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5Â�+B%Y
5:>+583K58;4>+583K<GLI�W3¡�
Q[9�HW;�@=HW3K<+LE�PF
LI583?>+5�7MB�9TBC;G>GDI@8F
7MB��	@'BW58;s�V@=HW3~BW@=587I58;sBW@8LI�W3

g
l

��l EXHW3K<GLIY
58;+5�F
3TBO@8FK58;+YKB �T5;:�LE�
7I5�Y
5eNRBW<sB
M��FK5V@8FK587E�?B�583�>G;+5OY
HP<�9TBC;+5=Y
5=<'�]<GLI583KY
H

α
587

�C3
�PF
7IHJ��FK5OtuHW;GNRB~7MB¹@8FK58;+YKBJ@=HW3�7MB¹9TBC;+5=Y
N½�_58;o�K�PF
;sB��Kl � Oal�8�5%Y
5=<+5'B�583K@=HW3?>G;sBC;:7MBe>+583�µ
<GLI�W3~�?FK5 7MBO@8FK58;+YKBV>GLI583K5�583É587¡9
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l
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LI58;+YKBRY
5 7MBV@8FK58;+YKB�lT��BVNRBC�P3
LE>GFKY¹Y
5
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f0 sinα x̂
l

EXHWNOHe3?FK5=<G>G;+H�<GLI<G>+58NRB 5=<+>s��583[5=��F
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Mg + f0 cos α = 0



���������
	��
�������������������
���
��������� �!� "��

Q
@=HWNV9�HW3K583?>+5

x
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LI´83KY
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τ0 =
1

2
Mg tan α

Q
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√

τ2
0 +

(

Mg

2

)2
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f (max)

e = µe FN .
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H
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7MBAt�FK58;GU/B

5Â�Ã58;+@8LIYKBq9�HW;-7MBR>+583K<+LI�W3JY
5�7MBq@8FK58;+YKBqQ
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7MBC3KHqLE3K@87EL)µ
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;+5V5874�
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LIY
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;GLE3K@8LE9
LIH
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5Â�Ã58;+@=5�<sHW�
;+5�587Å9
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ŷ
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Y
587]5Â�Ã5

x̂
@=HWNOHRB	7IH	7MBC;G�_HOY
587]5Â�G5

ŷ
l
2�<G>+HV3KHP<�YKB�7MBW<�<+LE�PF
LI583?>+5=<%5=@8FTBW@8LIHW3K5=<'�

5Â�G5
x̂
�

τ − Mg sinα − fr = 0

5Â�G5
ŷ
�

FN − Mg cos α = 0 ,Y
HW3KY
5
α
5=<:587Å�C3
�PF
7IH	Y
5-587I58�PBW@8LI�W3�Y
587�9
7MBC3KH�LE3K@87ELE3TBWY
H
l EXHWNOH	7MB�NRBW<sB

m
3KH	BW@=587I58;sB���7MB

>+583K<GLI�W3¹Y
5 7MB	@8FK58;+YKBVY
58��5�<+58;
τ = mg

lT�ÅFK58�_H
�TY
5-7MB	9
;GLENO58;sBO5=@8FTBW@8LI�W3~<+5 Y
5=Y�FK@=5���FK5

fr = mg − Mg sinα .

n�5=@=HW;+Y
58NOHP<V��FK5
fr
9
FK5=Y
5c<+58;�9�HP<GLE>GLE�_HÉH~3K58�?BC>GLE�_H
�

fr
5=<e9�HP<GLE>GLE�_HJ<GL

m > M sinα
Q

3K58�?BC>GLE�_HR<GL
m < M sinα

lKÈ�BCNe�
LI´83É<+5->GLI583K5���FK5

|fr| ≤ µe FN = µeMg cos α .
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5=Y�FK@=5e�?FK5

mg − Mg sinα = +fr ≤ µeFN = µeMg cos α
<GL

m > M sinα

−mg + Mg sinα = −fr ≤ µeFN = µeMg cos α
<GL

m < M sinα .

HO<+5'B	587Å�
7IH��?FK5�Y
5-NRBW<}B
M
3KHV<+5 Y
5=<+7ELEU/BV<+HW�
;+5�587Å9
7MBC3KHVLE3K@87ELE3TBWY
H[<GL

L Oq9TBC;sB
M sinα < m

�
<+5 @8F
NV9
7I5���FK5
m ≤ M(µe cos α + sinα)

�
LEL Oq9TBC;sB

M sinα > m
�
<+5 @8F
NV9
7I5���FK5

m ≥ M(sinα − µe cos α)
l

Ä�BC;sBJ7IHP<	�PBC7IHW;+5=<V3�F
NO´8;GLI@=HP<RY
587�583?F
3K@8LMBWY
H
��587��
7IH���FK5q3KHÊ<+5cY
5=<G7ELEU/BC;s�J9�HW;	587�9
7MBC3KHÊ<+L
À�l ��¾!���

< m <
��l �����Kl

��3TBC7ELI@=58NOHP<RBC�KHW;sB~7IHÉ�?FK5c<GFK@=5=Y
5c<GL
m
<sHW�
;+589TBW<sB N�583SF
3TB~NRBC�P3
LE>GFKY�LE3��K3
LE>+5=<GLENRBC7 O	BC7

�WBC7IHW;
M (µe cos α +sinα)

l�243A5=<+5%@'BW<+H
��587m�
7IH��?FK5%@=HWNO583
U/BC;s�	BeY
5=<G7ELEU/BC;+<s5p�TBW@8LMB�BC;G;GLE�TB�l
�]B�t�FK58;GU/BVY
5-;+H�@=5P�K9�HW;�7IHV>sBC3�>+H
�K<+58;s�

~fr = −µcMg cos α x̂ .

�]B�t�FK58;GU/B	3K58>sBV<+HW�
;+5 587¡�
7IH���FK5-Qq<GF¹BW@=587I58;sBW@8LI�W3¡�m583�7MB	Y�LE;+5=@=@8LI�W3
x̂
���_583KY�;s�C3~YKBWY
HP<�9�HW;

Fx = τ − fr − Mg sinα = τ − µcMg cos α − Mg sinα .

Q
ax =

Fx

M
=

τ

M
− g(µc cos α + sinα) .

Ä�HW;�HW>G;sB%9TBC;G>+5P�_7MBpt½FK58;GU/B%3K58>sB-<+HW�
;+5:7MB%NRBW<}B
m
Q�<GFOBW@=587I58;sBW@8LI�W3[583	7MB-Y�LE;+5=@=@8LI�W3O�_58;G>GLI@'BC7j�

<+58;s�C3
F ′ = τ − mg .Q

a′ =
F ′

m
=

τ

m
− g = −ax .

�]B�Ç
7E>GLENRB¹LE�PFTBC7IYKBWY 583 7MB�5=@8FTBW@8LI�W36BC3?>+58;GLIHW;V<+5RY
58��5qB���FK5O7MB�@8FK58;+YKB~5=<�LE3K5;:�>+583K<GLE�
7I5#H
9�HW;e@=HW3K<+LE�PF
LI583?>+5P��@8FTBC3KY
H�587h�
7IH��?FK5RBW@=587I58;sBA�TBW@8LMB¹BC;G;GLE�TB��Å7MBcNRBW<}B

m
BW@=587I58;sBC;s��@=HW3r7MB

NVLI<GNRB	NRBC�P3
LE>GFKYÅ�K9�58;+H	�TBW@8LMBOBC�TB1�GH
l K-5-7MBW<�5=@8FTBW@8LIHW3K5=<%BC3?>+58;GLIHW;+5=<%<+5 Y
5=Y�FK@=5���FK5

ax = g

[

(

m
M

− µc cosα − sinα
)

m
M

+ 1

]

.

2h<G>+5V;+5=<GF
7E>sBWY
H¹>sBCNe�
LI´83S7IHA9�H�Y
58NOHP<e5=<s@8;GLE�
LE;eY
5OHW>G;sBcNRBC3K58;sB�l�n�5=@=HW;+Y
58NOHP<��?FK5
m
<+HCµ

�
;+589TBW<sBV583�F
3TB	NRBC�P3
LE>GFKY�LE3��K3
LE>+5=<GLENRBC7�BC7¡�PBC7IHW;
M (µe cos α + sinα)

�K7EFK58�_H
m = M (µe cos α + sinα) ,

HO<+5'B��
m

M
= µe cos α + sinα .
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>GLI583K5

ax = g
(µe − µc) cos α

1 + µe cosα + sinα
.

EXHW3�7IHP<��PBC7IHW;+5=<�3?F
NO´8;GLI@=HP<pY
587]583?F
3K@8LMBWY
Hq<+5-HW�
>GLI583K5
ax ' 0,047 g

l
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τ = mg
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τ = m(g − ax)
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���ÊNOH'��LI´83KY
HP<+5�B
80

��N��1�69
FK5=Y
5c7E7I58�WBC;+<+5ABC7�;+589�HP<+HJ583
75
N NO5=Y�LMBC3�>+5�F
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;+5=<+583K@8LMBpY
5hF
3�@'BCNV9�Hp�P;sB=��LE>sB1µ

@8LIHW3TBC7�@=HW3K<G>sBC3?>+5P�
BC7�<sBW@'BC;X587�9�´83KY�F
7IH�Y
5
<GFV9�HP<GLI@8LI�W3RY
5p5=�?F
LE7ELE�
;GLIHeQ�<sHW7E>sBC;G7IH
�?´=<G>+5
HP<+@8LE7MBC;s��lT243K@8FK583?>G;+5e7MBVBW@=587I58;sBW@8LI�W3~Y
5 7MB
NRBW<sB

m
583�587�LE3K<G>sBC3�>+5o583	�?FK5o587?9�´83KY�F
7IH

tuHW;GNRB�F
3~�C3
�PF
7IH
θ
@=HW3�7MB	3KHW;GNRBC7jl

8�L
θ � 1

�
Y
58N�FK5=<G>G;+5e��FK5
d2θ(t)

dt2
+ ω2

0 θ(t) = 0 ,

@=HW3
ω0 =

√

g/`
l

��y 5Pº�¼Gz�� � � �

��l EXHW3K<GLIY
58;+5eF
3TB	NRBW<sB
m
BWY
HP<}BWYKBOB	F
3¹;+5=<sHW;G>+5�Y
5�@=HW3K<G>sBC3�>+5�Y
5 ;+5=<+>GLE>GFK@8LI�W3

k
l 8�5'B

x = 0
7MB~9�HP<GLI@8LI�W3{Y
5c5=�?F
LE7ELE�
;GLIHÊY
587�<GLI<+>+58NRB�l�K-5�BW@8FK58;+Y
HrB~7MBÊZ]\a^ b�\���i/i �1�hBC7

Y
5=<G9
7MBCU/BC; 7MB[NRBW<sB
m
F
3TBqY�LI<G>sBC3K@8LMB

x
Y
5=<sY
5�<+FÉ9�HP<GLI@8LI�W3rY
5	5=��F
LE7ELE�
;GLIH
�Å7MBRt½FK58;GU/B

5Â�G58;+@8LIYKB	9�HW;�587Å;+5=<+HW;G>+5�<+HW�
;+5 7MB�NRBW<}BV5=<
F = −kx

lUK-58N�FK5=<G>G;+5e��FK5
d2x(t)

dt2
+ ω2

0 x(t) = 0 ,

@=HW3
ω0 =

√

k/m
l EXHWNV9TBC;+5e5=<G>+5-;+5=<GF
7E>sBWY
HR@=HW3¹587]Y
587Å9
;+HW�
7I58NRBRBC3�>+58;GLIHW;'l

¿�l Jp3 @8FK58;G9�H Y
5 �PÀPÀÊ�SY
5=<G7ELEU/Br9�HW;OF
3 9
7MBC3KHrLE3K@87ELE3TBWY
HS7ELI<+H
l�2h7p@8FK58;G9�Hr9TBC;G>+5¹Y
587
;+589�HP<+HVQAY�F
;sBC3?>+5	587¡>+58;+@=58;-<+58�PF
3KY
HR;+5=@=HW;G;+5eF
3TBRY�LI<G>sBC3K@8LMBOY
5[¾ �PÀO@8N�lT2h3K@8FK583?>G;+5
587]�C3
�PF
7IHOY
5�LE3K@87ELE3TBW@8LI�W3~Y
587¡9
7MBC3KH
l



���������
	��
�������������������
���
��������� �!� ¾'À��
"�l Jp3TBe5=<Gt�58;sB�Y
5�NRBW<}B

m
5=<XNRBC3?>+583
LIYKB

583 7MB:9�HP<GLI@8LI�W3 � 9�HW;]Y
HP<¡@8FK58;+YKBW<
N½�_58;
�K�PF
;sB �KlE¾ � Oal 8�5'B

TA
7MB	>+583K<GLI�W3¹Y
5�7MB

@8FK58;+YKBcLE3KY�LI@'BWYKB�l�8�5O@=HW;G>sBc7MBA@8FK58;+YKB
�KHW;GLEU'HW3�>sBC7hQ¹587�9�´83KY�F
7IHcHP<+@8LE7MB[�TBW<G>sB
7MBq9�HP<GLI@8LI�W3 � l � EoFT�C7�5=< 7MBc;sBCU'�W3 Y
57MBW<�>+583K<+LIHW3K5=<

TB/TA
�

np5=<G9
FK5=<G>sB��
TB/TA = cos2 α

l
��y45Wº�¼Ãz�� ����


¾'À�l EXHW3K<GLIY
58;+5S587eNOHW3�>sB1�Ã5SNOHP<G>G;sBWY
H�583
7MB �K�PF
;sB �KlE¾ ���¹@=HW3

M �
¾P� ���PÀ ���K�

m �
À��E¾ �PÀ ���ÊQ

d0 �
�ÊN�l4247�<GLI<+>+58NRB

5=<G>s��583�;+589�HP<+H%@8FTBC3KY
H
d = d0 = 4

N�l
� EoFT�C3?>+H >GLI58NV9�H >G;sBC3K<+@8F
;G;GLE;s��BC3?>+5=<Y
5���FK5c7MBJNRBW<sB

m
7E7I58�PFK5ÉBJ7MBJ�TBW<+5

Y
5
M

�

��y45Wº�¼Ãz�� ��� �

¾P¾Pl Jp3�HW���G58>+Hp<s5�583K@8FK583?>G;sB%<+HW�
;+5oF
3e9
7MB1µ
3KHV7ELI<sHR<GLE3�;+H�@=5 QA5=<%<+HWNO58>GLIY
H[B	F
3TB
t�FK58;GU/B ~F

�?FK5 �WBC;GDMB 583�t�F
3K@8LI�W3 Y
587
>GLI58NV9�HcY
5	BW@8FK58;+Y
H�BC7��P;s�1�T@=Hc��FK5�<s5
BW@=HWNV9TB'QTB�l98�L47MBqNRBW<}BcY
587�HW���Ã58>+HA5=<
m
�
HW�
>+583
�?BVQc�P;sB1�T��FK5 7MBW<�<+LE�PF
LI583?>+5=<
NRBC�P3
LE>GFKY
5=<'�

��y45Wº�¼Ãz�� ��� �
z�O ��@=587I58;sBW@8LI�W3ÉY
587¡HW���Ã58>+HO583�t½F
3K@8LI�W3¹Y
587Å>GLI58NV9�H
l
(PO��h587IH�@8LIYKBWY�Y
587]HW���G58>+H
�
<GL¡´=<G>+5 9TBC;G>+5eY
587Å;+589�HP<+H
l
wPO Ä�HP<GLI@8LI�W3¹Y
587]HW���G58>+HO583ct�F
3K@8LI�W3¹Y
587¡>GLI58NV9�H
l

¾ ��l Jp3TB�9�5=<sB�@'BC7ELE�
;sBWYKBV583��%58��>+HW3K<�<+5-@=HW7IH�@'B	<+HW�
;+5-F
3TB�9
7MBC>sB1tuHW;GNRB	NO�'��LE7ÅQq<s5p�TBW@=5
Y
5=<G7ELEU/BC;	@=HW3 F
3TB¹;sBC9
LIY
58UA@=HW3K<G>sBC3?>+5qY
5É¾ �¹N��C<	<+HW�
;+5OF
3 >+58;G;+583KHÉHW3KY�F
7MBWY
H N½�_58;
�K�PF
;sB �KlE¾ � Oal 8�HW�
;+5 7MB�9�5=<}B	<+5 @=HW7IH�@'BVF
3TBV@'B1�GB	��FK5-9�5=<sB �PÀPÀ���l
z�O EoFTBC3KY
H67MB69
7MBC>sB1t�HW;GNRB�9TBW<}B6<+HW�
;+5J7MB6@8;+5=<G>sB{Y
5JF
3TB6@=HW7ELE3TB6@=HW3�;sBWY�LIH{Y
5

@8F
;G�PBC>GF
;sBVY
5V¾'ÀPÀ	N�� � @8FT�C7¡5=<�7MB	7I5=@8>GF
;sBOY
5 7MB�9�5=<}B��
(PO EoFTBC3KY
H 7MBJ9
7MBC>sB1t�HW;GNRBr9TBW<sBJ9�HW;O7MBJ9TBC;G>+5ALE3�tu58;GLIHW;[Y
5�F
3TBJ�KHW3KY
HW3TBWYKB @=HW3
;sBWY�LIHOY
5 @8F
;G�PBC>GF
;sBVY
5e¿PÀVN�� � @8FT�C7]5=<�7MB�7I5=@8>GF
;sBVY
5 7MB�9�5=<sB��



���������
	��
�������������������
���
��������� �!� ¾'À��

��y45Wº�¼Ãz�� ��� �

np5=<G9
FK5=<G>sB���N½9TBC;G>+5 � O ' ��������l
¾ ��l Jp3A�
7IH���FK5 Y
5-NRBW<sB

M
5=<�>GLE;sBWY
HV�TB1µ

@8LMB�F
3TB�NeF
;sBC7E7MBO�_58;G>GLI@'BC7ÅNO5=Y�LMBC3?>+5�587
FK<+HVY
5eF
3TBV@8FK58;+YKBVQc9�HW7I5'BW<�@=HWNOHR<s5
N�FK5=<G>G;sB6583 7MBS�K�PF
;sB�l�247 �
7IH��?FK5Ê<s5
Y
5=<G7ELEU/B <GLE3 ;+H�@=5¹<sHW�
;+5¹7MB <GF
9�58;Ã�T@8LI5Pl
�]BAt½FK58;GU/B¹@=HW3S��FK5O<+5R>GLE;sBA7MB�@8FK58;+YKB
5=<

F
�_587K7MBC;G�_HeY
5�7MB @8FK58;+YKB�5=<

2L
Q	7MB

<+589TBC;sBW@8LI�W36LE3
LI@8LMBC7p583?>G;+5A587��
7IH��?FK5qQ
7MB[NeF
;sBC7E7MB�5=<

L
l K-58>+58;GNVLE3K5O587�>GLI58N	µ

9�H~��FK5q>G;sBC3K<+@8F
;G;+5c�TBW<G>sBJ��FK5c<+5[583�µ
@8FK583�>G;+583 7MBq9
F
3?>sB�Y
5V7MBc@8FK58;+YKBcQJ587
�
7IH��?FK5Pl

��y45Wº�¼Ãz�� ��� �

¾ �Kl Jp3 9
7MBC>+HJ@=�W3
LI@=HJY
5q�C3
�PF
7IHÊ@'BC;sBW@8>+5aµ
;GDI<G>GLI@=H

α
�PLE;sB�F
3
L)t�HW;GNO58NO583�>+5c583?>+HW;Ãµ

3KHJBÉ<GF 5Â�G5P��587:@8FTBC7�<+5[NRBC3?>GLI583K5¹583
9�HP<GLI@8LI�W3¹�_58;G>GLI@'BC7jl J�3TBO9
LI5=Y�;+5=@8LE7E7MBqY
5
NRBW<sB

m
;+HW>sB <+HW7ELIYKBC;GLMBCNO583?>+5É@=HW3 587

9
7MBC>+H
lM8�F
9�HW3
LI583KY
HÊ�?FK5q3KHÉ�TB=Q ;+H�@=5
583�>G;+5:7MB�9
LI5=Y�;+5=@8LE7E7MB Qe7MB%<GF
9�58;Ã�T@8LI5XY
587
9
7MBC>+H
�:@'BC7I@8F
7I5Ê587-;sBWY�LIH6Y
5É7MBS�W;G�
LE>sB
@8LE;+@8F
7MBC;���FK5 Y
5=<+@8;GLE��5 7MB�9
LI5=Y�;+5=@8LE7E7MB�l ��y45Wº�¼Ãz�� ��� 


¾ ��l Jp3TBV9�58;+<+HW3TB[<+5�9TBC;sB[<+HW�
;+5�F
3TBO�TBC7MBC3
U/BqY
583?>G;+HcY
5874BW<+@=583K<+HW;%Q�HW�K<+58;G�PBR��FK5e´=<G>sB
;+58�PLI<G>G;sB�F
3A9�5=<+H	LE�PFTBC7�B�F
3 �WÀ�� Y
5 <GFc9�5=<+H	3KHW;GNRBC7jl 8�L¡587]BW<+@=583K<+HW;�Qq587Å9TBW<sB1�Ã58;+H
>GLI583K583ANRBW<sBW<

M
Q

m
;+5=<+9�5=@8>GLE�PBCNO583?>+5P�m@'BC7I@8F
7I5 7MB�>+583K<GLI�W3~B�7MB	��FK5 5=<G>s�	<+HWNO58>GLIY
H

587�@'BC�
7I5-�?FK5%<GFW�G58>sBe587ÅBW<+@=583K<+HW;'l EXHWNV9TBC;+5-5=<G>sBe>+583K<GLI�W3A@=HW3[7MB���FK5p<+5p9
;+H�Y�FK@8LE;GDMB�<+L
587]BW<+@=583K<sHW;pBW@=587I58;sBV@=HW3�7MB�NVLI<GNRBVNRBC�P3
LE>GFKY�9�58;+HV583¹<+583?>GLIY
HRHW9
FK5=<G>+H
l



���������
	��
�������������������
���
��������� �!� ¾'À �
¾���l EXHW3K<GLIY
58;+5q587XNOHW3?>sB1�G5RNOHP<G>G;sBWY
HJ583S7MB

�K�PF
;sB �KlE¾'¿�l 8�F
9�HW3
�?B��?FK5p7MBW<XNRBW<sBW<XY
5
7MB¹9�HW7I5'B¹QrY
587:�
LE7IH
��BW<+DX@=HWNOHJ587X;+HWU/B1µ
NVLI583�>+H~<+HW3SY
5=<G9
;+5=@8LMBC�
7I5=<'lL8�5R@=HW3KH�@=583
7MBW<]NRBW<sBW<

m
�
M
Q-587
�C3
�PF
7IH%Y
5h7MB�@8FUQTB�l

243K@8FK583�>G;+5�7MBOBW@=587I58;sBW@8LI�W3ÉY
5-7MBV@8FUQTB�l

��y 5Wº�¼Gz�� � � �
np5=<G9
FK5=<G>sB�� a =

mg sinα

M + 2m(1 − cos α)
.

¾ ��l K-HP<%NRBW<sBW<
m
Q

M
<+5�583K@8FK583?>G;sBC3 F
3
LIYKBW< 9�HW;-F
3TBq@8FK58;+YKBcY
5�NRBW<sBqY
5=<G9
;+5=@8LMBC�
7I5

QV7MBC;G�_H
`
l�243A5=<G>sBW<:@=HW3KY�LI@8LIHW3K5=<�BCN��TBW<:;+5'BC7ELEU/BC3qF
3cNOH/��LENVLI583�>+HV@8LE;+@8F
7MBC;�F
3
L)t�HW;GNO5

N�583rF
3 9
7MBC3KH��KHW;GLEU'HW3?>sBC7 Oe583r>+HW;G3KHÉBC7oBW<GD47E7MBCNRBWY
H�ws\akTg�¼GiÊb?\RvOzC`8zC`-Y
587�<GLI<G>+58NRB�l
8�F
9�HW3
�?Bc�?FK5	58749�58;GDIH�Y
HcY
5874NOH/��LENVLI583�>+H�;+HW>sBC>+HW;GLIH�5=<

T
l�243K@8FK583�>G;+5O7MBcY�LI<G>sBC3K@8LMB

583�>G;+5V7MBcNRBW<sB
m
QJ587h@=583?>G;+H¹Y
5O�PLE;+H N½9TBC;sBc;+5=<+HW7E�_58;e5=<G>sBA9TBC;G>+5OY
587h9
;+HW�
7I58NRBc3KH

5=<p3K5=@=5=<sBC;GLIHc@=HW3KH�@=58;%7MB[Y
5a�K3
LI@8LI�W3JY
5�@=583?>G;+HcY
5�NRBW<sBW<,Oal E:BC7I@8F
7I5e7MBR>+583K<GLI�W3JY
5e7MB
@8FK58;+YKBV��FK5-F
3K5eBCN��TBW<�NRBW<sBW<'l
np5=<G9
FK5=<G>sB��

τ =
mM

m + M
`

(

2π

T

)2

.

¾'¿�l Jp3TBJ@8FUQTBJ7ELI<sBJY
5cNRBW<sB
M
<+5AY
5=<G7ELEU/B

�TB1�GH�7MB�BW@=@8LI�W3	Y
5hF
3TB�t½FK58;GU/B��KHW;GLEU'HW3?>sBC7
F
lL8�HW�
;+5[587E7MBÉ<+5[@=HW7IH�@'B¹F
3��
7IH���FK5RY
5
NRBW<sB

m
l

z=O KpLE�
FW�G5->+H�YKBW<�7MBW<�t�FK58;GU/BW<���FK5�BW@aµ
>GÇTBC3J<sHW�
;+5�@'BWYKB[F
3TBqY
5�7MBW<%NRB1µ
<sBW<'l

(PO K%58>+58;GNVLE3K5 587O�PBC7IHW;SY
5
F
9TBC;sB

�?FK5J587-�
7IH���FK5~NR�W<c9�5=��FK5RQKH 3KH
;+5=<G�TBC7I5�<+HW�
;+5-7MBV@8FUQTB�l

��y 5Wº�¼Gz�� � � �

¾-"�l K-HP<��
7IH���FK5=<�LIY
´83?>GLI@=HP<ÉQ�Y
5ÊNRBW<sB
m9�HP<sBC3r<+HW�
;+5RF
3TBA<GF
9�58;Ã�T@8LI5O�KHW;GLEU'HW3?>sBC7

9
F
7ELIYKB�l=J�3KH�Y
5�587E7IHP<:5=<o>GLE;sBWY
HeNO5=Y�LMBC3�µ
>+5cF
3TBÊ@8FK58;+YKBr583{@8F
Q_Hr5;:�>G;+58NOHr7ELE�
;+5
<+5%BC9
7ELI@'B�F
3TB�t�FK58;GU/Be�KHW;GLEU'HW3?>sBC7ÅLE�PFTBC7¡B
Mg
l
247]HW>G;+H	�
7IH��?FK5 5=<�>sBCNe�
LI´83¹>GLE;sBWY
H

�KHW;GLEU'HW3�>sBC7ENO583?>+5�NO5=Y�LMBC3?>+5�F
3TBO@8FK58;+YKB
9�58;+H�583[@8F
Q_H�5;:�>G;+58NOHe7ELE�
;+5�@8FK587E�?B�F
3TB
��HW7MBJY
5ANRBW<sB

M
l�K-58>+58;GNVLE3K5¹@8FTBC7�Y
5

7IHP<Å�
7IH���FK5=<¡<+5�NeFK58�_5�NR�W<¡;s�C9
LIY
H�<+L?BCN	µ
��HP<h9TBC;G>+583cY
587m;+589�HP<+H�<GLENeF
7E>s�C3K5'BCNO583�µ
>+5Pl

��y 5Wº�¼Gz�� � 
 �



���������
	��
�������������������
���
��������� �!� ¾'À��

�PÀ�l Jp3V9
LE3?>+HW;���FK5�9�5=<sB�"PÀPÀ-�%58��>+HW3K<h>G;sBC�TB1µ
�+B�583	F
3TB%<GLE7E7MB%@=HW7E�?BC3?>+5�583�F
3V5=Y�L)�T@8LIH Y
5
BC7E>GF
;sB�l¡�p7�>+58;GNVLE3TBC;�<GFJ>GF
;G3KH�Y
58��5	�_HW7)µ
�_58;�BC7�Ç
7E>GLENOH	9
LI<+H	9TBC;sB��TB1�GBC;�B�7MB�@'BC7E7I5Pl
Ä�BC;sB	<GF
�
LE;�@=HW3c7MB�<+LE7E7MBe>GLE;sB	Y
5%7MB�@8FK58;+YKB
Y
5V>sBC7ht�HW;GNRB¹�?FK5V7MBct½FK58;GU/BA��FK5R´87o5Â�Ã58;Ãµ
@=5�<+HW�
;+5�587�BW<GLI583?>+HcY
5�7MBO<GLE7E7MB[5=<%Y
5 �PÀPÀ
�%58��>+HW3K<'lW�]B-<GLE7E7MBpNVLI<GNRBp9�5=<sB �PÀPÀ-�p58�:µ
>+HW3K<'l
z=O � EoFT�C7¡5=<:7MBVBW@=587I58;sBW@8LI�W3¹Y
587Å9
LE3�>+HW;QqY
5-7MBV<+LE7E7MB��
(PO � EoFT�C7�5=<	7MB~t�FK58;GU/BÉ>+HW>sBC7�<+HW�
;+5A587<+HW9�HW;G>+5 Y
5�7MB�9�HW7I5'B��

��y45Wº�¼Gz�� ��
 �

np5=<G9
FK5=<G>sBW<'�
B O
a = 2g/3

H�� O
Ftot = 2000

��l
��¾Pl EXHW3K<GLIY
58;+5�587KNOHW3?>sB1�G5�NOHP<G>G;sBWY
H�583O7MB%�
µ

�PF
;sB �Kl ����l��]B¹NRBW<sB¹Y
587o@8FK58;G9�H�� ¾R5=<
n = 4

�_5=@=5=<RNRB=Q_HW;c�?FK5�7MBÊY
587�@8FK58;G9�H
� ��l 8�F
9�HW3
�?BV��FK5 7MBW<�NRBW<sBW<�Y
5 7MBW<�9�HCµ
7I5'BW<�Q Y
5h7IHP<��
LE7IHP<'�CBW<+D?@=HWNOHp587�;+HWU/BCNVLI583�µ
>+Hr<sHW3 Y
5=<G9
;+5=@8LMBC�
7I5=<[9�HW;R<+F{9�5=��FK5RQK58U_l
EoFTBC3KY
H%587�@8FK58;G9�H�� ��<+5o<GFK587E>sB��'7MB�NRBW<sB
� ¾p<s5�583K@8FK583?>G;sBVBeF
3TB�BC7E>GF
;sB

h
l � EoFT�C75=<�7MBRBW@=587I58;sBW@8LI�W3ÊY
5�7MBONRBW<sB�� �VNVLI583�µ

>G;sBW<
m1
�TB1�+B�� � EoFT�C7�5=<�7MBOBC7E>GF
;sBONR�%:�L)µNRB�Y
587Å<GFK587IH

H
B�7MB��?FK5-<GF
�
LE;s�e7MB�NRBW<sB

� ��� N�� �]BOBC7E>GF
;sB	NR�%:�LENRB	3KHO5=<
2h � O

np5=<G9
FK5=<G>sB��
H = 6hn/(n + 4) .

��y45Wº�¼Gz�� ��
 


����l Jp3TBVNRBW<sB
m
<+5�583K@8FK583?>G;sBcBC9�H'Q?BWYKBq<+HCµ

�
;+5VF
3TB¹@8FUQTB�Y
5RNRBW<sB
M
QÊ�C3
�PF
7IHÉY
5

587I58�PBW@8LI�W3
α
lW�]B�@8FUQTB%<+5�9
FK5=Y
5:Y
5=<G9
7MBCU/BC;

�KHW;GLEU'HW3�>sBC7ENO583?>+5q<GLE3J;+H�@=5	<+HW�
;+5	F
3J9
7MB1µ
3KH
l�K-HP<��PF
DMBW<:;+5=<G>G;GLE3
�_583¹587ÅNOH/��LENVLI583�>+H
Y
5o7MBpNRBW<sB

m
Y
5XNRBC3K58;sB-�?FK5X<+5'B%<+�W7IH-583

Y�LE;+5=@=@8LI�W3��_58;G>GLI@'BC7jlm�pHO�TB=Qq;+H�@=5�583�>G;+5�7MB
NRBW<sB

m
QR7MB	@8FUQTB	@=HWNOH	>sBCNV9�H�@=HV583�>G;+5

7MBW<��PF
DMBW<�Q[7MB	NRBW<}B
m
l ��y45Wº�¼Gz�� ��
 �

B Oc243K@8FK583�>G;+5%7MB ;+587MBW@8LI�W3c�?FK5�5;:�LI<G>+5p583?>G;+5p7MBeBW@=587I58;sBW@8LI�W3q�_58;G>GLI@'BC7
am
Y
5�7MB NRBW<sB



���������
	��
�������������������
���
��������� �!� ¾'ÀP¿

m
QR7MBRBW@=587I58;sBW@8LI�W3¹�KHW;GLEU'HW3?>sBC7

aM
Y
5-7MBV@8FUQTB�l

� O �-BC�?B�7IHP<�Y�LMBC�P;sBCNRBW<%Y
5 @8FK58;G9�HV7ELE�
;+5eY
5-7MB	NRBW<sB
m
QqY
5�7MB	@8FUQTB

M
l

@POc243K@8FK583�>G;+5�7MBOBW@=587I58;sBW@8LI�W3
aM
Y
5-7MBV@8FUQTB�l

Y O 8�Lh583�>G;+5V7MBA@8FUQTBcQÉ587�<GFK587IHc�TB=QJ;+H�@=5 � @8FT�C3�>+H�5=<�587h�PBC7IHW; NVDE3
LENOH���FK5VY
58��5�PBC7I58;�587]@=H�5a�T@8LI583?>+5�Y
5 ;+H�@=5 5=<G>s�C>GLI@=H
µe
9TBC;sBV��FK5-7MBV@8FUQTB	3KHOBW@=587I58;+5 �

����l EXHW3K<GLIY
58;+5:Y
HP<�NRBW<sBW<
M
Q

m
F
3
LIYKBW<�9�HW;

F
3V�
LE7IH ��FK5X9TBW<sB%9�HW;4F
3TB%9�HW7I5'B%LIY
5'BC7K>sBC7
@=HWNOHÉ<+5[NeFK5=<G>G;sBÉ583 7MBA�K�PF
;sBJBWYC�ÃF
3?>sB�l
� 3
LI@8LMBC7ENO583?>+5A7MBÉNRBW<}B

M
<+5A<GFW�G58>sBÉ@=HW3

F
3J�
LE7IH¹BCF�:�LE7ELMBC; N��?FK5	3KHc<+5	N�FK5=<G>G;sBA583
7MB[�K�PF
;sB O QÉ587�<+LI<G>+58NRBA<+5V583K@8FK583�>G;sB¹583
;+589�HP<+H
l�243Ê@8LI58;G>+H[LE3K<+>sBC3?>+5V587��
LE7IHABCF�:�L)µ
7ELMBC;c<+5¹@=HW;G>sB�l K-58NeFK5=<+>G;+5É��FK5�7MB BW@=587I5aµ
;sBW@8LI�W3�Y
5A7MBJNRBW<sB

M
5=< N�@=HW3�587�5Â�G5
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gẑ .

K-58NeFK5=<+>G;+5 �?FK5-5=<G>sB	5;:�9
;+5=<GLI�W3AYKB	587��WB1µ
7IHW;q@=HW;G;+5=@8>+HS583 7IHP<O7EDENVLE>+5=<

M � m
Q

m � M
l

��y 5Pº�¼Gz�� � 
 �

���Kl K-HP<OHW���G58>+HP<¹¾AQ ���hY
5ALE�PFTBC7�NRBW<sB��h5=<Ãµ
>s�C3¹BC>sBWY
HP<%B�7IHP<�5;:�>G;+58NOHP<pY
5-F
3TBV@8FK58;Ãµ
YKB�LIY
5'BC7
Y
5�7MBC;G�_H

L
lC247
@=HW3W�ÂF
3�>+H-Y
5=<+@'BC3�µ

<sBO<+HW�
;+5eF
3ÉY�LI<+@=Hq�?FK5e�PLE;sBO583ÉF
3¹9
7MBC3KH
�KHW;GLEU'HW3�>sBC7o@=HW3Ê�_587IH�@8LIYKBWY BC3
�PF
7MBC;e@=HW3K<Ãµ
>sBC3�>+5P��583[>+HW;G3KH�B�<GFR@=583�>G;+H�N½�_58;o�K�PF
;sB Oal
8�F
9�HW3
�?BO��FK5 3KHO5;:�LI<G>+5-t�;GLI@=@8LI�W3~583�>G;+5�587
Y�LI<+@=HRQA587�HW���G58>+H¹¾P�K9�58;+HR5;:�LI<G>+5-t�;GLI@=@8LI�W3
583�>G;+5 587¡HW���Ã58>+H ��QR7MB�<GF
9�58;Ã�T@8LI5 Y
587¡Y�LI<Ãµ
@=H
l��¡HP< @=H�5a�T@8LI583?>+5=<�Y
5�t�;GLI@=@8LI�W3Ê5=<G>+´8>GLI@=H
Q	@8LE3K´8>GLI@=He583�>G;+5�7MB-NRBW<sB �-Q�587mY�LI<+@=H�<+HW3
µe
Q

µc
��;+5=<G9�5=@8>GLE�WBCNO583�>+5Pl

��y 5Pº�¼Gz�� � 
 �

8�5ÊHW�K<+58;G�PB���FK5Ê@8FTBC3KY
H6587�Y�LI<+@=H6�PLE;sB�@=HW3��_587IH�@8LIYKBWY�BC3
�PF
7MBC;
ω0
�:7MB�@8FK58;+YKB6<s5

NRBC3�>GLI583K5�>+583K<}BRQ¹BC7ELE3K5'BWYKBq583É7MBRY�LE;+5=@=@8LI�W3Ê;sBWY�LMBC7jl�243Ê5=<G>sB[@=HW3KY�LI@8LI�W3Ê587�HW���G58>+H �
5=<G>s��583�;+589�HP<+H%B�F
3TBpY�LI<G>sBC3K@8LMB

R
Y
587�5Â�G5�Y
5o;+HW>sBW@8LI�W3¡l EoFTBC3KY
H�7MB��_587IH�@8LIYKBWY	BC3
�PF
7MBC;

5=<%NRB=Q_HW;��?FK5
ω0
5874HW���Ã58>+H �SN½Q�>sBCN��
LI´83 587�¾PO�;+5=<+�TBC7MBc<+HW�
;+5	587�Y�LI<s@=H
l E:BC7I@8F
7I5V587

�PBC7IHW;�Y
5
ω0
l



���������
	��
�������������������
���
��������� �!� ¾'À#"
����l È�BC7m@=HWNOH�587�@'BCNV9�H �P;sB'��LE>sBW@8LIHW3TBC7�5Â�G58;+@=5�<+HW�
;+5�F
3TB�NRBW<sB

m
F
3TB%t�FK58;GU/B��_F
3[@'BCNV9�H

587I´=@8>G;GLI@=H ~E
5Â�Ã58;+@=5-F
3TB	t½FK58;GU/BV<sHW�
;+5-F
3TBV@'BC;G�?B

q
l
2h<G>sB	Ç
7E>GLENRBV��LI583K5�YKBWYKBV9�HW;

~F = q ~E .

N�243É587]<GLI<G>+58NRBOLE3?>+58;G3TBW@8LIHW3TBC74Y
5 F
3
LIYKBWY
5=<�8��}�K7MBVF
3
LIYKBWY�9TBC;sBO7MBO@'BC;G�?BR5=<�587 � iWº��
|EiWv (�� E���Q 7MB�Y
587�@'BCNV9�H6587I5��8>G;GLI@=H	�
iW|)g�
mvR\8g�¼Gi

�
d�\afhgjiWk�
 � iPº�|EiWv (8��<GLI583KY
H�7MBW<

BC�
;+58��LMBW@8LIHW3K5=<
� � �1N��
�
� � �#E��·l�J�3�@'BCNV9�HÉY
5¹¾�� � �1N��:5Â�G58;+@=5[<sHW�
;+5RF
3TB~@'BC;G�?B¹Y
5

¾�� E��]F
3TB�t�FK58;GU/BVY
5O¾�� ���·l O
EXHW3K<GLIY
58;+5%F
3c587I5=@8>G;+�W3¡��LE3
LI@8LMBC7ENO583?>+5�583q;+589�HP<sH
����FK5p5=<�BW@=587I58;sBWY
HV583�>G;+5%Y
HP<X9
7MBW@'BW<
N½F
3É@=HW3KY
583K<sBWY
HW;,Op<+589TBC;sBWYKBW<%9�HW;pF
3TBOY�LI<G>sBC3K@8LMB[Y
5[¾�@8N�lm2h3~587�5=<G9TBW@8LIHR583�>G;+5�7MBW<
Y
HP<�9
7MBW@'BW<��TB=QqF
3¹@'BCNV9�HO587I´=@8>G;GLI@=HOY
5 "PÀPÀ �hHW7E>��C@8N�l
z�O � EoFT�C7�5=<V<GF��_587IH�@8LIYKBWY{>+58;GNVLE3TBC7CN½7MBÉ�_587IH�@8LIYKBWY @=HW3{�?FK5A58NO58;G�_5AY
587�9
;GLENO58;@=HW3KY
583K<sBWY
HW;,O#�
(PO 8�F
9�HW3
�?B�BC�KHW;sB���FK5V587�587I5=@8>G;+�W3 Y
5V7MBc9TBC;G>+5RB Oa�¡Y
5=<+9
FK´=<eY
5O<+58;�BW@=587I58;sBWY
H�Q
58NO58;G�_58; N½9�HW;:F
3A9�5=��FK5RQKHOBC�PFW�Ã58;+H)OXY
587Å5=<G9TBW@8LIHV583�>G;+5 7MBW<�Y
HP<:9
7MBW@'BW<'��LE3
�P;+5=<sB
BpF
3TB-;+58�PLI�W3OY
5:7MBC;G�_H

L = 3cm
583O��FK5�5;:�LI<+>+5oF
3O@'BCNV9�H�587I´=@8>G;GLI@=H >G;sBC3K<+�_58;+<sBC7

Y
5�NRBC�P3
LE>GFKY | ~E⊥| = 30
�hHW7E>��C@8N�l � EoFT�C74<+58;s�q587��C3
�PF
7IHAY
5VY
5 �T5;:�LI�W3 θ

@=HW3
��FK5�58NO58;G�_58;s�q587�587I5=@8>G;+�W3ÊY
587�<s58�PF
3KY
H[@=HW3KY
583K<sBWY
HW; � N �h58;p�K�PF
;sB �Kl � � OalLN�243
5=<G>+5-9
;+HW�
7I58NRB Jp<+>+5=Yc9
FK5=Y
5eY
5=<G9
;+5=@8LMBC;�7MBVLE3?>+58;sBW@=@8LI�W3É�P;sB=��LE>sBC>+HW;GLMB��T5=<�Y
5=@8LE;'�
9
FK5=Y
5h<+F
9�HW3K58;��?FK5

g = 0
l1�]B�@'BC;G�?B�Y
54F
3e587I5=@8>G;+�W3�N½F
3
LE�_58;+<sBC7ENO583?>+5XY
583KHW>sBWYKB

@=HW3c7MB�7I58>G;sB
e
Oo5=<

e = −1, 60 · 10−19 � E��ÅQ[<GFcNRBW<sB me = 9, 11 · 10−31 � �-���·l O

��y45Wº�¼Ãz�� ��
��

� ��l Jp3�9
F
7I<sH%Y
5XLIHW3K5=<hY
5 EX< + N�<GLENV9
7I58NO583?>+5�LIHW3
LEU/BWY
HP<,O��?FK5X�TBC3V<GLIY
H BW@=587I58;sBWY
HP<hY
5=<+Y
5
587m;+589�HP<+He9�HW;oF
3q@'BCNV9�H�587I´=@8>G;GLI@=H�Y
5�¾CN�<G>sBC>G�_HW7E>��C@8N OXB�7IHe7MBC;G�_H�Y
5pÀ�� ����@8N��?>sBC;+YKB
F
3�>GLI58NV9�H

∆t = 87·10−9 <�9TBC;sB�;+5=@=HW;G;+58;�¾hNVN�Y
5=<G9
FK´=<�Y
587�9
;+H�@=5=<+HpY
5XBW@=587I58;sBW@8LI�W3
N½�_58;:�K�PF
;sB �Kl ���#Oal



���������
	��
�������������������
���
��������� �!� ¾P¾'À
z=O 243K@8FK583?>G;+5e7MB	NRBW<sB	Y
587�EX< + l
(PO 8�LO583 7EF
�?BC;SY
5�EX< + <s5S;+5'BC7EL)µU/BS587-5;:�9�58;GLENO583�>+H6@=HW3 Y
58F
>+5aµ
;+HW3K5=<'� � @8FT�C3?>+HA<s58;GDMBR587�>GLI58NV9�HY
5->G;sB=�_5=<GDMB

∆t
�

wPO 8�F
9�HW3
LI583KY
H��?FK5:7IHP<�9
;+HW>+HW3K5=<hQ
7IHP<p3K58F
>G;+HW3K5=<�>GLI583K583Ê7MBONVLI<GNRB
NRBW<sB��P583K@8FK583?>G;+5�7MB%NRBW<}B-Y
5oF
3
3K58F
>G;+�W3¡l

b O EXHW3 5=<G>+5�Y�LI<G9�HP<GLE>GLE�_H�5;:�9�58;GL)µ
NO583?>sBC7j� � <s58;s��9�HP<GLE�
7I5�Y�LI<G>GLE3�µ�PF
LE;�583?>G;+5[Y
58F
>+58;+HW3K5=<�QÉ9TBC;G>GD)µ
@8F
7MBW<

α
�

��y45Wº�¼Ãz�� ��
 


N Jp3ÊY
58F
>+58;+�W3 5=<-F
3Ê3?ÇK@87I5=H¹BC>+�WNVLI@=HAt�HW;GNRBWY
Hc9�HW; F
3Ê9
;+HW>+�W3ÊQ¹F
3Ê3K58F
>G;+�W3�HÅF
3TB
9TBC;G>GDI@8F
7MB

α
5=<o5=��F
LE�PBC7I583?>+5 B F
3q3?ÇK@87I5=H�Y
5�F
3A�C>+HWNOH�Y
5 �%5�QO@=HW3K<GLI<+>+5�583cY
HP<�9
;+HCµ

>+HW3K5=<:QqY
HP<:3K58F
>G;+HW3K5=<'lK247�3?ÇK@87I5=HRY
5 @=5=<GLIH	@=HW3K<G>sB	Y
5 �P¿�9
;+HW>+HW3K5=<�Qq¿��	3K58F
>G;+HW3K5=<'�
587ÅLI�W3 EX< + @=HW;G;+5=<+9�HW3KY
5eB�F
3É�C>+HWNOHOY
5�@=5=<GLIHV��FK5-�TB	9�58;+Y�LIY
HVF
3�587I5=@8>G;+�W3 Oal

����l EXHW3K<GLIY
58;+5OF
3TBc@'BC;G�?B
q
��FK5V583r5874LE3K<G>sBC3?>+5

t = 0
<s5V583K@8FK583?>G;sB�583r587hHW;GLE�_583 Q~583

;+589�HP<+H
l
� 9TBC;G>GLE;�Y
5
t = 0

<s5-7I5eBC9
7ELI@'B	F
3�@'BCNV9�HO587I´=@8>G;GLI@=H[BC7E>+58;G3KHOY
5�7MB�t�HW;GNRB
~E = E0 sin (ωt) x̂ .

243K@8FK583�>G;+5�7MBÉ\Gw=º�z_w=y��Wk�bWy 2=\a¼+\akmw=y�zW|m�?FK5�Y
5=<+@8;GLE��5�587]NOH/��LENVLI583�>+HAY
5e7MBR@'BC;G�?BOQ�583�µ
@8FK583�>G;+5�7MB	5;:�9
;+5=<GLI�W3�NR�W<��_583K58;sBC7¡9TBC;sBV7MB	9�HP<+LI@8LI�W3

x(t)
l

�P¿�l Jp3~�
7IH���FK5�Y
5�NRBW<sB
M
<+F
��5�9�HW;pF
3

9
7MBC3KHALE3K@87ELE3TBWY
H~@8F
Q_H¹�C3
�PF
7IH¹Y
5V587I5aµ
�PBW@8LI�W3A5=<

α
l
�¡HP<�@=H�5a�T@8LI583?>+5=<pY
5-;+H�@=5

5=<G>s�C>GLI@=H[Q¹@8LE3K´8>GLI@=HA583�>G;+5�7MBRNRBW<sB
MQ 587�9
7MBC3KHr<+HW3

µe
Q

µc
�4;+5=<G9�5=@8>GLE�PB1µ

NO583�>+5Pl
��y45Wº�¼Ãz�� ��
��

z�O � EoFT�C7�5=<X7MB	BC7E>GF
;sB�NR�%:�LENRB���FK5%BC7I@'BC3
U/B	587��
7IH��?FK5P��<GL�9TBC;G>+5-@=HW3q�_587IH�@8LIYKBWY v0Y
5=<+Y
5-7MBV�TBW<+5 Y
587¡9
7MBC3KH �
(PO � � FK´ @=HW3KY�LI@8LI�W3~Y
58��5 <sBC>GLI<ÃtjBW@=58;+<+5-9TBC;sBV��FK5�587Å�
7IH��?FK5-��FK587E�WBRB	Y
5=<+@=583KY
58; �
wPO 243A@'BW<+H	Y
5-@8F
NV9
7ELE;+<+5-7MB�@=HW3KY�LI@8LI�W3~BC3?>+58;GLIHW;'� � @=HW3A�?FK´%�_587IH�@8LIYKBWYc7E7I58�?BC;s�VB�7MB�TBW<+5 Y
587]9
7MBC3KHVLE3K@87ELE3TBWY
H �



���������
	��
�������������������
���
��������� �!� ¾P¾P¾
�#"�l Jp3TB�NRBW<sB Y
5{¾'ÀPÀ ��� <+5 58NV9
FW�GB B

7IHR7MBC;G�_H[Y
5eF
3TBR<GF
9�58;Ã�T@8LI5e583É7MBO@8FTBC7
587K;+H�@=5�5=<oY
5=<G9
;+5=@8LMBC�
7I5�NO5=Y�LMBC3�>+5�F
3TB
t�FK58;GU/B ~F

�hY
5¹NOH�Y
HS�?FK5¹<GF�BW@=587I58;sB1µ
@8LI�W3Ê5=<-Y
5 �

m/s2 N½�_58;%�K�PF
;sB Oal Jp3TBNRBW<sBcY
5 �PÀ�����Y
5=<G7ELEU/B�Bq7IHc7MBC;G�_H¹Y
5
7MBR9TBC;G>+5V<GF
9�58;GLIHW;%Y
5�7MB[NRBW<sBqY
5[¾'ÀPÀ
��� Q�>GLI583K5�F
3TB�BW@=587I58;sBW@8LI�W3[Y
5 � N��C< 2
N½9�HW;�7IH�>sBC3?>+H	Y
5=<G7ELEU/Be�TBW@8LMB	BC>G;s�W<o;+5=<Gµ
9�5=@8>+HOB	7MB�NRBW<sB	Y
5O¾'ÀPÀG��� Oal

��y45Wº�¼Ãz�� ��
 �

z�O � � FK´�t½FK58;GU/BcY
5	;+HWU/BCNVLI583�>+H~5Â�G58;+@=5	7MBqNRBW<sBcY
5A¾'ÀPÀ�����<+HW�
;+5	7MBqNRBW<sBcY
5 �PÀ
�����

(PO � EoFT�C7¡5=<�7MB�t�FK58;GU/B�3K58>sBV<+HW�
;+5 7MB�NRBW<}BVY
5V¾'ÀPÀ;����� � EoFT�C7¡5=<�7MB�t�FK58;GU/B ~F
�

wPO Jp3TB~�_58Uc��FK5q7MB~NRBW<sBÉY
5 �PÀ ���Ê<+5c@'BW5qY
5q7MB~NRBW<sBÉY
5J¾'ÀPÀ ���K� � @8FT�C7�5=<�7MBBW@=587I58;sBW@8LI�W3ÉY
5-7MB	NRBW<sB	Y
5O¾'ÀPÀ-�����

�PÀ�l 8�5'B
µ
5874@=H�5a�T@8LI583?>+5VY
5�;+H�@=5�5=<G>s�C>GLI@=H

583�>G;+5p7MBeNRBW<sB
m
QO587Å@'BC;G;+H
l � EoFT�C7�5=<7MB¹t�FK58;GU/B¹NVDE3
LENRBJ��FK5cY
58��5�BC9
7ELI@'BC;Ãµ

<+5cBC7�@'BC;G;+HJ9TBC;sBÉ�?FK5q7MB~NRBW<sB
m
3KH

@'BCLE�?B��
np5=<G9
FK5=<G>sB��

Fmin = (M + m)g/µ . ��y45Wº�¼Ãz�� ��� �

��¾Pl �]BW<%NRBW<sBW<
A
Q

B
<+HW3JY
5c¾'ÀRQ � �-�

;+5=<G9�5=@8>GLE�PBCNO583?>+5Pl�247r@=H�5a�T@8LI583?>+5 Y
5
;+H�@=5cY
5

A
@=HW3 7MB~NO5=<sBÉ5=<

µ = 0,2
l

243K@8FK583�>G;+5�587KNVDE3
LENOH��WBC7IHW;hY
5�7MB%NRB1µ
<sB

C
��FK5hLENV9
LIY
5X587?NOH'��LENVLI583?>+H-Y
5

A
l

243K@8FK583�>G;+5q7MB¹BW@=587I58;sBW@8LI�W3�Y
5
A
<GL�<+5

<sBW@'B
C
l ��y45Wº�¼Ãz�� ��� �

����l Jp3TB @'BC;G;+58>+58;sB�5=<G>s�-9�58;sBC7E>sBWYKBeY
5�NOHCµ
Y
H��?FK5%F
3ABCF
>+HWNO�'��LE7j�
Y
5=<G9
7MBCU/�C3KY
HP<+5
B ¿PÀ �-N��1�¡�P9
FK5=Y
5�>+HWNRBC;h7MB-@8F
;G�WB�Y
5
�PÀRN­Y
5�;sBWY�LIH
��LE3K@87EFK<+Hc<GL�5;:�LI<G>+5eF
3TB
@'BC9TB�Y
5��
LI587IH	5=��F
LE�WBC7I583�>+5 B�F
3c@=H�5a�
µ
@8LI583�>+5RY
5Vt�;GLI@=@8LI�W3 BC9
;+H-:�LENRBWYKBCNO583�>+5
@=58;+H
l ��y45Wº�¼Ãz�� ��� 

K-58>+58;GNVLE3TBC;R587�LE3�>+58;G�WBC7IHrY
5c�_587IH�@8LIYKBWY
5=<RBJ��FK5cF
3 BCF
>+HWNO�'��LE7�9
FK5=Y
5A>+HWNRBC;O5=<G>sB
@8F
;G�PBA<GLE3S9TBC>GLE3TBC;'��<GL�7IHP<e@=H�5a�T@8LI583?>+5=<	Y
5Vt�;GLI@=@8LI�W3 5=<+>s�C>GLI@'BAQÊ@8LE3K58NR�C>GLI@'B���583�>G;+5R7MB
@'BC;G;+58>+58;sB	Qq7MBW<�;GFK5=YKBW<'�T<+HW3

µe = 0,3
Q

µc = 0,26
�
;+5=<G9�5=@8>GLE�PBCNO583?>+5Pl



���������
	��
�������������������
���
��������� �!� ¾P¾ �
����l � EoFT�C7Å5=<X587�NR�%:�LENOH��WBC7IHW;���FK5p9
FK5=Y
5>+583K58;

m3
9TBC;sB ��FK5

m1
3KHS<+5¹@'BCLE�?B

<GL�587p@=H�5a�T@8LI583�>+5~Y
5ct�;GLI@=@8LI�W3 5=<G>s�C>GLI@=H
583�>G;+5

m1
Q

m2
5=<

µe
��QO587�Y
5�t½;GLI@=@8LI�W3

@8LE3K58NR�C>GLI@'B%583?>G;+5
m2
Q 7MB�NO5=<sBp5=<

µc
�

np5=<G9
FK5=<G>sB��

��y45Wº�¼Ãz�� ��� �mmax
3 =

{

(m1 + m2)
µc+µe

1−µe

<GL
µe < 1

∞ <GL
µe > 1

.

���Kl Jp3~�
7IH���FK5�Y
5	NRBW<}B
M
��LE3
LI@8LMBC7ENO583?>+5O583J;+589�HP<+H
��;+5=<G�TBC7MB[9�HW;-F
3J9
7MBC3KHcLE3K@87ELE3TBWY
H

@8F
Q_HÉ�C3
�PF
7IH¹Y
5R587I58�PBW@8LI�W3S5=<
θ
l�K-5=<G9
FK´=<�Y
5V;+5=@=HW;G;+58;�F
3TB¹Y�LI<G>sBC3K@8LMB

D
587X@8FK58;G9�H

7E7I58�PB:F
3TB��_587IH�@8LIYKBWY�LE�PFTBC7
BC7 �PÀ���Y
5h7MB:�_587IH�@8LIYKBWY���FK54�TBC�
;GDMB%BWY
�?F
LE;GLIY
Hp583�BCFK<+583K@8LMB
Y
5-;+H�@=5Pl
243K@8FK583?>G;+5eF
3TB	5;:�9
;+5=<+LI�W3A9TBC;sBV587¡@=H�5a�T@8LI583�>+5�Y
5-;+H�@=5 @8LE3K58NR�C>GLI@=H

µ
583?>G;+5

587Å9
7MBC3KHVQc587Å�
7IH��?FK5Pl

����l 8�5'B
µc
587o@=H�5a�T@8LI583?>+5cY
5O;+H�@=5R@8LE3K´8>GL)µ

@=H�583?>G;+5%F
3A5=<+@=HW�
LE7E7I�W3¡��@8F
Q?B�NRBW<sBe5=<
m
�mQ~587�9
LI<+H
l J�3J�KHWN��
;+5O5Â�Ã58;+@=5�F
3TB

t�FK58;GU/B ~F
B-7IHe7MBC;G�_HeY
587K9TBC7IH�Y
587m5=<+@=HCµ

�
LE7E7I�W3¡l�243K@8FK583?>G;+5 |~F | 583Êt�F
3K@8LI�W3SY
5
θ. � 2�:�LI<G>+5�F
3TBR<sHW7EFK@8LI�W3É9TBC;sB[>+H�Y
H θ583�>G;+5

0◦
Q

90◦
� N�2h7K�TBC;G;+583KY
58;+H�B'�WBC3�µ

U/B	@=HW3��_587IH�@8LIYKBWYAF
3
L)tuHW;GNO5Pl O
��y45Wº�¼Ãz�� ��� �

� ��l Jp3TB[9TBC;G>GDI@8F
7MBcY
5	NRBW<sB
M
Y
5=<+@'BC3K<sB

<+HW�
;+5�F
3Ê9
7MBC3KHcLE3K@87ELE3TBWY
H���FK5�t�HW;GNRB
F
3Ê�C3
�PF
7IH

α
@=HW3~7MB[�KHW;GLEU'HW3�>sBC7jl 8�L�587

@=H�5a�T@8LI583?>+5�Y
5X;+H�@=5X5=<+>s�C>GLI@=H%5=<
µe
�1583�µ

@8FK583�>G;+5�7MBONVDE3
LENRBRt½FK58;GU/BR�KHW;GLEU'HW3?>sBC7
~Fmin

>G;sBC3K<G�_58;+<sBC7�BA7MB¹9�583KY�LI583�>+5[Y
587
9
7MBC3KH
����FK5J<+5É;+5=�?F
LI58;+5J9TBC;sB ��FK5J7MB
9TBC;G>GDI@8F
7MBV@=HWNVLI583K@=5�B�NOH'�_58;+<+5Pl

��y45Wº�¼Ãz�� ��� �

np5=<G9
FK5=<G>sB��
Fmin =

{

Mg
√

µ2
e cos2 α − sin2 α

<GL
µe > tanα

0
<GL

µe < tanα
.



���������
	��
�������������������
���
��������� �!� ¾P¾ �
����l EXHW3K<GLIY
58;+5�F
369TBW�?FK58>+5P�hY
5cNRBW<}B

m
�

��FK5J<+5JNeFK58�_5r<+LE3�;+H�@=5JQ @=HW3�;sBC9
L)µ
Y
58U

v0
<+HW�
;+5-F
3TBV<+F
9�58;Ã�T@8LI5�Y
5-�
LI587IH
l

2436@8LI58;G>+HÉLE3K<G>sBC3�>+5A587X9TBW��FK58>+5A583?>G;sB
5836@=HW3?>sBW@8>+H @=HW3�587:>sBC�
7I58;+HJ�KHW;GLEU'HW3�µ
>sBC7XY
5VF
3 >G;GLE3K5=HÉY
5ONRBW<sB

M
�]��FK5[B

<GF �_58UO9
FK5=Y
5[Y
5=<+7ELEU/BC;+<+5O<GLE3S;+H�@=5O<sHCµ
�
;+5 587¡�
LI587IH
l

��y45Wº�¼Ãz�� ��� �

8�F
9�HW3
�?BJ�?FK5c587�@=H�5a�T@8LI583?>+5�Y
5c;+H�@=5c583?>G;+5�587:9TBW��FK58>+5cQS587:>G;GLE3K5=HÊ5=<
µ
Q �?FK5c587

9TBW��FK58>+5:<+5:Y
5=<G7ELEU/B%<+HW�
;+5:587�>G;GLE3K5=H-�TBW<+>sB��K3TBC7ENO583�>+5���FK5=YKBC;�583	;+589�HP<+H-@=HW3	;+5=<G9�5=@8>+H
B	´=<G>+5Pl
z�O Jp3TB��_58U��?FK5 587�9TBW��FK58>+5��?FK5=YKB	583c;+589�HP<+HV@=HW3A;+5=<G9�5=@8>+HOBC7Å>G;GLE3K5=H
� � @8FT�C7¡5=<:7MB�_587IH�@8LIYKBWY�Y
587¡>G;GLE3K5=H �
(PO � EoFT�C3?>+HÉ>GLI58NV9�HÊY
58NOHW;sB~587:9TBW��FK58>+5c583���FK5=YKBC;V583�;+589�HP<+HÉ@=HW3�;+5=<G9�5=@8>+HJBC7>G;GLE3K5=H �
wPO 24�PBC7EÇK5�587TNOHWNO583?>+H�7ELE3K5'BC7mY
587m9TBW�?FK58>+5%BC3?>+5=<XY
5���FK5�583?>G;+5%583R@=HW3?>sBW@8>+H�@=HW3[587
>G;GLE3K5=HpQ�@=HWNV9T�C;+587IH @=HW3�587�NOHWNO583?>+H-7ELE3K5'BC7�Y
587�@=HW3W�ÃF
3?>+H N½>G;GLE3K5=H%NR�W<�9TBW�?FK58>+5PO
F
3TB��_58Ue��FK5 587¡9TBW��FK58>+5�5=<G>s�	583�;+589�HP<+H	;+5=<G9�5=@8>+HOBC7¡>G;GLE3K5=H
l

N�247]NOHWNO583?>+HO7ELE3K5'BC7�Y
5-F
3¹HW���Ã58>+HR5=<�587Å9
;+H�Y�FK@8>+HRY
5�<GFANRBW<sB�Qq�_587IH�@8LIYKBWY Oal
�P¿�l EXHW3¹Y
HP<��
7IH���FK5=<�� Q���<s5�BC;GNRBC3¹7MBW<�@=HW3��K�PF
;sBW@8LIHW3K5=< �oQ � �X��FK5 <+5 LE3KY�LI@'BC3¹583�7MB

�K�PF
;sBcBWYC�ÃF
3?>sB�l�8�F
9�HW3
�?Bq��FK5e7MBW< @8FK58;+YKBW<%Q�9�HW7I5'BW<%>GLI583K583JNRBW<sBW< Y
5=<G9
;+5=@8LMBC�
7I5=<-Q
587Å@=H�5a�T@8LI583?>+5�Y
5%;+H�@=5

µ
5=<�@=HW3K<G>sBC3�>+5-Q[5=<�587ÅNVLI<GNOH	583�>G;+5 >+H�YKBW<:7MBW<�<+F
9�58;Ã�T@8LI5=<�583

@=HW3�>sBW@8>+H
l�247X�PBC7IHW;eY
5O7MBW<et½FK58;GU/BW<	BC9
7ELI@'BWYKBW<
FI
Q

FII
5=<�>sBC7X�?FK5[587��
7IH��?FK5O� <s5

N�FK58�_5 @=HW3q�_587IH�@8LIYKBWYc@=HW3K<G>sBC3?>+5e583cBCN��TBW<�<GLE>GFTBW@8LIHW3K5=<'l E:BC7I@8F
7I5-587Å@8FKH�@8LI583�>+5 583?>G;+5
587ÅNO��Y�F
7IHOY
5

FI
Q

FII
l

��y45Wº�¼Ãz�� ��� 


�#"�l EXHW3K<GLIY
58;+5RF
3S@8FK58;G9�H���FK5R@'BW5O583S7MB�BC>GNO�P<Ãtu58;sB�l]247:BCLE;+5R<+5OHW9�HW3K5[BC7�NOH'��LENVLI583?>+H
@=HW3AF
3TB�t�FK58;GU/BV��FK5 5=<�9
;+HW9�HW;+@8LIHW3TBC7�BC7¡@8FTBWY�;sBWY
HRY
5�7MB��_587IH�@8LIYKBWYÅ�K5=<�Y
5=@8LE;

~Froce = −kv~v , v = |~v| .
243K@8FK583�>G;+5�7MB	�_587IH�@8LIYKBWYA>+58;GNVLE3TBC7jl



���������
	��
�������������������
���
��������� �!� ¾P¾ �
�?À�l EoFTBC3KY
H	F
3A@8FK58;G9�H�@'BW5-583cF
3c7EDI�?F
LIY
H	Q[587 �KFW�GH	5=<:7MBCNVLE3TBC; N�5=<:Y
5=@8LE;'��3KH�5=<:>GF
;G�
F�µ

7I583�>+H)Oa�
587 �KF
DIY
HV<s5%HW9�HW3K5 BC7�NOH'��LENVLI583?>+HR@=HW3cF
3TB�t�FK58;GU/B��?FK5-5=<:9
;+HW9�HW;+@8LIHW3TBC7]Be7MB
�_587IH�@8LIYKBWYÅ�K5=<�Y
5=@8LE;

~Froce = −η~v , v = |~v| .

243K@8FK583�>G;+5�7MBJ�_587IH�@8LIYKBWY{>+58;GNVLE3TBC7jl
N�247�@=H�5a�T@8LI583?>+5
η
Y
589�583KY
5�Y
587 �KF
DIY
HÊQ6Y
5c7MB

tuHW;GNRB	Y
587]HW���G58>+H)Oal

�K¾Pl 8�5'B
µ
587�@=H�5a�T@8LI583�>+5VY
5e;+H�@=5�@8LE3K58NR�C>GLI@=H

��FK5XBW@8>GÇTBp583?>G;+5:7MBW<�<GF
9�58;Ã�T@8LI5=<�Y
5�7MB�NRB1µ
<sB

m
QÊ7MBW<e@8FUQTBW<�N½�_58;e�K�PF
;sB~BWYC�ÂF
3�>sB Oal

243�>G;+5%7MBW<o@8FUQTBW<XQO587�<GFK587IHe587�;+H�@=5%5=<o3?F�µ
7IH
l%8�F
9�HW3
�?B���FK5h587��WBC7IHW;]Y
587�;+H�@=5

µ
5=<¡>sBC7

��FK5p587Å<GLI<+>+58NRBe3KH	<+5-583K@8FK583�>G;sBV583A5=�?F
L)µ
7ELE�
;GLIH N�5=<�Y
5=@8LE;'�C7MBW<�@8FUQTBW<�<+5X<+589TBC;sBC3	Qe587
�
7IH��?FK5o�TB1�+B Oal)8�5'B

θ
587K�C3
�PF
7IH
�

M
7MBpNRB1µ

<sB�Y
5�7MBW<�@8FUQTBW<oQ
m
7MB-NRBW<sB�Y
587m�
7IH���FK5Pl

K-58>+58;GNVLE3K5:7MB%BW@=587I58;sBW@8LI�W3RY
587��
7IH���FK5
m
l

��y45Wº�¼Gz�� ��� �

� ��l 8�HW�
;+5	F
3r9
7MBC3KHcLE3K@87ELE3TBWY
H¹7ELI<+H
�Å��FK5�t�HW;Ãµ
NRBSF
3��C3
�PF
7IH

θ
@=HW3�7MBS�KHW;GLEU'HW3�>sBC7j��<+5

Y
5=<G7ELEU/BeF
3c�
7IH���FK5p9TBC;G>GLI583KY
HVY
587�;+589�HP<+H
l
K-5=<G9
FK´=<cY
5É;+5=@=HW;G;+58;AF
3TB Y�LI<G>sBC3K@8LMB

D
�

587Å�
7IH��?FK5 583�>G;sBO583AF
3�>G;sBCNOHO;GF
�_HP<+H
l
247
�
7IH��?FK5%<+5%Y
58>GLI583K5%7EFK58�_H�Y
5%;+5=@=HW;G;+58;:F
3TB
Y�LI<G>sBC3K@8LMB

D
583ÉY�LI@+�KH[>G;sBCNOH
l E:BC7I@8F
7I5�587

@=H�5a�T@8LI583?>+5%Y
5�;+H�@=5�@8LE3K´8>GLI@=H�583?>G;+5%587K�
7IHCµ
��FK5-Q[7MB	<+F
9�58;Ã�T@8LI5 ;GF
�_HP<}B�l

��y45Wº�¼Gz�� ��� �

¢e£���£ �-« ����©�ª���
 ¨­¨������ 
�«�¦ ��° �s«�¦�§ ��« � �+°h±"¨�¦

� � 
��������	� � 
	� � � � 
�� 
���

� �

��7�9TBW<sBC;�7MBO9
7MBC>sB1t�HW;GNRBR9�HW;�7MBO@8;+5=<+>sBOY
5�7MBR@=HW7ELE3TBO�TB'Q�Y
HP<�t�FK58;GU/BW<-BW@8>GFTBC3KY
H[<+HW�
;+5
7MBV@'B1�GB��
L Oc247]9�5=<+H
� ~W = −Mgẑ
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ẑ .

�]B�t�FK58;GU/BV@=583?>G;GDE9�58>sBVQq7MB�t½FK58;GU/BV3K58>sBVY
58��583�<s58;�LE�PFTBC7I5=<'�K5=<�Y
5=@8LE;'�K<s5->GLI583K5��?FK5

Fr − Mg = −Mv2

R
.

K%5=<+9�5Â�+BC3KY
H
Fr
<+5 HW�
>GLI583K5

Fr = Mg

(

1 − v2

gR

)

= 500
� (

1 − 142

9, 81 · 100

)

' 400
�

.

� � 
��������	� � 
	� � � � 
�� 
���
��

Áp�K<+58;G�_5%9
;GLENO58;+HV�?FK5P��BC7�NOH'�_58;+<+5-7MB�@8FUQTB��TBW@8LMB�7MB�Y
58;+5=@s�TB��
587m�
7IH���FK5
m
<+5pNOH'�_58;s�

583 Y�LMBC�_HW3TBC7CN½�TBW@8LMBJ7MBJY
58;+5=@s�TBÊQ �TBW@8LMB BC�TB1�ÃH)OalM8�5'B
~rm
587��_5=@8>+HW;RY
5A>G;sBW<G7MBW@8LI�W3 Y
5

m@8FTBC3KY
HO7MB	@8FUQTBV<+5->G;sBW<+7MBWYKBV583�F
3TB�NRBC�P3
LE>GFKY
s
l 8�5 >GLI583K5 N½�_58;:�K�PF
;sB �Kl �?À O:�?FK5

~rm = s(1 − cos α) x̂ − s sinα ŷ .
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N��Kl � O

8�5'B
τ
7MBÉ>+583K<+LI�W3{Y
5c7MBJ@8FK58;+YKBJQ ~R

7MB~t�FK58;GU/BJ�?FK5c7MBJ@8FUQTBJ5Â�G58;+@=5A<+HW�
;+5A587��
7IH��?FK5
m
l

K%58�
LIY
HAB[�?FK5e3KHR�TB'Q�;+H�@=5�583�>G;+5�7MBW<-<GF
9�58;Ã�T5=@8LI5=<'��5=<G>sBOt½FK58;GU/B[Y
5e;+5'BW@=@8LI�W3 ~R
5=<p3KHW;GNRBC7

BC7¡9
7MBC3KHVLE3K@87ELE3TBWY
H
l
�]B �K�PF
;sB �Kl �K¾ N�FK5=<G>G;sB�587�Y�LMBC�P;sBCNRB�Y
5
@8FK58;G9�Hc7ELE�
;+5�9TBC;sBq7MBRNRBW<sB

m
lm�]BW< @=HWNV9�HCµ

3K583?>+5=<��KHW;GLEU'HW3?>sBC7�Q-�_58;G>GLI@'BC7�Y
5�7MB:t�FK58;GU/B�3K5aµ
>sBV�?FK5�BW@8>GÇTBO<+HW�
;+5�587Å�
7IH��?FK5

m
<+HW3

F

�����
x = τ cosα − R sinα

N��Kl � O
Q

F

�����
z = −mg + τ sinα + R cos α ,

N��Kl � O
;+5=<G9�5=@8>GLE�PBCNO583?>+5Pl

��y 5Pº�¼Gz�� � � �

Jp<}BC3KY
H�7MB�<+58�PF
3KYKB�7I58Q[Y
5%�%58��>+HW3AQO7MBW<�5=@8FTBW@8LIHW3K5=< N��Kl � Oa� N��Kl � OoQ N��Kl � Oa�
<s5p583K@8FK583�µ
>G;sBC3�7MBW<�;+587MBW@8LIHW3K5=<

τ cos α − R sinα = ma (1 − cosα)
N��Kl � O

Q
−mg + τ sinα + R cos α = −ma sinα

N��Kl �#O
8�HW�
;+5 7MBV@8FUQTBOBW@8>GÇTBC3 �Vt½FK58;GU/BW</�
L Oc247Å9�5=<+H −Mgẑ
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;+5 7MB	@'BC;G�?B N½�_58;�9
;+HW�
7I58NRB���� O:5=<
~F (t) = q ~E(t) = E0 sin(ωt) x̂ .

Jp<sBC3KY
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3KYKB	7I58QcY
5��p58��>+HW3~HW�
>+583K58NOHP<�7MBW<�\Gw=º�z_w=y�iWk�\}`	b?\evOi * y½v	yu\8kTgjiP�

mẍ(t) = qE0 sin(ωt)

mÿ(t) = 0Q
mz̈(t) = 0 .

K%5�7MBW<�Y
HP<�Ç
7E>GLENRBW<'�
FK<}BC3KY
HV7MBW<�@=HW3KY�LI@8LIHW3K5=<pLE3
LI@8LMBC7I5=<�<+5 Y
5=Y�FK@=5���FK5

y(t) = z(t) = 0 ∀t ,

HO<+5'B��
587ÅNOH'��LENVLI583?>+Hq<+�W7IHVH�@8F
;G;+5eB�7IHV7MBC;G�_HOY
587�5Â�Ã5
x
l

�·3�>+58�P;+58NOHP<�7MB	9
;GLENO58;sBV5=@8FTBW@8LI�W3~Y
5-NOHCµ
��LENVLI583�>+H
l 8�5 >GLI583K5

ẋ(t) = ẋ(0) +

∫ t

0

qE0

m
sin(ωt) dt

= 0 − qE0

mω
cos(ωt)

∣

∣

∣

∣

t

0

=
qE0

mω
(1 − cos(ωt)) .

�]Bc9�HP<GLI@8LI�W3 Y
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H[7MBVÇ
7E>GLENRB
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x(t) = x0 +
qE0

mω

∫ t

0
(1 − cos(ωt)) dt

= 0 +
qE0

mω

(

t − 1

ω
sin(ωt)

)
∣

∣

∣

∣

t

0

=
qE0

mω2
(ωt − sin(ωt)) . �hy45Wº�¼Ãz�� � � �
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v0 = 80
��N��1�¡�h3KH

BW@8>GFTBC;s�A3
LE3
�PF
3TBqt�FK58;GU/BcY
5V;+H�@=5Pl EXHWNOH
7MB�>G;sB'Q_5=@8>+HW;GLMB	Y
587�BCF
>+HWNO�'��LE7Å5=<o@8LE;+@8F
7MBC;'�
<+5�>GLI583K5%�?FK5%587TNOH/��LENVLI583�>+HV5=<XBW@=587I58;sBWY
H
Q_�19�HW;�7IH�>sBC3�>+H
�P<+HW�
;+5o587�@=H�@+�K5�BW@8>GÇTBpF
3TB
t½FK58;GU/Be3K58>sB��TBW@8LMB�587�@=583?>G;+H�Y
5��PLE;+H

0
N½7MB

t½FK58;GU/BV@=583�>G;GDE9�58>sB Oa�

~Fc = −mv2
0

R
r̂ .

��y45Wº�¼Gz�� � � �

�]BW<	t�FK58;GU/BW<�¶·;+5'BC7I5=<Ã¸q��FK5�BW@8>GÇTBC3{<+HW�
;+5A587�BCF
>+H N½Q @8F
Q?BÊ<GF
NRBÉYKBC3{HW;GLE�_583 B~7MB~t½FK58;GU/B
@=583?>G;GDE9�58>sB O�<+HW3�7MB�t�FK58;GU/BVY
5-�P;sB'�_5=YKBWY

~Fg = −mg ẑ

Q[7MB�t�FK58;GU/B�3KHW;GNRBC7���FK5-7MB	@'BC;G;+58>+58;sBO5Â�G58;+@=5�<+HW�
;+5 587�@=H�@s�K5P�
~FN = FN cos θ ẑ − FN sin θ r̂ .

Ä�HW;%<GF
9�5=<+>+HV�?FK5
~Fc = ~Fg + ~FN ,

HO<+5'B��
−mv2

0

R
r̂ = −mg ẑ + FN cos θ ẑ − FN sin θ r̂ .

�·�PFTBC7MBC3KY
HR7MBW<�@=HWNV9�HW3K583�>+5=<p<s5 Y
5=Y�FK@=5��?FK5

FN cos θ = mg

Q
FN sin θ =

mv2
0

R
.

È]HWNRBC3KY
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θ
�

tan θ =
v2
0

Rg
.
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LI´83AF
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~Fr
�

~Fr = −Fr cos θ r̂ − Fr sin θ ẑ .
EoFTBC3KY
H�587�BCF
>+HWNO�'��LE7XB'�WBC3
U/BA@=HW3Ê�_587IH�@8LIYKBWYÊNR�%:�LENRB
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Fr = µeFN
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~Fc = −mv2
1

R
r̂ = −mgẑ + FN cos θ ẑ − FN sin θ r̂ − Fr cos θ r̂ − Fr sin θ ẑ ,HO<+5'B

−mv2
1

R
= −FN sin θ − Fr cos θQ

0 = −mg + FN cos θ − Fr sin θ .
EXHW3

Fr = µeFN
<+5 583K@8FK583?>G;sB

mv2
1

R
= FN (sin θ + µe cos θ)Q

mg = FN (cos θ − µe sin θ) .247ELENVLE3TBC3KY
H
FN
Q�Y
5=<G9TB1�GBC3KY
H
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v2
1 = Rg

(

v2
0 + Rgµe

Rg − µev
2
0

)

.
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0
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v2
2 = Rg

(

v2
0 − Rgµe

Rg + µev
2
0

)

.
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0
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8�5'B
v∗
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3J@8FK58;G9�HABWY
�?F
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5c�P;sB'�_5=YKBWY ~Fg = −mgẑ

QS7MB~t�FK58;GU/BÊY
5c;+H�@=5
~Froce = −kv∗ ~v∗ = kv2

∗ ẑ
l 8�5 >GLI583K5

~Fg + ~Froce = −mgẑ + kv2
∗ ẑ = 0 ,HO<+5'B��

v∗ =

√

mg

k
.
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K%583KHW>+58NOHP<p9�HW;
~a = −a ẑ

7MBOBW@=587I58;sB1µ
@8LI�W3 Y
587h�
7IH��?FK5

m
lÅ�]BW<�t½FK58;GU/BW<e�_58;Ãµ

>GLI@'BC7I5=<�<+HW�
;+5�587Å�
7IH���FK5
m
3KHP<pYKBC3A7MB

5=@8FTBW@8LI�W3~Y
5-NOH'��LENVLI583?>+H

−mg+2FN cos θ+2Fr sin θ = −ma .

EXHWNOH 7IHP<��
7IH���FK5=< 5=<+>s�C3 583 NOH'��L)µ
NVLI583?>+H[;+587MBC>GLE�_H
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Y
5�HW;GLE�_583¹@8LE3K58NR�C>GLI@=HOQc<+5->GLI583K5���FK5

Fr = µFN .
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−Fr cos θ + FN sin θ = MbY
HW3KY
5
b
5=< 7MBqNRBC�P3
LE>GFKY Y
5	7MBABW@=587I58;sBW@8LI�W3 Y
5	7MBW<�@8FUQTBW<'lÅ�]BW<eY
HP<�BW@=587I58;sBW@8LIHW3K5=<e3KHA<+HW3

LE3KY
589�583KY�LI583�>+5=<%<+LE3KHV�?FK5 5=<G>s�C3¹;+587MBW@8LIHW3TBWYKBW<�9�HW;
a

b
= tan θ .
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HR7MBcBW@=587I58;sBW@8LI�W3
a
HW�
>+5aµ

3K58NOHP<
a = g

(

1 + 2
M

m
· cos θ

sin θ
· cos θ + µ sin θ

sin θ − µ cos θ

)−1

.

Ä�BC;sB
µ = tan θ
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F1 = mg sin θ
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F2 = −F1

Y
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fr = −2 F1 = −2mg sin θ .
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fr = −µc mg cos θ .
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µ = 2 tan θ .


