@_`RU_`\^T�h+R cgT
vab
klcg]°\tVyTWR�T�b
k[R �=< � k-_`RU_`\^T�h+RcgT
vab
klcg]SZ
\<b
Tdc4edcg]YhYi[j^b
klcG\tVYh%$f]+\^klcUj^X[RUTdcUZ
RDjtRUT�\^kucUVYeu\tj^h+R4]+RUh6cUj^X[RUTdcgk�Z
\<VYbm_`R'��Xw_�X[\^T�h+R?>
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QSRUTWVYX[Z
\^]+\^_`RaV�b
Tdc%edcg]YhYi[j^b
klc���bW\IV6\ _mcgT�hYX[\^TW\<\^T�b
T�_`R/��Xw_�X[\^T�h+RGj^Xw]+j^b
klcg]�b
T
X)z RU]Y_`\�q jtRUT��\^k[R�j^X[ZWcUZrcgT
vab
klcg]
ω0

} _`\tZ�XlcgT�h+\Gb
T��
Xwk[R �
� \'c R

\^ku]6cUZ�X[R	Z
\%j^iw]+j^b
k[R �
� k�_`RU_`\^T�h+R`cgT*(vab
klcg]�Z
\Iklc-edcg]YhYi[j^b
klc`qs]+\tV+eo\tj^h+R�cgkAjt\^T�hY]+R4Z
\klc�j^Xw]+j^b
T�z \^]+\^TWj^Xlc�}I��X[\^TW\�ZWcUZ
R�eoRU]
~̀ = mR2ω0 ẑ .

� c�Z�Xw]+\tjtj^X[pUT�\^T���bW\4cge
b
T�h6c ~̀ \tV<cDk[R�klcg]Yv�RZ
\^k�\:9 \%Z
\%vaXw]+R
� n \^T�\^kuV6\^T�hYX[Z
R�ZWcUZ
R	euRU]Sklc]+\^vaklc4Z
\Iklc%_mcgTWRGZ
\^]+\tj+�dcmqsk[RaV Z
\tZ
RaV�\^_�e
b*(
� cUZ
RaV@XwTWZ�X[j'cgTWZ
R°\^k�V+\^T�hYX[Z
RyZ
\Gklc�]+RUh6cUj^X[pUT��\^k¤e
b
kwv�cg]�\43�h+\^TWZ�X[Z
R�ZWc°\^k�V+\^T�hYX[Z
R Z
\^k¤_`R (_`\^T�h+R�cgT
vab
klcg] } � +�, «a¬�®Yª.-�/��
� k��
Xwk[R	\:9 \^]+jt\%b
Tdc�zsbW\^]Y�/c	V6RU�
]+\@klcGedcg]YhYi[j^b
klc�qsklc�z bW\^]Y�/cGjt\^T�hY]Yiweo\^h6c`ZWcUZWc�euRU] −mRω2

0
r̂
}{�eo\^]+R�\tVYh6c°z bW\^]Y�/c�TWR�\:9 \^]+jt\mb
T h+RU]+��bW\�]+\tVYeu\tj^h+R�cgk RU]YXwv�\^T n c ��bW\ ~F n ~r

V+RUT�edcg]6cgk[\^k[RaV �¡ \^�
X[Z
R	c4��bW\<\^kAh+RU]+��bW\@\tV�T�b
k[R
��\^kA_`RU_`\^T�h+R�cgT
vab
klcg] Z
\7klcfedcg]YhYi[j^b
klcDV+\<jtRUTWV+\^]Y�Uc�q R�V+\'c��c4_`\tZ�X[ZWcD��bW\<hY]6cgTWV+j^b
]Y]+\%\^kohYX[\^_�eoRGTWRGj'cg_G�
XlcDklc4_mcgvaT
XwhYbWZyT
Xoklc�RU]YX[\^T�h6cUj^X[pUT Z
\^kA��\tj^h+RU]
~̀} �
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QSRUTWVYX[Z
\^]+\^_`RaV`cg�WRU]6c
N

_mcUV cUV {mj}
b
�
X[j'cUZ
RaV	\^T�k[RaVDkwb
v�cg]+\tV {~rj} �P� \'cgT {~Fj}

klczsbW\^]Y�/c°\43�h+\^]YTdc°��bW\�cUj^hYxdc°V+RU�
]+\�j'cUZWcyedcg]YhYi[j^b
klc n {~fji}
klc�zsbW\^]Y�/c°��bW\Dklcm_mcUV c

i
\:9 \^]+jt\V+RU�
]+\Dklc`_mcUV6c

j � 2 RU]-V+b
e
bW\tVYh+R°��bW\DZ
\^�
X[Z
R�cgk h+\^]+jt\^]-e
]YXwTWj^Xwe
X[R�Z
\D�@\^�Ih+RUT�� ~fji = −~fij �� b
eoRUT
v�cg_`RaV�cUZ
\^_ $UV���bW\`klc°zsbW\^]Y�/c���bW\�b
Tdc�edcg]YhYi[j^b
klc i
\:9Y\^]+jt\mV6RU�
]+\mRUhY]6c°edcg]YhYi[j^b
klc

j\tV4c`k[Ryklcg]Yv�R�Z
\Dklc�kwiwTW\'c���bW\DklcUV%b
TW\°q R°V+\'c��u��bW\DklcmXwT�h+\^]6cUjtj^X[pUT�\^T�hY]+\DklcUV-edcg]YhYi[j^b
klcUV4\tVjt\^T�hY]6cgk~} �� c�\tj^bdcUj^X[pUTrZ
\-_`R'��Xw_�X[\^T�h+R´q|�U� k[\ n Z
\4�%\^�Ih+RUTA}Sedcg]6c�j'cUZWc�edcg]YhYi[j^b
klc�\tV
~Fj +

∑

i

~fji =
d~pj

dt
.

� RU_mcgTWZ
Ry\^k�e
]+R�Z�bWj^h+R`j^]Yb
�GjtRUT�\^k���\tj^h+RU]
~rj

V+\fRU�
hYX[\^TW\
~rj ×

(

~Fj +
∑

i

~fji

)

= ~rj ×
d~pj

dt
.

2 RU]@klcD_�X[VY_mc	]6cg�'pUT�Z�X[V+j^b
hYX[ZWc`\^T klc	V+\tjtj^X[pUT�cgT�h+\^]YX[RU]
~rj ×

d~pj

dt
=

d

dt
(~rj × ~pj) .
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� V6cgTWZ
Rm\tVYh6cD]+\^klcUj^X[pUT n VYb
_mcgTWZ
RmV+RU�
]+\ j

�WV+\fRU�
hYX[\^TW\
∑

j

~rj × ~Fj +
∑

ji

~rj × ~fji =
∑

j

d

dt
(~rj × ~pj) =

d

dt

∑

j

~rj × ~pj .

2 \^]+R
~ri × ~fij + ~rj × ~fji = (~ri − ~rj) × ~fij = 0 ,

n c`��bW\ (~ri − ~rj)
\tV7edcg]6cgk[\^k[R°c ~fij � � bW\^v�R
�WklcmZ
RU�
k[\�VYb
_mc ∑ji ~rj × ~Fji

\tV7T�b
klc � ¡ \4\tVYh6c_mcgTW\^]6c��WbWV6cgTWZ
R�klcUV<Z
\{¢WT
X[j^X[RUTW\tV<Z
\f_`RU_`\^T�h+R�cgT
vab
klcg] n h+RU]+��bW\a�dV+\fRU�
hYX[\^TW\
∑

j

~τj =
d

dt

∑

j

~̀
j .

q|� ��� }

� \'c
~τ ≡

∑

j

~τj

n
~L ≡

∑

j

~̀
j

\^k h+RU]+��bW\ n \^k _`RU_`\^T�h+R cgT
vab
klcg]@h+RUh6cgk Z
\^k�VYX[VYh+\^_mc�Z
\�edcg]YhYi[j^b
klcUV'�u\^T�h+RUTWjt\tV-klcm\tj^bdcUj^X[pUTq|� ��� } ��bW\tZWc
~τ =

d~L

dt
= ~̇L .

q|� � � }
� T�edcgklcg�
]6cUV�� � Xo\^kAh+RU]+��bW\@h+RUh6cgko��bW\@cUj^hYxdcDV+RU�
]+\<b
TyVYX[V+h+\^_mc�qs]+\tVYeu\tj^h+RGc�b
Tye
b
T�h+R P

}¤\tVT�b
k[R
�U\^T�h+RUTWjt\tV�\^k�_`RU_`\^T�h+RfcgT
vab
klcg]�Z
\^k�VYX[VYh+\^_mcGqs]+\tVYeo\tj^h+R-cgk�_�X[V+_`R<e
b
T�h+R�}�TWR@j'cg_��
Xlcg]%$ �� RycgT�h+\^]YX[RU]fV+\�jtRUTWR�jt\�jtRU_`R�klc�­[¦�� 5�¦�6+¥U§��t¦{®�	1ª 6 ,�
 § 5�¦{­ £`¥U£m¦{§A¨©¥�ªU§�«U¬�­)ªa® � � cUV<zsbW\^]Y�/cUVXwT�h+\^]YTdcUV�Z
\Db
T VYX[V+h+\^_mcme
bW\tZ
\^T³j'cg_��
Xlcg]�\^k�_`RU_`\^T�h+RrcgT
vab
klcg]4Z
\	klcUV-edcg]YhYi[j^b
klcUV4��bW\Gk[RjtRU_�eoRUTW\^T��deo\^]+R	TWR�e
bW\tZ
\^T�_`R�Z�X)¢dj'cg]<\^k ��\tj^h+RU]7_`RU_`\^T�h+RycgT
vab
klcg]<h+RUh6cgk �¯ kwbWV+hY]+\^_`RaV�\^kfbWV+R Z
\´klc k[\ n Z
\ jtRUTWV+\^]Y�acUj^X[pUT Z
\´_`RU_`\^T�h+R cgT
vab
klcg]�jtRUTKcgkwvab
TWRaV\:9 \^_�e
k[RaV
�������
	���

�

¡ \^_�bW\tVYhY]+\4��bW\%b
T°e
klcgTW\^h6c��
��bW\-V+\%_�bW\^��\4cgkw]+\tZ
\tZ
RU]@Z
\^kuV6RUk©���dcg]Y]+\ $g]+\'cUV Xwvabdcgk[\tVI\^ThYX[\^_�eoRaV<Xwvabdcgk[\tV'�W\tV7Z
\tj^Xw]'�
dA/dt =

jtRUTWVYh6cgT�h+\ �
QSRUk[R���bW\^_`RaV4\^k RU]YXwv�\^T Z
\	T�bW\tV+hY]+R�VYX[VYh+\^_mcyZ
\�jtR�RU]+Z
\^TdcUZWcUV�\^T´\^k kwb
v�cg]fZ
RUTWZ
\�\tVYh%$\^koV+RUk � � c4zsbW\^]Y�/cG��bW\@\^koV+RUko\:9Y\^]+jt\%V+RU�
]+\<k[RaV e
klcgTW\^h6cUVI\tV c4k[R�klcg]Yv�RDZ
\@klc4Z�Xw]+\tjtj^X[pUT�]6cUZ�Xlcgk©�eoRU]%k[Ryh6cgT�h+R
�oklcmzsbW\^]Y�/cycghY]6cUj^hYXw�UcyZ
\Dva]6ct��Xwh6cUj^X[pUT²TWRy\:9 \^]+jt\Dh+RU]+��bW\GV+RU�
]+\	\^kPe
klcgTW\^h6c � ¡ \k[R´cgT�h+\^]YX[RU]`V+\mZ
\tV+e
]+\^TWZ
\���bW\y\^k _`RU_`\^T�h+R cgT
vab
klcg]�Z
\^kSe
klcgTW\^h6crZ
\^�u\�V6\^]D\^T�h+R�Z
RaVGk[RaVXwTWVYh6cgT�h+\tV%\^k�_�X[VY_`R �
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� Q b $gk¤\tVf\^k�$g]+\'c ∆A

��bW\D�dcg]Y]+\�\^k e
klcgTW\^h6c\^T b
T�hYX[\^_�eoR
∆t � � c	]+\tVYe
bW\tV+h6c�\tV

∆A =
1

2
|~r × (~v ∆t) | =

∆t

2m
|~r ×~p| =

∆t

2m
` .

QSRU_`R
` = |~̀ | V6\�jtRUTWV+\^]Y�ac�c³k[R�klcg]Yv�R�Z
\klc�hY]6c n \tj^h+RU]YXlc��
V+\%Z
\tZ�bWjt\%��bW\-\^k $g]+\'cG�dcg]Y]YX)(ZWc�\^T²b
T hYX[\^_�euR

∆t
\tV4XwTWZ
\^eo\^TWZ�X[\^T�h+\mZ
\^ke
b
T�h+RmZ
\-klc�hY]6c n \tj^h+RU]YXlc`��bW\4V+\fjtRUTWV+X[Z
\^]+\ �
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QSRUTWVYX[Z
\^]+\Ib
Tdc%_mcUV6c
M

jtRUkwv�cUZWc4Z
\ b
Tdc%�Uc (]YXwkwklcI]YiwvaX[ZWc��'Z
\ _mcUV cIZ
\tVYe
]+\tj^Xlcg�
k[\ n Z
\ klcg]Yv�R
L
�A��bW\4e
bW\tZ
\GvaXw]6cg]%kwXw�
]+\^_`\^T�h+\�\^T�h+RU]YTWR�cgke
b
T�h+R

O
qs��\^] ¢Wvab
]6c-cUZ 9 b
T�h6c�} �a� T�\^k�XwTWVYh6cgT*(h+\

t = 0
klc _mcUV c

M
\43�e
k[RUh6c n b
Tdc�edcg]Yh+\

M/2
V cgk[\�Z�X[VYedcg]6cUZWc@jtRUTG��\^k[R�j^X[ZWcUZ

v
\^TGb
TdcZ�Xw]+\tjtj^X[pUT ��bW\	z|RU]Y_mc°b
T $gT
vab
k[R

θ
jtRUT�]+\tV (eo\tj^h+R�cfklc-�WRU]YXw�'RUT�h6cgk ��� TWj^bW\^T�hY]+\@klcf\^TW\^]Yvailcj^XwT��^hYX[j'c@Z
\ klc<edcg]Yh+\S��bW\S��bW\tZ
p-cUZ
RaV6cUZWc-c7klc�Ucg]YXwkwklc	\^T \^kuXwTWVYh6cgT�h+\fXwT
_`\tZ�Xlcgh6cg_`\^T�h+\�eoRaV (h+\^]YX[RU]@c	klc	\43�e
k[RaVYX[pUT �

+�, «U¬�® ª.-�/	�
� RU�
]+\-\^koVYX[V+h+\^_mc�qsklc��Ucg]YXwkwklcGjtRUT°klc4_mcUV c�jtRUkwv�cgTWZ
R�}ScUj^hYxdcgT°klcUV V+Xwvab
X[\^T�h+\tVSz bW\^]Y�/cUV ��X~}\^k�eo\tV+R −Mgẑ

��XwX~} b
TdcGz bW\^]Y�/c ~F0

��bW\-\:9Y\^]+jt\f\^k�\:9 \fZ
\-vaXw]+R�V6RU�
]+\-klcD�Ucg]YXwkwklc n XwXwX~}�zsbW\^]Y�/cUVRU]YXwvaXwTdcUZWcUV	eoRU]Dklc \43�e
k[RaVYX[pUT ��� T�\^k XwTWVYh6cgT�h+\ t = 0
\^kSeu\tV+R TWRr\:9 \^]+jt\�b
T h+RU]+��bW\yV+RU�
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vab
klcg]	Z
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∑
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∑
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∑
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∑

j mj~vj
′

M
+
∑
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(
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(
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ω0 =

v0

2L
.

� RUkw��\^]+\^_`RaVmc ]+\tV6RUkw��\^]	\^kSe
]+RU�
k[\^_mcreu\^]+R�\^kwXwvaX[\^TWZ
R cg�WRU]6c�b
T VYX[VYh+\^_mc�Z
\°jtR�RU]+Z
\^TdcUZWcUV¢ 9 R�\^T \^k klcg�oRU]6cgh+RU]YX[R n jtRUT³\^k RU]YXwv�\^T�jtRUXwTWj^X[Z�X[\^TWZ
RrjtRUT klc�klc�euRaVYX[j^X[pUT³Z
\�klc�edcg]YhYi[j^b
klc���DcgT�h+\tVIZ
\%klcDjtRUkwX[VYX[pUT � �@bW\^�Ucg_`\^T�h+\f\^k[\^vaXw_`RaVI\^ko\:9Y\ x̂
c�k[RDklcg]Yv�R	Z
\@klc���\^k[R�j^X[ZWcUZ�Z
\<klcedcg]YhYi[j^b
klcmXwTWj^X[Z
\^T�h+\ n \^k \:9Y\ ŷ
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
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9

10
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