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<1:ZN:LkO9O:

@=IYQRIR:MH�>?PoBDp-I\�]GO:@=IYQ\VJ:M9p5BR:M9g:MHs:LK�>?P1:MQRI
P1IYQRI�N: ~A

b	>1:MP?Q\VF9`B�:M9�:MH�:LKd>?P1:MQRI�BD�SGp5B7�
NIAN: ~B

e�8f<?>oB_N:LkO9VJ@MVJXY9�<1:	@=IY9OIq@=:\@=IY9%:MH
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p5BD9ONIR:MHs>1:=IYP1:MQTB\N:v£fVF>o�D�iIYPoBY<

C =
√

A2 + B2 =
√

9 + 16 = 5 Z Q .
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B	HJIS<ZCG9]>1:MP1IS<�N:MHsP1:MHJID�=jHFGO:M�iI
tanφ = −3

4
= 0,75 ,

:=<xN:=@MVFP-j
φ = − 36,9◦ .

� GO:n:MHx�D9�SGHJI
φ
<o:-Bg9O:M�]BD>?VF[iI'<?VF�S9V/k`@-B��qGO:_:=<?>o�gQR:=NdVJNI':M9m:MH Q\VJ<?QRIa<1:M9]>?VJNI'N:nHJIS<

CG9]>1:MP1IS<+N:MHsP1:MHJID�Me

£�P1IYCVJ:=NOBYN:=<�N:vHUB	<?GQTB\N:3[i:=@M>1IYP1:=<-e
Vº¢ � IY9Q�G>oBD>?VF[qVJNOBYN�� ~A + ~B = ~B + ~A .
VFVº¢ 1+<1I�@MVUBD>?VF[qVJNOBYN�� ~A + ( ~B + ~C) = ( ~A + ~B) + ~C .
VFVFVº¢_8(KdVJ<?>1:3G9g[i:=@M>1IYP�9]GHJI\>oBDH}�qGO: ~A +~0 = ~A .
VF[O¢_£(BDPoB\@-BYNOB�[i:=@M>1IYP ~A

:LKdVJ<?>1:3G9A[i:=@M>1IYPxIYCGO:=<?>1Ij`�]GO:3N:M9OIY>oBDP1:MQRIS<xCWIYP − ~A
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~A + (− ~A) = ~0 .
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α| ~A| jd@MGbiI\<1:M9]>?VJNIT@=IYVF9O@MVJN:@=IY9g:MHsN: ~A
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α > 0
b�:=<

IYCGO:=<?>1ITBDH}N:´=<?>1:�<?V
α < 0

e
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β
NIS<Z9q±QR:MP1IS<�P1:-BDHJ:=<�b ~A

b ~B
NIS<Z[i:=@M>1IYP1:=<5j`:M9]>1IY9O@=:=<��

Vº¢
α( ~A + ~B) = α ~A + α ~B

e
VFVº¢

(α + β) ~A = α ~A + β ~A
e

VFVFVº¢
(αβ) ~A = α(β ~A)
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HJIS<©:LKd>?P1:MQRIS<©N:MH�[i:=@M>1IYPrN:=<?CHUBDp5BDQ\VJ:M9]>1I	<1I « P1:�:MH�:��?:
x
jq<1:�I « >?VJ:M9O:M9nHJIS<�CG9q>1IS<

xP

b
xQ

e
�}BRNdV , :MP1:M9O@MVUB

xQ − xP
<1:3HFHUBDQTBh½1�Y³�®d�Y���M�`¾ �	½1¯Y�M¾ ��²�� ¯Y��¯

x
N:MH¤[i:=@M>1IYP

∆~r
e��+:vHUB	Q\VJ<?QTB

,¿IYP?QTBdjHUBY<xHFEF9O:-BY<xCW:MP?C�:M9ONdVJ@MGHUBDP1:=<3BDHs:��¥:
y
jd>?PoBDp5BYNOBY<�N:=<oN:HJIS<x:LKd>?P1:MQRIS<�N:MHs[i:=@M>1IYP

∆~r
j

N:LkO9O:M9h<?Gg@=IYQ\CWIY9O:M9]>1:�@-BDP?>1:=<?VUBD9`B
y
jIT<1:-Bdj

∆~r = (xQ − xP , yQ − yP ) .

0 :-B ~A = (Ax, Ay)
G9�[i:=@M>1IYPa@MG`BDHJ�qGVJ:MPoB

N:MHCHUBD9OI
xy
jY@=IY9R@=IYQ\CWIY9O:M9]>1:=<©@-BDP?>1:=<?VUBD9`BY<

Ax

b
Ay

eq8(KdCP1:=<1:MQRIS< HUBY<©@=IYQ\CWIY9O:M9]>1:=<ZN:MH
[i:=@M>1IYPf:M9 ,�G9O@MVJXY9\N:Z<?G	QTBD�S9VF>?GON	b�N:MHO�D9d�
�SGHJI

θ
�]GO: ,¿IYP?QTB@=IY9�:MH`<1:MQ\VJ:��?:

x
CWIS<?VF>?VF[iIe

�}B�kO�SGPoBR de Á Q�GO:=<?>?PoB\�qGO:

Ax = A cos θ Ay = A sin θ ,

NIY9ON:

A = | ~A| =
√

(A2
x + A2

y)
b

tanφ =
Ay

Ax
.
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�+:�:=<?>oB	QTBD9O:MPoBdj�G9�[i:=@M>1IYP+:M9�G9gCHUBD9OIn�]GO:=NOBRN:M>1:MP?Q\VF9`BYNIn<1V}<1:v@=IY9OI�@=:M9h<?GO<�@=IYQ\C�ID�
9O:M9]>1:=<Z@-BDP?>1:=<?VUBD9`BY<-jdI�<?VW<1:�@=IY9OI�@=:3<?G�QTBD�S9VF>?GON

A
bT:MH��D9�SGHJI	�]GO:�, IYP?QTB�@=IY9_:MH�<o:MQ\VJ:��¥:

x
CWIS<?VF>?VF[iI���P1:M, :MP?VJNIS<+B\G9h<?VJ<?>1:MQTBTN:v@=I�IYP1N:M9`BYNOBY<+NOBYNI]¢Le��sIS<�9]±QR:MP1IS<

(A,φ)
P1:=@MV « :M9

:MHs9OIYQ « P1:�N:R½1�-�Y�?°]�L��¯]°i¯D²x®�L4/¯S�?��²xN:MH�[i:=@M>1IYP ~A
e

@&?�C*EGF H^?DI��  � EG; H �VF I e
1�HWNdVF[qVJNdVFP G9T[i:=@M>1IYP ~A

CWIYP <?G�QTBD�S9VF>?GON_<1:�I « >?VJ:M9O:+G9T9qGO:M[iI�[i:=@M>1IYP
â
j]N:�QRXqNdGHJI�G9OIj

@MGb]B\NdVFP1:=@=@MVJXY9�b_<1:M9]>?VJNIT@=IYVF9O@MVJN:M9h@=IY9hBY�qGO:MHFHJIS<xN:MHs[i:=@M>1IYP ~A
eO8�9g:M, :=@M>1Ij

â =
~A

A
=

(

Ax

A
,
Ay

A

)

|â| =
√

(Ax/A)2 + (Ay/A)2 =

√

A2
x + A2

y

A2
= 1 .

1^@-BYNOBZ[i:=@M>1IYP}<1:�HJ:(CGO:=N: BY<1Iq@MVUBDP}G9[i:=@M>1IYP}G9VF>oBDP?VJIe58�K�VJ<?>1:M9sj5<?VF9�:MQ « BDP?�iIj5>?P1:=<s[i:=@M>1IYP1:=<
G9VF>oBDP?VJIS<+�qGO:QR:MP1:=@=:M9hQR:M9O@MVJXY9�:=<?CW:=@MVUBDH¬e`8�<?>1IS<�<1IY9�HJIS<x[i:=@M>1IYP1:=<+G9VF>oBDP?VJIS<

x̂, ŷ
b

ẑ
�qGO:

BDCG9]>oBD9;:M9 <1:M9q>?VJNI'CWIS<?VF>?VF[iIa<1I « P1:A@-BYNOB�G9OI'N:_HJIS<\:��¥:=<\@=I�IYP1N:M9`BYNIS<RN:_G9m<?VJ<?>1:MQTB
@-BDP?>1:=<?VUBD9OIT:M9A>?P1:=<�NdVFQR:M9O<?VJIY9O:=<-e



���������
	����������������������������������� ��!"��#���$�
���%���&�'���(�
�� ���

�}BZkO�SGPoB� de � Q�GO:=<?>?PoBxHUB�N:=<1@=IYQ\CWIS<?VJ@MVJXY9�N:
G9�[i:=@M>1IYPvBDP « VF>?PoBDP?VJI ~A

:M9aHUBT<1GQTBTN:�>?P1:=<
[i:=@M>1IYP1:=< �]G9�[i:=@M>1IYP

Axx̂
j]C`BDPoBDHJ:MHJI�BDH�:��¥:

x
j

IY>?P1I
Ay ŷ

C`BDPoBDHJ:MHJI�BDHO:��?:
y
b�G9\>1:MP1@=:MP1I

Az ẑC`BDPoBDHJ:MHJI�BDHs:��?:
z
eO8f<xN:=@MVFP-j

~A = Ax x̂ + Ay ŷ + Az ẑ .

µ��/�Y¶��?¯�·�¸��
� H7F2=U9 C*EGF<?DI C ;/TV; H F�S H^F2=�9 C*EGF<SU9  EGF<= ?�= F5I �5?�C*EGF H^?DI
0 :-BD9

~A = (Ax, Ay, Az) = Axx̂ + Ay ŷ + Az ẑ

b
~B = (Bx, By, Bz) = Bxx̂ + Byŷ + Bz ẑ

NIS<�[i:=@M>1IYP1:=<\BDP « VF>?PoBDP?VJIS<-e 0 :�N:LkO9O:�:MH�®��?���
°Y¶d½-¾¬��®�¶��`¾¬��:M9]>?P1:�HJIS<+[i:=@M>1IYP1:=< ~A

b ~B
QR:L�

NdVUBD9]>1:vHUBR:LK�CP1:=<?VJXY9
~A · ~B ≡ | ~A| | ~B| cos γ ,

µ��/�Y¶��?¯�·�¸��

NIY9ON:
γ
:=<x:MH}�D9�SGHJIT:M9]>?P1:vHJIS<�NIS<Z[i:=@M>1IYP1:=<���[i:MPZkO�SGPoBT de
	S¢Le

�3:xHUBvN:LkO9VJ@MVJXY9_<1:xN:=<1CP1:M9ON:��qGO:x:MH`CP1I�NdGO@M>1IvCG9q>1I�N:�NIS<f[i:=@M>1IYP1:=<r:=<fG9�9]±QR:MP1I
P1:-BDH¬e*1ZN:MQT�Y<-jDb�:=<?>1I3:=< Q�Gb�VFQ\C�IYP?>oBD9q>1:SjS:=<(VF9ON:MC�:M9ONdVJ:M9q>1:xN: HUB+IYP?VJ:M9]>oBY@MVJXY9TN:MH<?VJ<?>1:MQTB
N:v@=IqIYP1N:M9`BYNOBY<5e/Y�<�BD9ONI\HUB	N:LkO9VJ@MVJXY9hN:3CP1I�NdGO@M>1IRCG9q>1IR:=<ZVF9QR:=NdVUBD>1IT�qGO:

x̂ · x̂ = ŷ · ŷ = ẑ · ẑ = 1

b
x̂ · ŷ = x̂ · ẑ = ŷ · ẑ = 0 .

_ >?PoBY<�@-BDPoBY@M>1:MP?EJ<?>?VJ@-BY<�VFQ\C�IYP?>oBD9q>1:=<�N:MHsCP1I�NdGO@M>1I\CG9q>1IT<1IY9g<?Gg@=IY9Q�G>oBD>?VF[qVJNOBYN
~A · ~B = ~B · ~A

bnNdVJ<?>?P?V « G>?VF[�VJNOBYN
~A · ( ~B + ~C) = ~A · ~B + ~A · ~C .
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8�[YBDHFGO:MQRIS<�:MH¤CP1I�NdGO@M>1I_CG9]>1IA:M9q>?P1:	HJIS<+NIS<+[i:=@M>1IYP1:=< ~A

b ~B
:M9a>1´MP?Q\VF9OIS<vN:�<?GO<3@=IqIYP¥�

N:M9`BYNOBY<-e 0 :>?VJ:M9O:
~A · ~B = (Axx̂ + Ay ŷ + Az ẑ) · (Bxx̂ + By ŷ + Bzẑ)

= AxBx x̂ · x̂ + AxBy x̂ · ŷ + AxBz x̂ · ẑ + AyBx ŷ · x̂ + AyBy ŷ · ŷ +

+AyBz ŷ · ẑ + AzBx ẑ · x̂ + AzBy ẑ · ŷ + AzBz ẑ · ẑ
= AxBx + AyBy + AzBz .

+�:=<?GQR:M9 ��8�H�QRXqNdGHJI	N:xG9n[i:=@M>1IYPrb\HUB�<1GQTBvb\CP1I�NdGO@M>1I�CG9q>1I	N:�NIS< [i:=@M>1IYP1:=< [qVJ:M9O:M9
NOBYNIS<xCWIYP

| ~A| =
√

A2
x + A2

y + A2
z

~A + ~B = (Ax + Bx, Ay + By, Az + Bz) = (Ax + Bx) x̂ + (Ay + By) ŷ + (Az + Bz) ẑb
~A · ~B = | ~A|| ~B| cos γ = AxBx + AyBy + AzBz .

��IY>1:r�qGO:�HUB�±HF>?VFQTB+:LK�CP1:=<?VJXY9�CW:MP?Q\VF>1: :M[SBDHFG`BDP�:MHd�D9�SGHJI3:M9q>?P1: NIS< [i:=@M>1IYP1:=<�<?Vd<1: @=IY9OIq@=:M9
<?GO<x@=IYQ\CWIY9O:M9]>1:=<+@-BDP?>1:=<?VUBD9`BY<-e

PRQ ?�:<SUTVF
8�[YBDHFGO:MQRIS<(9qGO:M[YBDQR:M9q>1:Z:MH��D9�SGHJI3:M9]>?P1:rNIS<
NdVUBD�iIY9`BDHJ:=<�N:3G9�@MG « Ie
0 :-B ~A

:MHi[i:=@M>1IYP BrHJIrHUBDP?�iIxN:�HUBrNdVUBD�iIY9`BDH��]GO:
G9O::MH�CG9q>1Ig� � j � j � ¢ @=IY9A:MH�CG9q>1Ig�¥¡SjF¡SjF¡5¢©b
~B
:MH�[i:=@M>1IYP\BAHJIgHUBDP?�iI�N:RHUB�NdVUBD�iIY9`BDHZ�]GO:

G9O:T:MHfCG9q>1I^�¥¡Sj � j � ¢v@=IY9�:MHfCG9q>1I^� � jF¡SjF¡5¢Le
�sIS<3[i:=@M>1IYP1:=< ~A

b ~B
j�C�IYP+HJIn>oBD9]>1IjWCGO:=N:M9

:=<1@MP?V « VFP1<1:Z:M9R@=I�IYP1N:M9`BYNOBY<�@-BDP?>1:=<?VUBD9`BY<fN:rHUB
,¿IYP?QTB

~A = x̂ + ŷ + ẑ
b ~B = −x̂ + ŷ + ẑ . µ��/�Y¶��?¯�·�¸��

8�[YBDHFGO:MQRIS<+:MH�CP1I�NdGO@M>1I\CG9]>1I�N::=<?>1IS<xNIS<x[i:=@M>1IYP1:=<5e 0 :3>?VJ:M9O:
~A · ~B = | ~A| | ~B| cos γ =

√
3
√

3 cos γ ,
NIY9ON:

γ
:=<Z:MH��D9�SGHJI\:M9]>?P1:3HJIS<rNIS<r[i:=@M>1IYP1:=<v�¿I	<1:-Bdjd:MHs�D9�SGHJI	:M9]>?P1:3HUBY<ZNIS<rNdVUBD�iIY9`BDHJ:=<�¢Le

£¤IYP+IY>?PoB	C`BDP?>1:SjGO<oBD9ONIR@=I�IYP1N:M9`BYNOBY<�@-BDP?>1:=<1VUBD9`BY<
~A · ~B = 1 · (−1) + 1 · 1 + 1 · 1 = 1 .

�+:vHUBY<xNIS<x:=@MG`BY@MVJIY9O:=<�BD9q>1:MP?VJIYP1:=<�<o:N:=NdGO@=:��qGO:
cos γ = 1/3

j`I\<1:-Bdj
γ = 70,53◦

e
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tvu��3u ������z��
	r|��1{�

�}B��i:M9O:MPoBDHFVFp5BY@MVJXY9%N:�HJIS<3@=IY9O@=:MC>1IS<N:�HUB�@MVF9O:MQT�D>?VJ@-BnN:�G9`BnBTNIS<+bg>?P1:=<3NdVFQR:M9O<?VJIY9O:=<
:=<xNdVFP1:=@M>oBde

0 GC�IY9�]BDQRIS<�qGO:
~r (t)

P1:MCP1:=<1:M9]>oB�HUB\CWIS<?VJ@MVJXY9aN:�@MVJ:MP?>oBTC`BDP?>?EJ@MGHUBdeW8�9]>1IY9O@=:=<<?Gh[i:L�
HJIq@MVJNOBYNAbABY@=:MHJ:MPoBY@MVJXY9^��VF9O<1>oBD9]>o�D9O:-Bi¢x[i:M9ONdPo�D9�NOBYNOBY<xCWIYP

~v(t) = ~̇r (t) = ĺım
∆→0

~r(t + ∆) − ~r(t)

∆b
~a(t) = ~̇v(t) = ~̈r (t) = ĺım

∆→0

~v(t + ∆) − ~v(t)

∆
.

�+:vHUB	:LK�CP1:=<?VJXY9�BD9]>1:MP?VJIYP�<o:N:=NdGO@=:v�]GO:<1V
~r (t) = x(t)x̂ + y(t)ŷ + z(t)ẑ ,

NIY9ON:
x(t)

j
y(t)

b
z(t)

<1IY9AHUBY<x@=IYQ\CWIY9O:M9]>1:=<+N:MH�[i:=@M>1IYP�N:3CWIS<?VJ@MVJXY9sjO:M9]>1IY9O@=:=<
~v(t) = ẋ(t)x̂ + ẏ(t)ŷ + ż(t)ẑ ,

Ix<1:-BdjMC`BDPoBZ:M9O@=IY9q>?PoBDP¤HUBr[i:MHJI�@MVJNOBYNv<1:(CGO:=N:�N:MP?VF[YBDP @-BYNOBZ@=IYQ\C�IY9O:M9q>1:�N:MHi[i:=@M>1IYP}C�IS<?VJ@MVJXY9
C�IYP�<o:MC`BDPoBYNIe

. 9q>?P1IqNdGp-@-BDQRIS<	>oBDQ « VJ´M9 :MH©@=IY9O@=:MC>1IaN:h¼D�M4F�-½M� °i¯i°'�1�M4F¯S¾¿��¼7¯Se 0 GC�IY9�]BDQRIS<	�qGO:TG9`B
C`BDP?>?EJ@MGHUB

A
<1:+Q�GO:M[i:@=IY9A[i:MHJI�@MVJNOBYN

~vA

b�IY>?PoB�C`BDP?>?EJ@MGHUB
B
@=IY9_[i:MHJI�@MVJNOBYN

~vB

jd:M9]>1IY9O@=:=<
HUB	[i:MHJIq@MVJNOBYN�@=IY9��]GO:

A
I « <1:MP?[SB\�]GO:<o:3Q�GO:M[i:

B
j�[�VJ:M9O:vNOBYNOB	CWIYP

~v = ~vB − ~vA .

0 :vNdVJ@=:v�qGO:��
~v
:=<xHUB	[i:MHJIq@MVJNOBYNgP1:MHUBD>?VF[YB\N:

B
P1:=<?CW:=@M>1ITB

A
�oe

PRQ ?�:<SUTVFXW
0 GC�IY9�]Bh�]GO:�HUBg@=IYP?P?VJ:M9q>1:_N:TG9^@-BD9`BDH©>?VJ:M9O:�G9`Bg[i:MHJI�@MVJNOBYN^N:h¡ � Z Q��7¨�:M9�NdVFP1:=@=@MVJXY98f<?>1:SeDY�9R>?PoBD9O< « IYP1NOBYNIYP�9`B-[i:M�]B�:M9THUBvNdVFP1:=@=@MVJXY9�N:

30◦
�+IYP1Iq:=<?>1:SjqB3G9`B[i:MHJI�@MVJNOBYNTN: ���

Z Q��7¨OIYPoB�@=IY9_P1:=<?CW:=@M>1I�B�HUB�@=IYP?P?VJ:M9]>1:N:MH�@-BD9`BDH(��[i:MP kO�SGPoB	 de ) ¢Le/[ � G`�DH�:=<©HUB�[i:MHJIq@MVJNOBYNnbNdVFP1:=@=@MVJXY9hN:MHs>?PoBD9O< « IYP1NOBYNIYP�<1:M�S±9�G9gI « <1:MP?[YBYNIYP�<?VF>?G`BYNIR:M9gHUB�P?V « :MPoB \£ BDPoB'P1:=<1IYHF[i:MPR:MHZCP1I « HJ:MQTBaVF9]>?P1I�NdGO@MVFP1:MQRIS<RG9 <1VJ<?>1:MQTB�N:A@=IqIYP1N:M9`BYNOBY<
x̂, ŷ

@MGbiI
IYP?VF�i:M9

O′
<1:�Q�GO:M[i:©�¥G9]>1I\BDHsBD�SG`B�N:MH�@-BD9`BDH¬ed£(BDPoB	:MH�I « <1:MP?[SBYNIYP

O′
j�G9�CG9q>1I�kS�¥I�:M9�HUB

IYP?VFHFHUB\<1:3Q�GO:M[i:�@=IY9g[i:MHJI�@MVJNOBYN
~vA = [−10, 0] Z Q��7¨

Q\VJ:M9]>?PoBY<+�]GO::MHs>?PoBD9O< « IYP1NOBYNIYP�<o:vBDHJ:��?B\@=IY9AG9`B\[i:MHJIq@MVJNOBYN
~vt = [−20 sin(30◦), 20 cos(30◦)] Z Q��7¨ = [−10, 10

√
3] Z Q��7¨ .
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µ��F�Y¶q�?¯_·q¸��

µf�F�Y¶��¥¯_·�¸º¹��
��GO:M�iIj]HUBv[i:MHJIq@MVJNOBYNn@=IY9��qGO:x:MH�I « <1:MP?[YBYNIYP©C`BDPoBYNI�:M9�HUBvIYP?VFHFHUB�:M9�:MH`CG9q>1I

A
[i:�BDHJ:��1BDP1<1:

BDHs>?PoBD9O< « IYP1NOBYNIYP��¿IR<1:-BdjdHUB	[i:MHJI�@MVJNOBYNAP1:MHUBD>?VF[SB\:M9]>?P1:�:MHs>?PoBD9O< « IYP1NOBYNIYPxb�HUBRIYP?VFHFHUBi¢LjO<1:MPo�

~v = ~vt − ~vA = [0, 10
√

3] Z Q��7¨ = 10
√

3 ŷ Z Q��7¨ .

1�9`BDHFVJ@=:MQRIS<gBD¨OIYPoB�:MH�CP1I « HJ:MQTB^N:�IY>?PoB , IYP?QTBde 0 GCWIY9�]BDQRIS<A�qGO:g9OIS<nNOBDQRIS<�G9
VF9]>1:MP?[SBDHJITN:3>?VJ:MQ\CWITBDP « VF>?PoBDP?VJIjOCWIYPx:��¥:MQ\CHJIj}¡3¨OIYPoBg��C�IYP1�qGO::=<x:MH�QT�Y< ,¬�Y@MVFH}N:3GO<oBDPx:M9
:=<?>1:�@-BY<1I]¢f:xVFQTBD�SVF9O:MQRIS<r�qGO:�NdGPoBD9]>1:+:=<1:�VF9]>1:MP?[SBDHJI�HUB�@=IYP?P?VJ:M9]>1:3N:MH�@-BD9`BDH�:=<?>o�vN:M>1:M9VJNOBde
� BDHJ@MGHUBDQRIS<\:MH©N:=<?CHUBDp5BDQ\VJ:M9q>1I�N:MH >?PoBD9O< « IYP1NOBYNIYP�:M9^:=<?>1:n@-BY<1Ie}8�9�G9`Bg¨OIYPoBh:MH�, :MP?P?b
<1:AN:=<?CHUBDp5B ��� Z Q N:=<1N:

O
¨`BY<?>oBa:MHxCG9]>1I

P ′
e�8�9;<1:M�SGVJNOB%`¦b^<?VJ:MQ\CP1:�:M9m9]GO:=<?>?PoB

VFQTBD�SVF9`BY@MVJXY9 `�N:��¥:MQRIS< » GVFPHUB_@=IYP?P?VJ:M9]>1:RN:MHf@-BD9`BDHfNdGPoBD9q>1:\G9`Bn¨OIYPoBdjWC�:MP1IgBD¨OIYPoB_@=IY9
:MH , :MP?P?bhN:M>1:M9VJNI%�¿N:��1BD9ONIA�qGO:�<1VFQ\CHJ:MQR:M9]>1: » IY>1:	:M9aHUB_@=IYP?P?VJ:M9]>1:5¢Les8fH(N:=<1CHUBDp5BDQ\VJ:M9]>1I
N: « VJNIgBDH�BDP?PoBY<1>?P1:\N:MH(@-BD9`BDH(HFHJ:M[SBDPo�ABDH�,¿:MP?P?b�N:=<oN:�:MH(CG9q>1I

P ′
¨`BY<?>oB

P
�¥¡ � Z Q"¨`BY@MVUB

HUB\N:MP1:=@1¨`Bi¢Lj�@=IYQRI\QRIS<?>?PoBDQRIS<�:M9�HUB�kO�SGPoBR deF¡ � e
8�H�N:=<?CHUBDp5BDQ\VJ:M9]>1IR>1IY>oBDH�N:MH , :MP?P?bT:=<©:MHW[i:=@M>1IYPZN:

O
¨`BY<1>oB

P
e�8f<?>1:3N:=<?CHUBDp5BDQ\VJ:M9q>1Ij

@=IYQRIR:=< ,¬�Y@MVFH}N:N:MQRIS<?>?PoBDP-j`@=IYVF9O@MVJN:�@=IY9�:MHs�]GO:�:MH ,¿:MP?P?bn¨]G « VJ:=<1:v>1:M9VJNIT:M9AG9`B	¨OIYPoB\<1V
HJIS<ZNIS<©QRI5[qVFQ\VJ:M9q>1IS<Z¨]G « VJ:=<o:M9g:=<?>oBYNI�CP1:=<1:M9]>1:=<Z<?VFQ�GHF>o�D9O:-BDQR:M9]>1:Se�8f<rN:=@MVFP-jqC`BDPoB�P1:=<1IYH/�
[i:MPx:MH�CP1I « HJ:MQTB	C�I�N:MQRIS<xN:=<1@=IYQ\CWIY9O:MP�:MH�QRI5[qVFQ\VJ:M9q>1IT:M9gNIS<rQRI-[�VFQ\VJ:M9]>1IS<+<1:MC`BDPoBYNIS<-j
@=IY9�i:MHUBD9ONI\G9OI�bTIY>?P1I	<?GO@=:=<?VF[SBDQR:M9]>1:Se8�HWQRI-[�VFQ\VJ:M9]>1IR>1IY>oBDHW:=<rHUBR²�¶5®�L� ®d�D²L�¿½=�¿ÀY��N:3BDQ	�
« IS<�QRI-[�VFQ\VJ:M9]>1IS<-e(8f<?>oBgIYC�:MPoBY@MVJXY9sj <1XYHJIACWIS<?V « HJ:T:M9¦HUBAVFQTBD�SVF9`BY@MVJXY9sj(BDP?P1ID�?BgHJIS<vQ\VJ<?QRIS<
P1:=<?GHF>oBYNIS<��qGO:<1:I « <1:MP?[SBD9�:M9gHUB�[�VJNOB�P1:-BDH¬e
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�3:MQRIS<ZIY>?P1I�:��?:MQ\CHJI	N:MH�GO<1I�N:MH�CP?VF9O@MVFCVJI\N:�<?GCW:MP?CWIS<?VJ@MVJXY9se � IY9O<1VJN:MP1:MQRIS<ZG9_BD9V/�
HFHJI��qGO:AP?GO:=NOBl�¿<?VF9;P1:=< « BDHUBDP�¢RCWIYPTG9`B%<1GC�:MP¥k`@MVJ:h¨OIYP?VFp-IY9]>oBDH@=IY9;[i:MHJI�@MVJNOBYNl@=IY9O<?>oBD9]>1:Se
J}IYQR:MQRIS<�G9%CG9]>1Ih@MG`BDHJ�]GVJ:MPoB�<1I « P1:R:MH©BD9VFHFHJI�baBD9`BDHFVJ@=:MQRIS<�<?G%QRI5[qVFQ\VJ:M9q>1Ie¤£(BDPoBAG9
I « <1:MP?[YBYNIYP

O
:M9'P1:MC�IS<oI_P1:=<?C�:=@M>1IgBnHUB_<1GC�:MP¥k`@MVJ:Sjs:MH�QRI5[qVFQ\VJ:M9q>1IhN:MH�CG9q>1IA>1:M9ONdPo�_G9

BY<?C�:=@M>1In@=IYQ\CHFVJ@-BYNIe 0 VF9�:MQ « BDP?�iIjWBDH¤>?PoBY<?HUBYNOBDP?9OIS<+G9V ,¿IYP?QR:MQR:M9q>1:\@=IY9�HUBRQ\VJ<?QTBR[i:MHJID�
@MVJNOBYNh�qGO:�:MH(@=:M9]>?P1InN:MH(BD9VFHFHJIj�:MH}QRI5[qVFQ\VJ:M9q>1IAN:MH}CG9q>1In<o:v>1IYP?9`BDPo�TQ�Gb�<?VFQ\CHJ:���:=<�G9
QRI-[�VFQ\VJ:M9]>1IA@MVFP1@MGHUBDP+G9V ,¿IYP?QR:Se 1+<?E¬jO:MH QRI-[�VFQ\VJ:M9]>1I_@=IYQ\CHFVJ@-BYNI_�]GO:�I « <1:MP?[SB

O
<1:vCGO:L�

N:\N:=<1@=IYQ\C�IY9O:MP�:M9aNIS<vQRI-[�VFQ\VJ:M9]>1IS<�<1VFQ\CHJ:=<-jWG9'QRI-[�VFQ\VJ:M9]>1IgN:	>?PoBY<1HUBY@MVJXY9%G9V ,¿IYP?QR:
<?GC�:MP?CGO:=<1>1ITB�G9gQRI-[�VFQ\VJ:M9]>1In@MVFP1@MGHUBDPxG9V , IYP?QR:T��[i:MPxCP1I « HJ:MQTB�¡- 	N:HUB	<1:=@=@MVJXY9h de  i¢Le

� ;�� =�;<T	��� H^?
]BDHFVFHJ:=I ,¿GO:�:MHWCP?VFQR:MP1I\:M9A@=IY9O<?VJN:MPoBDPZHUB�@-BDEJNOB	N:+G9`B�C`BDP?>?EJ@MGHUB	@=IYQRI�G9`B	<?GCW:MP?CWID�

<?VJ@MVJXY9�N:NIS<xQRI5[qVFQ\VJ:M9q>1IS<-e
�}BgkO�SGPoBh deF¡S¡Sj(BAHUB�VFp-�]GVJ:MP1NOBdj¤Q�GO:=<1>?PoB�HUBgC�IS<1VJ@MVJXY9^N:TG9`BgCW:MHJIY>oBg:M9�@-BDEJNOBgHFV « P1:

NdGPoBD9]>1:\[SBDP?VJIS<3VF9O<?>oBD9]>1:=<�:=�]GVJ:=<?C`BY@MVUBYNIS<5e21 HUBnN:MP1:=@1¨`BA<o:�Q�GO:=<?>?PoB_HUBn<?VF>?G`BY@MVJXY9%�qGO:�<o:
I « <1:MP?[YB+<?V�:MH@MGO:MP?C�I3BYN:MQT�Y<(VF9VJ@MVUBDHFQR:M9]>1:Z>?VJ:M9O:©G9`B�[i:MHJIq@MVJNOBYN�¨OIYP?VFp-IY9q>oBDH¬ei�}B�>?PoB=bi:=@M>1IYP?VUB
:M9g:=<?>1:@-BY<1I\:=<rG9`B�C`BDPo� « IYHUBde/1�9q>1:=<xN: ]BDHFVFHJ:=IjHJIS< kOHJXS<oI^,¿IS<x<o:+:=<-,¿IYP?p5BDP1IY9AQ�GO@1¨OIRC`BDPoB
VF9]>1:M9]>oBDP	:LKdCHFVJ@-BDP�:=<?>1:	QRI5[qVFQ\VJ:M9q>1IeR]vBDHFVFHJ:=Ig@=:M9]>?P1Xh<?G'VF9]>1:MP1´=< « GO<1@-BD9ONIgHUBgN:=<1@MP?VFC�@MVJXY9
QT�Y<©<1:M9O@MVFHFHUBvbRNdVFP1:=@M>oBde �3:x¨O:=@o¨OIj]HJI�BD9`BDHFVFp-X�@=IYQRI�G9`Bv<?GCW:MP?CWIS<?VJ@MVJXY9�N:�NIS<�QRI5[qVFQ\VJ:M9d�
>1IS< �OVº¢ZHUB	>1:M9ON:M9O@MVUB�9`BD>?GPoBDH¤N:vHJIS<+@MGO:MP?CWIS<�B\QTBD9q>1:M9O:MP<?Gg[i:MHJI�@MVJNOBYN^��HJ:MbAN:vVF9O:MP1@MVUBi¢xb
VFVº¢fHUB�@-BDEJNOB�HFV « P1:3N:+G9n@MGO:MP?CWI	N: « VJNOB\BvHUB	BD>?PoBY@=@MVJXY9A�SPoB=[�VF>oBD>1IYP?VUBde 1�Q « IS<©QRI5[qVFQ\VJ:M9q>1IS<
<1:<?GCW:MP?C�IY9O:M9�<1VFQ�GHF>o�D9O:-BDQR:M9]>1:�b_NOBD9�IYP?VF�i:M9hBDHsQRI5[qVFQ\VJ:M9q>1IRC`BDPoB « XYHFVJ@=Ie

µf�F�Y¶��¥¯_·�¸º¹i¹
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Y�9`Bh[i:MpgBY@=:MC>oBYNI'�qGO:n:MH QRI-[�VFQ\VJ:M9]>1I¦N:�G9`BhC`BDP?>?EJ@MGHUBa:M9�G9m@-BDQ\C�I��SPoB-[qVF>oBD>1ID�
P?VJI_G9V ,¿IYP?QR:\<1:�CGO:=N:\N:=<1@MP?V « VFPv@=IYQRI_G9`B_<1GC�:MP?CWIS<?VJ@MVJXY9'N:\NIS<N:=<?CHUBDp5BDQ\VJ:M9]>1IS<��qGO:
Iq@MGP?P1:M9�<1VFQ�GHF>o�D9O:-BDQR:M9]>1:SjW@=IY9q>?VF9]G`BDQRIS<3@=IY9AHUB\N:=<1@MP?VFCW@MVJXY9�N:v:=<?>1:3QRI5[qVFQ\VJ:M9q>1Ie
£ BDPoB�@=IYQR:M9p5BDP-j]:=<?CW:=@MV/k`�]GO:MQRIS<©:MH`<?VJ<?>1:MQTB3N:xP1:M,¿:MP1:M9O@MVUBdeq8�H`:��?:

x̂
HJIv:MHJ:��¥VFQRIS<�N:rQTBD9O:MPoB

�]GO:v<1G�NdVFP1:=@=@MVJXY9h@=IYVF9O@MVJNOBT@=IY9�HUB	CP1I5bi:=@=@MVJXY9�N:HUB\[i:MHJIq@MVJNOBYNh<1I « P1:v:MH}CHUBD9OIR¨OIYP?VFp-IY9]>oBDH¬j
Q\VJ:M9]>?PoBY<3�]GO:�:MH}:��¥:

ẑ
HJIR:MHJ:M�SVFQRIS<�¨`BY@MVUBTBDP?P?V « Bh�¿IR<1:-BdjOG9`B\C`BDP?>?EJ@MGHUB�BDH}@-BY:MP3BY@=:MHJ:MPoBR:M9

HUBgNdVFP1:=@=@MVJXY9 −ẑ
¢Le �3:TBY@MGO:MP1NIaBA9]GO:=<1>?PoBg¨VFCWXY>1:=<?VJ<-j�HUBhBY@=:MHJ:MPoBY@MVJXY9^:M9�>1IqNI�VF9O<?>oBD9]>1:n:=<

~a(t) = −gẑ
e J BDQ « VJ´M9\<?GCWIY9ONdP1:MQRIS<¤�qGO:fHUBx[i:MHJIq@MVJNOBYN�:M9�:MHqVF9O<?>oBD9]>1:

t = 0
[�VJ:M9O:�NOBYNOB�C�IYP

~v(0) = v
(0)
x x̂+ v

(0)
z ẑ

bT�qGO:�HUB�C`BDP?>?EJ@MGHUB	<1:�:M9O@MGO:M9q>?PoB\:M9_:MH�HFG�]BDP
~r(0) = ~r0 = x0x̂ + z0ẑ

e
1�9`BDHFVJ@=:MQRIS<�@-BYNOB	G9`B\N:HUBY<x@=IYQ\CWIY9O:M9]>1:=<�CWIYPx<1:MC`BDPoBYNIe
� IYQ\C�IY9O:M9q>1:

x
��¤BRBY@=:MHJ:MPoBY@MVJXY9�9OI	>?VJ:M9O:v@=IYQ\CWIY9O:M9]>1:�:M9AHUB\NdVFP1:=@=@MVJXY9

x
jOI\<1:-Bdj

ax = 0 .

�}B	[i:MHJI�@MVJNOBYN
vx

:=<5jC�IYPZHJI	>oBD9q>1Ij`@=IY9O<?>oBD9q>1:SjOVF�SG`BDH¤BDH�[SBDHJIYPxVF9VJ@MVUBDH �
vx(t) = v(0)

x ∀t .

£ BDPoBT:MHsN:=<?CHUBDp5BDQ\VJ:M9]>1In:M9gHUB	NdVFP1:=@=@MVJXY9
x
<1::M9O@MGO:M9]>?PoBT�]GO:

x(t) = x(0) + v(0)
x t .

� IYQ\C�IY9O:M9q>1:
z
��}BTBY@=:MHJ:MPoBY@MVJXY9h:=<

az = −g .

�}B	[i:MHJI�@MVJNOBYN
vz

bn:MH}N:=<1CHUBDp5BDQ\VJ:M9]>1IT:M9�HUB	NdVFP1:=@=@MVJXY9
z
[i:M9ONdPo�D9�NOBYNIS<�C�IYP

vz(t) = v(0)
z − gt

b
z(t) = z(0) + v(0)

z t − 1

2
gt2 .

8f<?>1IS<xP1:=<1GHF>oBYNIS<xHJIS<ZCWIqN:MQRIS<�@=IY9ON:M9O<oBDP�:=<1@MP?V « VJ´M9ONIYHJIS<+:M9 ,¿IYP?QTB\[i:=@M>1IYP?VUBDH �

~a(t) = −gẑ

~v(t) = ~v (0) − gtẑ

~r(t) = ~r0 + ~v (0) t − 1

2
gt2ẑ .
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µf�F�Y¶��¥¯_·�¸º¹^N
PRQ ?�:<SUTVF
Y�9 « IYQ « BDP1N:MP1I�[qGO:MHUB�@=IY9�G9`B�[i:MHJI�@MVJNOBYNT¨OIYP?VFp-IY9q>oBDH

v0
j]@=IY9O<?>oBD9q>1:SjdbTBvG9`B�BDHF>?GPoB

h
:M9

G9`B�>?PoB-bi:=@M>1IYP?VUB	�]GO:�C`BY<oB�NdVFP1:=@M>oBDQR:M9]>1:CWIYP©<oI « P1:+<1G�I « �?:M>?VF[iIe [ 1��qGO´��D9�SGHJI	N:+[qVJ<1VJXY9
φ
N: « : <1IYHF>oBDP HUB « IYQ « BdjYN:�,¿IYP?QTB+�qGO:�´=<?>oB�HFHJ:M�SGO:ZB�<1G�I « �?:M>?VF[iI \ � . �S9OIYP1:©:MHd:M,¿:=@M>1I3N: « VJNIBDHsP1Iq@=:N:MH BDVFP1:Se ¢

�}B « IYQ « Bh:M9¦:MH�VF9O<1>oBD9]>1:T:M9^�]GO:T<1:RN:��1BAHFV « P1:R>?VJ:M9O:THUB_Q\VJ<?QTBg[i:MHJIq@MVJNOBYN��]GO:�:MH « IYQ	�
« BDP1N:MP1Ie �3:LkO9VFQRIS<	:MHr<?VJ<?>1:MQTBhN:T@=I�IYP1N:M9`BYNOBY<\N:nBY@MGO:MP1NIaBgHJIh�]GO:n<1:�I « <1:MP?[YBh:M9¦HUB
kO�SGPoBT deF¡ � e`8f9]>1IY9O@=:=<+HUB	CWIS<?VJ@MVJXY9�bnHUB\[i:MHJI�@MVJNOBYNgVF9VJ@MVUBDH N:HUB « IYQ « BT[qVJ:M9O:M9�NOBYNOBY<�CWIYP
~r0 = hẑ

b
~v0 = v0x̂

j`P1:=<?CW:=@M>?VF[YBDQR:M9q>1:Se2[ � G`�D9]>1InN:MQRIYPoB�HUB « IYQ « B�:M9h@-BY:MP \ �¤B « IYQ « BHFHJ:M�]BDPo��BDHW<?GO:MHJI�@MG`BD9ONI
z(t) = h− gt2/2 = 0

e�8f<?>1I�Iq@MGP?P1:+:M9_:MH�VF9O<?>oBD9q>1:
τ =

√

(2h/g)
e

��GPoBD9q>1:�:MH`VF9]>1:MP?[SBDHJI�N:�>?VJ:MQ\C�I
τ
HUB « IYQ « B�BDHJ@-BD9p5B�B3P1:=@=IYP?P1:MP�G9`B�NdVJ<?>oBD9O@MVUB¨OIYP?VFp-IY9q>oBDH

L = v0 τ
e��GO:M�iIRC`BDPoBR:MH}�D9�SGHJIRN:[�VJ<?VJXY9gI « >1:M9O:MQRIS<

tan φ =
L

h
=

v0

h

√

2h

g
=

√

2v2
0

gh
.

� F � � : �V?  EGF C
�VH7C�9 TV; H 9  ��� F HL:<?
� IY9O<?VJN:MP1:MQRIS<ZG9`B�C`BDP?>?EJ@MGHUB	�qGO:��SVFPoB	@=IY9_PoBDCVJN:Mpv@=IY9O<?>oBD9q>1:<1I « P1:+G9`B�>?PoB=bi:=@M>1IYP?VUB

@MVFP1@MGHUBDPrN:+PoBYNdVJI
R
�¿�qGO:�N:LkO9O:+:MH�CHUBD9OI

x
`
y
¢Le�8�HFVF�SVJ:M9ONI\:MHWIYP?VF�i:M9ABDHW@=:M9]>?P1I	N:MHW@MEFP1@MGHJIj

:MH¤�D9�SGHJIRN:MHs[i:=@M>1IYPxCWIS<?VJ@MVJXY9g@=IY9�:MH¤:��¥:
x̂
BDGQR:M9q>oBDPo�\G9V , IYP?QR:MQR:M9]>1:��

φ(t) = φ0 + ω0t ,

NIY9ON:
φ0

:=<�:MH�D9�SGHJI�:M9c:MH+VF9O<?>oBD9]>1:
t = 0

b
ω0

:=<�G9`B�@=IY9O<?>oBD9]>1:a�qGO:hN:M>1:MP?Q\VF9`B
@MG`�D9gPo�DCVJNIR[SBDP?EUB\:MH}�D9�SGHJIh��CWIYPx:=<?>oB	PoBDp-XY9h<1:3HJ:v<?GO:MHJ:HFHUBDQTBDP�¼D�M4F�-½M� °i¯i°g¯Y���Y¶�4F¯Y�1¢LeO�}BY<
@=IYQ\C�IY9O:M9q>1:=<

x
:

y
N:MH�[i:=@M>1IYPxCWIS<?VJ@MVJXY9g[�VJ:M9O:M9�NOBYNOBY<ZCWIYP

x(t) = R cos φ(t) = R cos(φ0 + ω0t)
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:

y(t) = R sinφ(t) = R sin(φ0 + ω0t).

8�Hs[i:=@M>1IYPxCWIS<?VJ@MVJXY9�:=<-jdCWIYPZHJI\>oBD9q>1Ij

~r(t) = R cos(φ0+ω0t)x̂+R sin(φ0+ω0t)ŷ .

�+:MP?VF[SBD9ONI
~r(t)

<1::M9O@MGO:M9q>?PoB\HUB�[i:MHJI�@MVJNOBYN

~v(t) = − Rω0 sin(φ0 + ω0t)x̂

+ Rω0 cos(φ0 + ω0t)ŷ .

8�[YBDHFGO:MQRIS<:MH(QRX�NdGHJI�N:�HUBT[i:MHJIq@MVJNOBYNm��PoB7�
CVJN:Mp7¢ �

µ��F�Y¶q�?¯n·q¸�¹Y·

v = |~v(t)| =
√

vx(t)2 + vy(t)2

=
√

R2ω2
0 sin2(φ0 + ω0t) + R2ω2

0 cos2(φ0 + ω0t) = Rω0 .

1 C�:=<oBDP N:��qGO:xHUB�PoBDCVJN:Mp+:=< @=IY9O<?>oBD9q>1:	��9OI�N:MC�:M9ON:+N:MH�>?VJ:MQ\C�I]¢LjqHUB[i:MHJI�@MVJNOBYNT9OI�HJI�:=<5j
b]B��qGO:�@=IY9q>?VF9]G`BDQR:M9]>1:�@-BDQ « VUB+N: <1:M9]>?VJNIeD8f<?>oB�±HF>?VFQTB+:=@MG`BY@MVJXY9�:M9O<1:��`B��qGO:�HUB�[i:MHJIq@MVJNOBYN
BD9�SGHUBDP�:=<ZHUB�PoBDCVJN:Mp�N:3HUB	C`BDP?>?EJ@MGHUB\NdVF[�VJNdVJNOB	C�IYP�:MH�PoBYNdVJIRN:�SVFP1Ie

8�[SBDHFG`BD9ONIT:MH�CP1I�NdGO@M>1IRCG9]>1IT:M9]>?P1:
~r
b

~v
�

~r(t) · ~v(t) = x(t)vx(t) + y(t)vy(t) = 0

<1:v:M9O@MGO:M9]>?PoB��qGO:�´=<?>1:v:=<�9]GHJIe � IYQRIT:MH}CP1I�NdGO@M>1IRCG9q>1ITN:�NIS<x[i:=@M>1IYP1:=<�9OI\9]GHJIS<�[YBDHJ:
@=:MP1I¦<1XYHJI%<1VxHJIS<TNIS<T[i:=@M>1IYP1:=<�<1IY9;C�:MP?CW:M9ONdVJ@MGHUBDP1:=<-j�<o:A¨`BDHFHUB'�qGO:AHUB'[i:MHJI�@MVJNOBYN;N:AG9`B
C`BDP?>?EJ@MGHUBR:M9gG9AQRI5[qVFQ\VJ:M9q>1I�@MVFP1@MGHUBDPxG9V , IYP?QR:v:=<x<1VJ:MQ\CP1:C�:MP?CW:M9ONdVJ@MGHUBDP+BDH�PoBYNdVJIe

�3:MP?VF[YBD9ONI\HUB\[i:MHJIq@MVJNOBYNg<o::M9O@MGO:M9]>?PoBTHUB\BY@=:MHJ:MPoBY@MVJXY9 �

~a(t) = −Rω2
0 cos(φ0 + ω0t)x̂ − Rω2

0 sin(φ0 + ω0t)ŷ .

��IY>1:v�qGO::M9g>1I�NI	VF9O<?>oBD9]>1:
~a(t) = −ω2

0 ~r(t) ,I\<1:-BdjdHUB\BY@=:MHJ:MPoBY@MVJXY9�<?VJ:MQ\CP1:�BDCG9q>oB	¨`BY@MVUB\:MHsIYP?VF�i:M9¦��PoBDp-XY9gCWIYPZHUB	@MG`BDHs<1:3HFHUBDQTBA¯i½��M4F� �
�¥¯i½=�¿ÀY�%½o�M�`¾¿��� ®�M¾¬¯7¢Le`�}B	QTBD�S9VF>?GONhN:3HUBRBY@=:MHJ:MPoBY@MVJXY9h<1VJ:MQ\CP1:v:=<x@=IY9O<?>oBD9q>1:vbn[YBDHJ:

a = |~a(t)| = Rω2
0 .
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tvu tvu ∗ �;~~Z����z � ��� �x����~����Z�Wz��

� F I �5?DC EGF H^?DI 9  � EG; H �VF I
r̂
�

θ̂
�

��:MQRIS<([�VJ<?>1I3�qGO: :MHdQRI5[qVFQ\VJ:M9q>1I�N: G9	CG9]>1I
P
:M9\:MHdCHUBD9OI

x, y
<1: CGO:=N:Z:=<?CW:=@MV/k`@-BDP

GO<oBD9ONIRNIS< ,¿G9O@MVJIY9O:=<��qGO:N:=<1@MP?V « BD9h<1GO<Z@=IqIYP1N:M9`BYNOBY<+@-BDP?>1:=<?VUBD9`BY<�N:MH�CG9q>1Ij`I\<1:-Bdj

~r(t) = x(t) x̂ + y(t) ŷ .

J¤BDQ « VJ´M9aCWIqN:MQRIS<�:=<?C�:=@MV/k`@-BDP+:MHsQRI-[�VFQ\VJ:M9]>1I
P
GO<oBD9ONIT@=IqIYP1N:M9`BYNOBY<�C�IYHUBDP1:=<5jO:=<�N:=@MVFP-j

NOBD9ONIAHUBY<&,¿G9O@MVJIY9O:=<
r(t)

b
θ(t)

e21�H�GO<oBDPv@=I�IYP1N:M9`BYNOBY<CWIYHUBDP1:=<C`BDPoBAN:=<1@MP?V « VFP�:MH�QRI-[�V/�
Q\VJ:M9]>1I3N:fG9�CG9]>1I

P
j=P1:=<?GHF>oB�<?GQTBDQR:M9]>1:r@=IY9q[i:M9VJ:M9]>1:rVF9]>?P1I�NdGO@MVFP HJIS<}[i:=@M>1IYP1:=< G9VF>oBDP?VJIS<

r̂
b

θ̂
N:LkO9VJNIS<xCWIYP

r̂ = cos θ x̂ + sin θ ŷb
θ̂ = − sin θ x̂ + cos θ ŷ .

_ « <1:MP?[i: �]GO: :=<?>1IS<�[i:=@M>1IYP1:=< G9VF>oB7�
P?VJIS<m�i:M9O:MPoBDHFQR:M9]>1: �¿@MG`BD9ONI

θ = θ(t)N:MC�:M9ON: N:MHT>?VJ:MQ\CWI]¢�<1IY9 >?VJ:MQ\CWI�N:L�
C�:M9ONdVJ:M9q>1:=<-e8�H�[i:=@M>1IYP

r̂
BDCG9]>oBl:M9 HUB

NdVFP1:=@=@MVJXY9�PoBYNdVUBDH¬jQ\VJ:M9q>?PoBY<��qGO::MH�[i:=@M>1IYP
θ̂
:=<+>oBD9�i:M9O@MVUBDH�BDH�@MEFP1@MGHJIA�]GO:�C`BY<oB�CWIYP

P
b�>?VJ:M9O:v<1Gg@=:M9]>?P1IT:M9h:MHsIYP?VF�i:M9se

PRQ ?DH^C
�VC
�VFXW �+:MQ�GO:=<?>?P1:\�qGO:�HJIS<3[i:=@M>1IYP1:=<
r̂
b

θ̂
:M, :=@M>?VF[YBDQR:M9q>1:�<1IY9RG9VF>oBDP?VJIS<5e J¤BDQ	�

« VJ:M9;N:MQ�GO:=<?>?P1:��]GO:A<1IY9 �S�L¾¬�Y���Y��³R¯L4J��²Mj
:=<xN:=@MVFP-j

r̂ ⊥ θ̂
e µ��F�Y¶��¥¯n·q¸�¹��

8�9O@=IY9]>?P1:MQRIS<�HUB�N:MP?VF[SBYNOB�>1:MQ\C�IYPoBDHN:r:=<?>1IS<¤[i:=@M>1IYP1:=<(G9VF>oBDP?VJIS<-jY:=<¤N:=@MVFP-jSBD9`BDHFVJ@=:MQRIS<
@=IYQRI\[YBDP?EUBD9�B�QR:=NdVJNOBR�qGO:3>?PoBD9O<1@MGP?P1:v:MHs>?VJ:MQ\CWIe 0 :3>?VJ:M9O:

dr̂

dt
= ˙̂r =

d

dt
[ cos θ x̂ + sin θ ŷ ]

=
d cos θ(t)

dt
x̂ +

d sin θ(t)

dt
ŷ

= − sin(θ(t)) θ̇(t) x̂ + cos(θ(t)) θ̇(t) ŷ

= θ̇(t) [ − sin(θ(t)) x̂ + cos(θ(t)) ŷ ] = θ̇ θ̂
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b

dθ̂

dt
=

˙̂
θ =

d

dt
[ − sin θ x̂ + cos θ ŷ ]

= −d sin θ(t)

dt
x̂ +

d cos θ(t)

dt
ŷ

= − cos(θ(t)) θ̇(t) x̂ − sin(θ(t)) θ̇(t) ŷ

= −θ̇(t) [ cos(θ(t)) x̂ + sin(θ(t)) ŷ ] = −θ̇ r̂

+�:=<?GQR:M9 �
˙̂r = θ̇ θ̂

�  deF¡5¢
˙̂
θ = −θ̇ r̂ .

�  de � ¢

� F � � : �V?  EGF C
�VH7C�9 TV; H�� ?  CDF2F H^= ?  ; =�; I�S�F T ; H^?DI�� �
� IY9O<?VJN:MP1:MQRIS<RG9mCG9q>1I

P
�qGO:n<o:_Q�GO:M[i:g:M9q>1IYP?9OI¦BDHxIYP?VF�i:M9;<1I « P1:_G9 @MEFP1@MGHJI'N:

PoBYNdVJI
R
b_<1:-B

θ(t)
:MH(�D9�SGHJI\CWIYHUBDP���QR:=NdVJNIRP1:=<1C�:=@M>1ITBDH¤:��¥:

x̂
bn:M9h:MH¤<1:M9q>?VJNIT@=IY9]>?PoBDP?VJI

BDH¤B=[SBD9O@=:vN:MHsP1:MHJID�o¢Le8�Hs[i:=@M>1IYPxCWIS<?VJ@MVJXY9�N:MH}CG9]>1I
P
:=< �

~r(t) = R r̂(t)
�+:MP?VF[SBD9ONIR:=<?>oB\P1:MHUBY@MVJXY9��¿<1XYHJI

r̂
N:MC�:M9ON:�N:

t
¢ :M9O@=IY9]>?PoBDQRIS<�HUB	[i:MHJI�@MVJNOBYN��

~̇r(t) = R ˙̂r = R θ̇ θ̂ .
J¤BDH¤@=IYQRI�<1:v:=<?CW:MPoB « BdjOHUBRNdVFP1:=@=@MVJXY9�N:HUBR[i:MHJIq@MVJNOBYNh:=<x>oBD9�i:M9O@MVUBDH�BDH}@MEFP1@MGHJIT@=IY9�@=:M9]>?P1I
:M9

O
�qGO:3C`BY<oB	CWIYP

P
e�}B	PoBDCVJN:Mp�:=< |~v| = R θ̇

e
θ(t)

:=<(G9R�D9�SGHJIjYC�IYP�:=<oB�PoBDp-XY9TB
θ̇
<1: HJ: HFHUBDQTB�¼D�M4F�-½M� °i¯i°\¯Y���Y¶�4F¯Y�Me 0 V:MH�QRI5[qVFQ\VJ:M9q>1I

@MVFP1@MGHUBDPT:=<	G9V ,¿IYP?QR:%�¿<1VJ:MQ\CP1:g@=IY9mHUBhQ\VJ<?QTB�PoBDCVJN:Mp7¢	:M9]>1IY9O@=:=<
θ(t) = ω0 t

e £(BDPoB':MH
QRI-[�VFQ\VJ:M9]>1In@MVFP1@MGHUBDPxG9V ,¿IYP?QR:�HUB�[i:MHJIq@MVJNOBYNhBD9�SGHUBDP�:=<x<?VFQ\CHJ:MQR:M9q>1:

θ̇(t) = ω0
e

�3:M>1:MP?Q\VF9O:MQRIS< BD¨OIYPoB3HUB�BY@=:MHJ:MPoBY@MVJXY9TC`BDPoB:MHOQRI5[qVFQ\VJ:M9q>1I�@MVFP1@MGHUBDP-e �+:MP?VF[SBD9ONIv:MHO[i:=@L�
>1IYPx[i:MHJIq@MVJNOBYN�<1::M9O@MGO:M9]>?PoB

~̇v(t) = R
d

dt

(

θ̇ θ̂
)

= R
(

θ̈ θ̂ + θ̇
˙̂
θ
)

= Rθ̈ θ̂ − Rθ̇2 r̂8�H3CP?VFQR:MPA>1´MP?Q\VF9OI�9OIS<ANOB¦HUB ¯i½o�M4J�L�?¯i½M� ÀY��¾¬¯Y�q�]�L��½M�¿¯*4�Q\VJ:M9]>?PoBY<��]GO:�:MH<1:M�SG9ONI�:=<�HUB
¯i½o�M4J�L�?¯i½M� ÀY� �?¯i°Y� ¯L4 e�£(BDPoBg:MH�QRI5[qVFQ\VJ:M9q>1Ih@MVFP1@MGHUBDP�G9V ,¿IYP?QR:h�¿:=<vN:=@MVFP-js<?V

θ(t) = ω0 t
¢+<1:

I « >?VJ:M9O:
~a(t) = ~̈r(t) = −Rω2

0 r̂ ,IR<1:-Bdj:MH�Q\VJ<?QRI\P1:=<1GHF>oBYNIR:M9O@=IY9]>?PoBYNIn:M9AHUB\<1:=@=@MVJXY9hBD9q>1:MP?VJIYP-e
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tvu���u ����~�� �1z��
���
¡Se 0 :-BD9 ~A

j ~B
b ~C

HJIS<©[i:=@M>1IYP1:=< ~A = 2x̂+ ŷ
j ~B = 3x̂+ ŷ−2ẑ

b ~C = x̂+3ŷ− ẑ
e

¯d¢ 8�9O@MGO:M9q>?P1:�:MHsQRX�NdGHJIRN: ~A
j ~B

b ~C
e

� ¢ 8�9O@MGO:M9q>?P1:�:MHsQRX�NdGHJIRN:MH�[i:=@M>1IYP�<1GQTBdjOI\<1:-BdjO:M[SBDHF±O:
D = | ~D| = | ~A + ~B + ~C| .

½5¢ [ � G`�DHs[i:=@M>1IYP3:=<xQT�Y<xHUBDP?�iI � ~A + ~B
I ~A + ~C \ 8f9�[�VJ<?>oB\N:vHJIT@-BDHJ@MGHUBYNI�:M9HUB�C`BDP?>1:�Bi¢Lj [=HJ:<1IYP?CP1:M9ON:�:=<?>1:3P1:=<?GHF>oBYNI \°O¢ 8�9O@MGO:M9q>?P1:�:MH¤�D9�SGHJIT:M9]>?P1:HJIS<�[i:=@M>1IYP1:=< ~B

b ~C
e

+�:=<?CGO:=<?>oB �N`¢ � ) j Â � 0 e
� e �3:MQ�GO:=<1>?P1:v�]GO:vHJIS<Z[i:=@M>1IYP1:=< �

~A = cos (α)x̂ + sin (α)ŷ

~B = cos (β)x̂ + sin (β)ŷ<1IY9\[i:=@M>1IYP1:=<fG9VF>oBDP?VJIS<��qGO: ,¿IYP?QTBD9\G9n�D9�SGHJI
α
b

β
@=IY9T:MHO:��?:

x̂
jYP1:=<?CW:=@M>?VF[YBDQR:M9q>1:Se

8�[SBDHF±O: ~A · ~B
b�:M9O@MGO:M9]>?P1:�G9`B , XYP?Q�GHUB	C`BDPoB

cos (α − β)
e

 de � IY9O<?VJN:MP1:xHJIS<f>?P1:=<fCG9q>1IS<©@MGb]BY<©@=IqIYP1N:M9`BYNOBY< @-BDP?>1:=<?VUBD9`BY<�[qVJ:M9O:M9nNOBYNOBY<fCWIYP �
P1 =

(1, 1, 1)
j
P2 = (1, 2, 0)

b
P3 = (2, 3, 1)

e �3:MQ�GO:=<?>?P1:	�]GO:�:MHFHJIS<N:LkO9O:M9aHJIS<�[i´MP?>?VJ@=:=<
N:3G9g>?P?VU�D9�SGHJIRP1:=@M>o�D9�SGHJIe

�Oe 8�9O@MGO:M9q>?P1:AG9�[i:=@M>1IYP\G9VF>oBDP?VJI
Â
�qGO:_<1:-B�<?VFQ�GHF>o�D9O:-BDQR:M9q>1:gCW:MP?C�:M9ONdVJ@MGHUBDP�BhHJIS<

[i:=@M>1IYP1:=<
~u = 2x̂ + ŷ − ẑ

b
~v = x̂ − ŷ + ẑ

e [ � G`�D9q>1IS<�[i:=@M>1IYP1:=<�G9VF>oBDP?VJIS<
Â:LKdVJ<?>1:M9g@=IY9�:=<?>oB�CP1IYCVJ:=NOBYN \

Á e �3:LkO9`BDQRIS<xHJIS<x[i:=@M>1IYP1:=< �
~s =

1√
2
(x̂ + ŷ)

~t =
1√
2
(−x̂ + ŷ)

¯d¢ ]+PoB7k`�qGO:
~s
b

~t
e

� ¢ 8�[SBDHF±O:
s = |~s | b t = |~t | e½5¢ 8�9O@MGO:M9q>?P1:�:MH¤�D9�SGHJIT:M9]>?P1:

~s
b

~t
e

� IYQR:M9q>oBDP?VJI ����IY>1:��]GO:
~s
b

~t
CGO:=N:M9�@=IY9O<1VJN:MPoBDP1<1:	@=IYQRITG9�9]GO:M[iI_@=IY9Y�¥G9]>1I

N:�:��¥:=< N:�P1:M, :MP1:M9O@MVUB
(ŝ, t̂ )

eq£(BDPoB�VF9ONdVJ@-BDPZ�]GO:
~s
b

~t
<1IY9T[i:=@M>1IYP1:=< G9VF>oBDP?VJIS<Z<1:

¨`B�GO<oBYNIRHUB	@=IY9][i:M9O@MVJXY9aN:3P1:=:MQ\CHUBDp5BDP�HUBY< » :=@o¨`BY<�CWIYPZ>1IY9�iIS<-e
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°O¢ � IY9O<?VJN:MP1:�HJIS<�[i:=@M>1IYP1:=< ~A = x̂+2ŷ

b ~B = 2x̂−3ŷ
ei8(KdCP1:=<1:�:=<1>1IS<�[i:=@M>1IYP1:=<

:M9g>1´MP?Q\VF9OIS<+N:HJIS<�9]GO:M[iIS<�[i:=@M>1IYP1:=<xG9VF>oBDP?VJIS<-j�:=<�N:=@MVFP-j`:=<o@MP?V « B ~A
b ~B

N:HUB
, IYP?QTB

~A = asŝ + at t̂

~B = bsŝ + btt̂bn:M[YBDHF±O:HUBY<�@=IY9O<?>oBD9]>1:=<
as

j
at

j
bs

b
bt

e
�D¢ 8�[SBDHF±O: ~A · ~B

N:_NIS<�QTBD9O:MPoBY<\NdVJ<?>?VF9]>oBY<��¤CP?VFQR:MP1I�GO<oBD9ONIhHUBY<	@=IYQ\C�IY9O:M9q>1:=<
P1:=<?CW:=@M>1I�BDH�<?VJ<?>1:MQTB%N:�P1:M,¿:MP1:M9O@MVUB

(x̂, ŷ)
bmHFGO:M�iI%GO<oBD9ONI¦HUBY<�@=IYQ\CWIY9O:M9]>1:=<

P1:=<?CW:=@M>1IRBDH}<?VJ<1>1:MQTB	N:P1:M,¿:MP1:M9O@MVUB
(ŝ, t̂ )

e

� e 0 :-B ~A = x̂ + 3ẑ − 2ŷ
eO8�9O@MGO:M9q>?P1:�G9h[i:=@M>1IYP ~B

:M9h:MH}CHUBD9OI
x̂, ŷ

�qGO:v<1:-B\C�:MP?CW:M9d�
NdVJ@MGHUBDP�B ~A

e
+�:=<?CGO:=<?>oB � ~B = α (2x̂ + ŷ)

jONIY9ON:
α
:=<ZG9g9q±QR:MP1IRP1:-BDHs9OI	9qGHJIe

	�e � IY9O<?VJN:MP1:nHUBh<?VF�SGVJ:M9]>1:_<?VF>?G`BY@MVJXY9m:M9^9]GO:=<?>?P1Ia:=<?C`BY@MVJI�,¿EJ<?VJ@=I�N:n>?P1:=<�NdVFQR:M9O<?VJIY9O:=< �
�3:=<1N:Z@MVJ:MP?>1I�IYP?VF�i:M9�:MQR:MP?�i:M9�@MG`BD>?P1Iv[i:=@M>1IYP1:=<©N:ZVF�SG`BDH`>oBDQTB �OIj]N:ZQTBD9O:MPoB��]GO:ZHJIS<
�D9�SGHJIS<:M9q>?P1:\@MG`BDHJ�]GVJ:MPC`BDPvN:�[i:=@M>1IYP1:=<v<1:-BD9aVF�SG`BDHJ:=<-e�8f9O@MGO:M9]>?P1:R:MH([SBDHJIYP3N:\:=<o:
�D9�SGHJIe(�¿£ BDPoB�P1:=<1IYHF[i:MP:=<?>1:�CP1I « HJ:MQTB�P1:MHUBY@MVJXY9O:MHJIA@=IY9�:MH N:�HUBY<3NdVUBD�iIY9`BDHJ:=<3N:�G9
@MG « I\@=IY9O<?VJN:MPoBYNIT:M9AHUBR<1:=@=@MVJXY9h deF¡Se ¢
� IYQR:M9q>oBDP?VJI �S�}BY<}� CG9]>oBY<¥�rN:©HJIS<(@MG`BD>?P1I+[i:=@M>1IYP1:=< ,¿IYP?QTBD9	HJIS< [i´MP?>?VJ@=:=<�N:©G9�>1:M>?PoBY:L�
NdP1I	P1:M�SGHUBDP-e�}B�QRIYHJ´=@MGHUBRN:3QR:M>oBD9OI � �

4
:=<ZG9A:��?:MQ\CHJIRN:+HJIRBDP?P?V « B�CHUBD9]>1:-BYNIe

8�9\>oBDHQRIYHJ´=@MGHUBv:MH`�D>1IYQRIvN:Z@-BDP « IY9OI<o:Z:M9O@MGO:M9]>?PoBvBDHO@=:M9q>?P1I�N:rHJIS<�@MG`BD>?P1I��D>1IYQRIS<
N:3¨VJNdP1XY�i:M9OI��]GO::=<?>o�D9hNdVJ<?>?P?V « GVJNIS<�N:HUB�QTBD9O:MPoB\QT�Y<xP1:M�SGHUBDPxCWIS<?V « HJ:Se

Â e 8�9O@MGO:M9q>?P1:�:MH �D9�SGHJI�:M9]>?P1:nNIS<v[i:=@M>1IYP1:=<�N: Â bm¡ � G9VJNOBYN:=<	N:\HUBDP?�iIj¤<?V�:MHf[i:=@L�
>1IYP<?GQTB , IYP?QTBTG9¦�D9�SGHJIAN:

50◦
@=IY9':MH�QTB=biIYPvN:	:MHFHJIS<-eW8�9O@MGO:M9q>?P1:R>oBDQ « VJ´M9'HUB

QTBD�S9VF>?GONgN:MH}[i:=@M>1IYP�<?GQTBde
) e �}B�<?GQTBAN:�NIS<v[i:=@M>1IYP1:=<�Q\VJN:�  � G9VJNOBYN:=<�b%, IYP?QTB��D9�SGHJIS<�N:

25◦
b

50◦
@=IY9

:MHFHJIS<-e [ � G`�DH}:=<ZHUB�QTBD�S9VF>?GONhN:v@-BYNOB�G9OIRN:HJIS<x[i:=@M>1IYP1:=< \
¡ � e 0 GCWIY9�]B	�]GO:+HUB�CWIS<?VJ@MVJXY9

~r
N:3G9`B�C`BDP?>?EJ@MGHUB\:M9 ,¿G9O@MVJXY9gN:MHW>?VJ:MQ\C�I

t
[�VJ:M9O:NOBYNOB

CWIYP �
~r = ~r (t) = r0

(

cos

(

t

t0

)

x̂ + sin

(

t

t0

)

ŷ

)

,

@=IY9
t0 = 1

Q\VF9%b
r0 = 3

@MQge [ � GO´�>?PoB-bi:=@M>1IYP?VUBAP1:=@=IYP?P1:\HUBnC`BDP?>?EJ@MGHUB \ [ � G`�D9]>1I>?VJ:MQ\CWI	>oBDP1NOB	HUB	C`BDP?>?EJ@MGHUBT:M9A[iIYHF[i:MP�BDHsCG9]>1ITN:C`BDP?>?VJNOB \
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¡S¡Se 0 GCWIY9�]BDQRIS<��qGO:vHUBRC�IS<1VJ@MVJXY9
~r
N:�G9`B\C`BDP?>?EJ@MGHUB�:M9 ,¿G9O@MVJXY9hN:MH¤>?VJ:MQ\C�I

t
[�VJ:M9O:

NOBYNOB	CWIYP
~r = at x̂ + (b − ct2) ŷ ,@=IY9

a = 2
Q��D<-j

b = 10
Q b

c = 9,8
Q��D< 2 e ]+PoB7k`�qGO:�HUB\>?PoB-bi:=@M>1IYP?VUBde [ � GO´�>?VFC�IN:3>?PoB-bi:=@M>1IYP?VUBT:=< \ [-8f9��]GO´3VF9O<1>oBD9]>1:vHUB�C`BDP?>?EJ@MGHUBT@MP?Gp5B\:MHs:��?: x̂ \

¡ � e Y�9 « BDP1@=I�B	[SBDCWIYP�<1:NdVFP?VF�i:v¨`BY@MVUBT:MH}<?GP
@=IY9gG9`B\[i:MHJIq@MVJNOBYN

~vb = 25 Z Q��7¨h:M9gG9�DP1:-B�NIY9ON:�<oIYCHUBvG9n[qVJ:M9q>1I	N:=<1N:�:MHW<?Gd�
P1I�:=<?>1: @=IY9�[i:MHJI�@MVJNOBYN

~v0 = 18 Z Q��7¨seD8f9d�@MGO:M9q>?P1:�:MHW�D9�SGHJI
θ0
�qGO: , IYP?QTBv:MH�¨]GQRI

:MQ\VF>?VJNI�CWIYPn:MH3[SBDC�IYPA@=IY9 HUB^NdVFP1:=@=@MVJXY9
9OIYP?>1:a`q<?GP���[i:MPZkO�SGPoBR deF¡ Á ¢Le
+�:=<?CGO:=<?>oB �

θ0 ' 18, 64o

µ��/�Y¶��?¯�·�¸º¹ �
¡- de � IY9O<?VJN:MP1:�G9�NdVJ<o@=I�N:�PoBYNdVJI

R = 50
@MQ

�qGO:fP?GO:=NOB+<1I « P1:©G9`B�P1:=@M>oB��¿:MH:��?:
x̂
¢s@=IY9

G9`B	[i:MHJI�@MVJNOBYN�BD9�SGHUBDP
ω = 2

<
−1 e � IY9d�<?VJN:MP1:fG9�CG9]>1I

P
G « VJ@-BYNI�:M9�:MHiCW:MP?EFQR:L�

>?P1InN:MH NdVJ<o@=Ij`bgN:=<?VF�S9O:�CWIYP
~r
BDH [i:=@M>1IYP

�qGO: [YB�N:=<1N:Z:MHIYP?VF�i:M9\¨`BY@MVUB+:MHCG9]>1I
P
e

8�9O@MGO:M9q>?P1:rG9`B+:LK�CP1:=<?VJXY9�C`BDPoB
~r = ~r (t) �<?GCWIY9�]Bx�qGO: :M9�:MH�VF9O<?>oBD9]>1:

t = 0
:MH�CG9d�

>1I
P
:=<?>o�R:M9g:MH}IYP?VF�i:M9se µ��/�Y¶��?¯�·�¸º¹ �

�3BD�]B�G9A�SPo�7k`@=I\N:
~r (t)

C`BDPoB	:MH�VF9]>1:MP?[SBDHJI
t ∈ [0

<
, 10

<
]
e [ � G`�D9q>1I\>oBDP1NOB	HUB�P?GO:=NOB

:M9gNOBDPxG9`B\[qGO:MHF>oB	@=IYQ\CHJ:M>oB \
¡��Oe Y�9`BhC`BDP?>?EJ@MGHUB'P1:=@=IYP?P1:_G9`Ba>?PoB-bi:=@M>1IYP?VUB%@MVFP1@MGHUBDPT:M9 :MHZCHUBD9OI

x̀ y
j�@MGbiIaPoBYNdVJI%:=<

R = 5
Q @=IY9^G9`Bg[i:MHJI�@MVJNOBYN�@=IY9O<?>oBD9]>1:

v0 = 15
Q��D<�b%:M9�:MH©<o:M9]>?VJNIaN:MH©P1:MHJID�=e

8�9O@MGO:M9q>?P1:�:MH�[i:=@M>1IYP©CWIS<?VJ@MVJXY9
~r(t)

jq:MHO[i:=@M>1IYP©[i:MHJI�@MVJNOBYN
~v(t)

b\:MHO[i:=@M>1IYPZBY@=:MHJ:MPoBY@MVJXY9
~a(t)

�¿:M9	@=I�IYP1N:M9`BYNOBY<f@-BDP?>1:=<?VUBD9`BY<L¢ <?V�:M9\:MHdVF9O<?>oBD9q>1:
t = 0

HUB�C`BDP?>?EJ@MGHUB3<1: :M9O@MGO:M9]>?PoB
:M9

~r0 = −5ŷ
e
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¡ Á e � IY9O<?VJN:MP1: G9	NdVJ<1@=I3N:�PoBYNdVJI

R
:M9�:MH�CHUB7�

9OI
x̀ y

e 0 :-B
θ
:MH�D9�SGHJI�N:�G9 CG9q>1I

G « VJ@-BYNIm:M9 :MH « IYP1N:�N:MHNdVJ<1@=I�P1:=<1C�:=@L�
>1I'BDHZ:��¥:

x̂
e 0 GCWIY9�]B��]GO:_:MHZNdVJ<1@=I��SVFPoB

@=IY9^G9`B�¯]½o�M4J�L�¥¯]½M�¿ÀS�l¯Y�q�S¶�4F¯Y��@=IY9O<?>oBD9q>1:
α0

�¿:=<�N:=@MVFP-j
θ̈(t) = α0

¢Le 8�9O@MGO:M9]>?P1:_HUB
[i:MHJI�@MVJNOBYN	b�BY@=:MHJ:MPoBY@MVJXY9TN:

P
:M9 ,¿G9O@MVJXY9

N:MHf>?VJ:MQ\CWIe 0 GCWIY9�]Bg�qGO:R:M9^:MHfVF9O<?>oBD9d�
>1:

t = 0
:MHrCG9q>1I

P
<o:�:M9O@=IY9q>?PoB « B':M9

P1:MCWIS<1I\<1I « P1::MH}:��?:
x̂
e µ��/�Y¶��?¯�·�¸º¹ �

¡ � e§8f<1>?VFQR:��¿:M9�Q��D<�b Z Q��7¨�¢vHUB�[i:MHJIq@MVJNOBYN^QT�7KdVFQTBh@=IY9^HUBh�]GO:�GO<?>1:=N�CGO:=N:�HUBD9p5BDPG9`B�CVJ:=NdPoBde
¡ 	�e Y�9`B\CW:MHJIY>oBR<oBDHJ:�P1IqNOBD9ONInN:MH¤N:=<o@-BD9O<1I�N:�G9`BR:=<1@-BDHJ:MPoB�@=IY9�[i:MHJI�@MVJNOBYNh¨OIYP?VFp-IY9]>oBDH

v0 = 1,52
Q��D<5e¤�sIS<	:=<1@-BDHJIY9O:=<	<1IY9�N: ��� @MQ N:nBDHF>1Ihb ��� @MQ N:_BD9O@1¨OIe�[ � G`�DH

<1:MPo��:MH�CP?VFQR:MPx:=<1@-BDHJXY9�BDHs�qGO:+HFHJ:M�SGO:3HUB�C�:MHJIY>oB \ �+V « GY�¥:3G9`B�kO�SGPoB�C`BDPoB�VFHFGO<?>?PoBDPx:MHCP1I « HJ:MQTBde
¡ Â e Y�9 @-B �OXY9�<1:h:M9O@MGO:M9q>?PoB;B�G9`B^NdVJ<?>oBD9d�

@MVUB
D
N:TG9�:=NdV/k`@MVJIe(8�9O@MGO:M9]>?P1:g:MHr�D9d�

�SGHJI+N:©:MHJ:M[SBY@MVJXY9
θ0
bHUBx[i:MHJI�@MVJNOBYN

v0
N:

HUB « BDHUB�N:RQTBD9O:MPoBh�]GO:T:MH�CP1I-bi:=@M>?VFHr:M9d�
>?P1:�¨OIYP?VFp-IY9]>oBDHFQR:M9q>1:�CWIYP©HUB�[i:M9q>oBD9`B	�]GO:
<1::M9O@MGO:M9q>?PoB�B\G9`BRBDHF>?GPoB

h
��[i:MPZkO�SGPoB

 deF¡ Â ¢Le

µ��/�Y¶��?¯�·�¸º¹ �
¡ ) e � IY9O<?VJN:MP1:vG9�P?EJIRN:�BD9O@o¨OI

L
:M9h:MH}@MG`BDH

:MHqBD�SG`B » Gbi:�@=IY9�[i:MHJI�@MVJNOBYN
v0
eGY�9v9`BYNOB7�

NIYPZP1:=@=IYP?P1:�:MH�>?PoB=bi:=@M>1I
A −→ B −→ A

j
Q\VJ:M9q>?PoBY<T�qGO:_G9 <1:M�SG9ONI'9`BYNOBa:MHZ>?PoB7�
bi:=@M>1I

C −→ D −→ C
��[i:MP©kO�SGPoB	 deF¡ ) ¢Le

�sIS<3CG9q>1IS<
C
b

D
:=<?>o�D9%BD9O@MHUBYNIS<kS�1B7�

QR:M9q>1:nBDH�,¿IY9ONIhN:MH�P?EJIgb'HUB�<1:MC`BDPoBY@MVJXY9
:M9q>?P1:

C
b

D
:=< HUB�Q\VJ<1QTB��qGO:3:M9]>?P1:

A
b

B
e 0 V BDQ « IS<�9`BYNOBD9h@=IY9hHUB\Q\VJ<?QTBR[i:MHJID�

@MVJNOBYN
v
P1:=<?C�:=@M>1IvBDH`BD�SG`Bdj'[-�qGVJ´M9\�]BD9`BDPo�

HUB	@-BDP?P1:MPoB \
µ��/�Y¶��?¯�·�¸º¹ �



���������
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��� e Y�9�C`BD>1I�[qGO:MHUB�¨OIYP?VFp-IY9]>oBDHFQR:M9q>1:x:M9�HFE/�
9O:-B�P1:=@M>oB	@=IY9A[i:MHJI�@MVJNOBYN

vp

B�G9`B\BDH/�
>?GPoB

h
e3Y�9�9V �OI\@=IY9_G9`B�¨OIY9ONOBdj�]GO:

CGO:=N:nNdVJ<?C`BDPoBDP�CVJ:=NdPoBY<�@=IY9^G9`BA[i:L�
HJI�@MVJNOBYN

v0
j�¨`BY@=:\GO<1I�N:R<?G�BDP?QTB�:M9

:MHVF9O<?>oBD9q>1:x�qGO: :MHC`BD>1IvHJI<1I « P1:M[qGO:MHUBde
¯�¢ [ � G`�DHr:=<	:MHr�D9�SGHJI�P1:=<?CW:=@M>1I'B

HUB39OIYP?QTBDH�@=IY9n:MH`@MG`BDH�N: « :�NdVJ<?�
C`BDPoBDPxHUB�CVJ:=NdPoB \

� ¢ [ � GO´3NdVJ<?>oBD9O@MVUB
d
BDHJ@-BD9p5B\B�P1:L�

@=IYP?P1:MP�:MHfC`BD>1I�BD9q>1:=<�N:R<1:MP�BDH/�
@-BD9p5BYNI\C�IYP�:MH�CP1I-bi:=@M>?VFH \

µ��F�Y¶q�?¯n·q¸ N �

�¿@5¢A[ � G`�DH�:=<RHUB%[i:MHJIq@MVJNOBYN;Q\EF9VFQTB¦�qGO:gN: « :g>1:M9O:MPn:MH�CP1I-bi:=@M>?VFH+C`BDPoB%�qGO:g´=<?>1:
HFHJ:M�SGO:�BDH�C`BD>1I \

� ¡Se 0 :�HUBD9p5B�G9�CP1I5bi:=@M>?VFHf@=IY9'@MVJ:MP?>1I_�D9d�
�SGHJIgN:\:MHJ:M[SBY@MVJXY9

θ0
e�8�H©BDHJ@-BD9O@=:RN:MH

CP1I5bi:=@M>?VFH�:=<
R
��[i:MP�kO�SGPoB� de � ¡5¢Le 0 V`<1:

N:=<?CP1:=@MVUB�:MH�P1Iq@=: @=IY9�:MHBDVFP1:SjYN:MQ�GO:=<¥�
>?P1:Z�qGO: HUB+>?PoB=bi:=@M>1IYP?VUB[�VJ:M9O:ZNOBYNOB+CWIYP
HUB	:=@MG`BY@MVJXY9

y(x) = −
(

tan θ0

R

)

x2 + x tan θ0 .

µ��F�Y¶q�?¯n·q¸ N�¹
�+IY>1:v�qGO::=<?>oB\:=@MG`BY@MVJXY9h@=IYP?P1:=<1C�IY9ON:�B	G9`B	C`BDPo� « IYHUBde �3:MQ�GO:=<?>?P1:�>oBDQ « VJ´M9a�]GO::MH
�D9�SGHJIRN:3HUB\>oBD9�i:M9]>1:�:M9h:MH�CG9]>1I

x
[qVJ:M9O:3VFQ\CHFEJ@MVF>oBDQR:M9q>1:�NOBYNI\CWIYP

tan θ =

[

1 − 2x

R

]

tan θ0 .

��� e ]+PoB7k`�qGO:	:M9'C`BDC�:MH(CWIYHUBDPHUB�>?PoB=bi:=@M>1IYP?VUBgN:�G9`BnC`BDP?>?EJ@MGHUB_<?V�<?GaCWIS<?VJ@MVJXY9%:M9'@=IqIYP¥�
N:M9`BYNOBY<�C�IYHUBDP1:=<-j:M9A,�G9O@MVJXY9�N:MH�>?VJ:MQ\CWIj[�VJ:M9O:vNOBYNOB	CWIYP �
¯d¢ {

r(t) = r0

θ(t) = t/t0
@=IY9

r0 = 1 � Q��sb t0 = 2π � <�� e
� ¢ {

r(t) = At
θ(t) = t/t0

@=IY9
A = 1/(4π) � Q��D<��}b t0 = 2π � <�� e
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�� 	�	

½5¢ {

r(t) = r0 + B cos (t/2t0)
θ(t) = t/t0

@=IY9
r0 = 1 � Q�� j t0 = 2π � < �sb B = 0,5 � Q�� e

�  de Y�9`B+C`BDP?>?EJ@MGHUBv<1:Z:M9O@MGO:M9q>?PoBv:M9T:MHVF9O<1>oBD9]>1:
t = 0

:M9T:MHHFG�]BDP
~r(0) = 10ŷ

@MQ b�>?VJ:M9O:
G9`B�[i:MHJI�@MVJNOBYN

~v(0) = 2x̂
@MQ��D<-e�}BRBY@=:MHJ:MPoBY@MVJXY9�:M9g>1IqNI	VF9O<1>oBD9]>1:�:=<

~a = −G
~r

r3
,

@=IY9
G � ����� @MQ��D< 2 e]8�9O@MGO:M9q>?P1:39]GQR´MP?VJ@-BDQR:M9q>1:HUB>?PoB-bi:=@M>1IYP?VUB	N:�HUBvC`BDP?>?EJ@MGHUB�C`BDPoB

t ∈ [0, 3,5
<
]
e�� ]+PoB7k`�]GO:��

. 9ONdVJ@-BY@MVJXY9 �CP1IY�SPoBDQR:vHUBY<�<?VF�SGVJ:M9]>1:=<�P1:MHUBY@MVJIY9O:=<
~r(t + ∆) ' ~r(t) + ~v(t)∆

~v(t + ∆) ' ~v(t) + ~a(t)∆

~a(t + ∆) = −G~r(t + ∆)/r3(t + ∆) .

� �Oe � BDHJ@MGHJ:�HUBRQT�7KdVFQTB�NdVJ<?>oBD9O@MVUB
∆
�]GO:�G9

I « �?:M>1I�CGO:=N:_BDHJ:��1BDP1<1:_N:MH « IYP1N:AN:nG9
� CW:MHJNOB �OID� C`BDPoBv:M[qVF>oBDPf<1:MP�BDHJ@-BD9p5BYNIvC�IYP
HJIS<AI « �?:M>1IS<_HUBD9p5BYNIS<g@=IY9 [i:MHJIq@MVJNOBYN

v0N:=<1N:+:MH�CG9]>1I
A
e��}B�NdVJ<?>oBD9O@MVUB�N:=<1N:

ABDH « IYP1N:�N:MH`C�:MHJNOB �OI�:=<
L
b	HUBvBDHF>?GPoB�N:

´=<?>1::=<
H
e

µ��/�S¶q�?¯n·q¸ONDN
� Á e Y�9RCP1I-bi:=@M>?VFH�<1:�HUBD9p5B�@=IY9�[i:MHJIq@MVJNOBYN�VF9V/�

@MVUBDH
v0
bA�D9�SGHJInN:vHUBD9p5BDQ\VJ:M9q>1I

θ
j`BDQ	�

« IS<�@=IY9OI�@MVJNIS<-e+8�H�CP1I5bi:=@M>?VFH\<1I « P1:MC`BY<oB
G9`B « BDP?P1:MPoB	P1:=@M>oBD9�SGHUBDP�N:BD9O@o¨OI

a
@=ID�

9OI�@MVJNIjsCW:MP1IhBDHF>?GPoB
h
N:=<o@=IY9OIq@MVJNOBdj P1ID�

p5BD9ONI\<?GO<ZNIS<r[i´MP?>?VJ@=:=<
A
b

B
��[i:MPrkO�SGd�

PoB� de �  i¢Le¤8f9O@MGO:M9]>?P1:_HUBhNdVJ<?>oBD9O@MVUB
d
�qGO:

<1:MC`BDPoB�:MH�CG9q>1IhN:\HUBD9p5BDQ\VJ:M9q>1I'@=IY9¦HUB
C`BDP1:=N�QT�Y<�@=:MP1@-BD9`BaBDH I « <?>o�Y@MGHJIeUJ¤BDQ	�
« VJ´M9':M9O@MGO:M9]>?P1:RHUBnBDHF>?GPoB

h
N:�HUB « BDP?P1:L�

PoBde
µ��/�S¶q�?¯n·q¸ONq·
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��� e Y�9`BRC`BDP?>?EJ@MGHUB�>?VJ:M9O:�G9�[i:=@M>1IYP+CWIS<?VJ@MVJXY9'NOBYNInC�IYP

~r = 30 · t x̂ � (40 · t − 5 t2)ŷ
j

NIY9ON:
r
:=<?>o�%:M9lQR:M>?P1IS<Tb

t
:M9l<1:M�SG9ONIS<-e 8�9O@MGO:M9]>?P1:�HJIS<�[i:=@M>1IYP1:=<n[i:MHJIq@MVJNOBYNcb

BY@=:MHJ:MPoBY@MVJXY9hVF9O<?>oBD9]>o�D9O:-BY<-e
� 	�e �3:=<1N:rG9`BNdVJ<1>oBD9O@MVUB

d
N:MH « IYP1N:ZP1:=@L�

>1IxN:fG9v>1I « IY�]�D9�<1:fNdVJ<?C`BDPoBZG9`B « :M9d�
�]BDHUBde 0 V�:MH�>1I « IY�]�D9;>?VJ:M9O:hG9`B¦BDHF>?Gd�
PoB

h
bRG9�HUBDP?�iI

b
j�N:M>1:MP?Q\VF9`BDP�BDQ « BY<

@=IYQ\CWIY9O:M9]>1:=<�N:RHUB_[i:MHJI�@MVJNOBYN%VF9VJ@MVUBDH
N:MHZCP1I5bi:=@M>?VFH�C`BDPoB'�qGO:A´=<?>1:�BD>1:MP?P?VJ@=:
<1I « P1:�:MH`[i´MP?>?VJ@=:�<1GC�:MP?VJIYP�N:MH�>1I « IY�]�D9
N:�QTBD9O:MPoBn�]GO:�<?Gh[i:MHJI�@MVJNOBYNa<1:-B\C`B7�
PoBDHJ:MHUBRBDH�CHUBD9OIRVF9O@MHFVF9`BYNIe

µ��F�Y¶��¥¯n·q¸ N��
+�:=<?CGO:=<?>oB �

~v = d

√

g b

2h (b + d)
x̂ + (2 b + d)

√

h g

2 b (b + d)
ẑ .

� Â e 0 GCWIY9�]BDQRIS<R�qGO:
r(t)

b
θ(t)

<oIY9^HUBY<T@=IqIYP1N:M9`BYNOBY<TC�IYHUBDP1:=<RN:_G9mCG9q>1I%�qGO:A<1:
Q�GO:M[i:T:M9'G9%CHUBD9OIe �+:MQ�GO:=<?>?P1:T�qGO:	HUB_[i:MHJI�@MVJNOBYN¦N:\>oBDH�CG9]>1Ij}:M9�@=IqIYP1N:M9`BYNOBY<
@-BDP?>1:=<?VUBD9`BY<5j[qVJ:M9O:NOBYNOB\C�IYP

~v(t) =

[

dr

dt
cos θ − r

dθ

dt
sin θ

]

x̂ +

[

dr

dt
sin θ + r

dθ

dt
cos θ

]

ŷ

=
[

ṙ cos θ − r θ̇ sin θ
]

x̂ +
[

ṙ sin θ + r θ̇ cos θ
]

ŷ .

8�9O@MGO:M9q>?P1:\HUB�[i:MHJIq@MVJNOBYN':M9'@=I�IYP1N:M9`BYNOBY<v@-BDP?>1:=<?VUBD9`BY<C`BDPoBnHJIS<3>?P1:=<@-BY<oIS<N:MH CP1ID�
« HJ:MQTB ��� e

� ) e Y�9`B�C`BDP?>?EJ@MGHUB\>?VJ:M9O:�BY@=:MHJ:MPoBY@MVJXY9�@=IY9O<?>oBD9]>1:
~a = (6 · x̂ + 4 · ŷ )[

Q��D< 2] .8�9
t = 0

HUB	[i:MHJI�@MVJNOBYNg:=<x@=:MP1I\bn:MHs[i:=@M>1IYPxCWIS<?VJ@MVJXY9�:=<
~x0 = 10 · x̂ � Q�� eBi¢ 8�9O@MGO:M9q>?P1:�HJIS<x[i:=@M>1IYP1:=<x[i:MHJI�@MVJNOBYNAb�CWIS<?VJ@MVJXY9�:M9AG9�VF9O<?>oBD9]>1:

t
@MG`BDHJ�]GVJ:MPoBde

« ¢ 8�9O@MGO:M9q>?P1:�HUB	:=@MG`BY@MVJXY9�N:3HUB	>?PoB=bi:=@M>1IYP?VUBT:M9�:MH�CHUBD9OI\b_NdV « ±Y�¥:MHUBde
  � e �3:3G9g@-B �OXY9�<1:NdVJ<1C`BDPoBD9�NIS<ZCP1I-bi:=@M>?VFHJ:=<��`:MH�CP?VFQR:MP1IR@=IY9gG9��D9�SGHJITN:v:MHJ:M[YBY@MVJXY9

θ1 = 60◦
b_:MH}<1:M�SG9ONIR@=IY9gG9��D9�SGHJIRN:v:MHJ:M[SBY@MVJXY9

θ2 = 45◦
e�}B	[i:MHJI�@MVJNOBYN�N:HJIS<

CP1I5bi:=@M>?VFHJ:=<-j}BDH�:MQR:MP?�i:MP�N:MHf@-B �OXY9%:=<
v0 = 250

Q��D<5e �+:=<1CP1:=@MVUBD9ONI_HUBnP1:=<?VJ<?>1:M9O@MVUB
N:MH�BDVFP1:Sjd:M9O@MGO:M9]>?P1::MHWVF9]>1:MP?[SBDHJI	N:�>?VJ:MQ\CWI�:M9]>?P1:3HJIS<rNIS<rNdVJ<?C`BDP1IS<Z�]GO:3BY<1:M�SGP1:3�qGO:
HJIS<ZCP1I5bi:=@M>?VFHJ:=<�@o¨OIq�qGO:M9se
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 d¡Se§�}BxkO�SGPoB�VF9ONdVJ@-B�HUB�@=IY9O:LKdVJXY9	:M9�G9`B�@-B7�?B
N:r@-BDQ « VJIS<©N:rG9TBDG>1IYQRX-[�VFH¬e]8�9O@MGO:M9q>?P1:
HUBnPoBDp-XY9¦:M9q>?P1:RHJIS<PoBYNdVJIS<�N:TBDQ « IS<v:M9d�
�SPoBD9`B7�?:=<-js�qGO:\:=<HUB_Q\VJ<?QTBAC`BDPoBgBDQ « IS<
C`BDP1:=<-j�<1VZG9OI%N:=<1:-Ba�qGO:g:M9mHUBaCP?VFQR:MPoB
QTBDP1@o¨`Bdj¤@=IY9�:MH�QRIY>1IYP	B ������� +�£��^j}:MH
BDG>1I\>1:M9�]B\G9`B	[i:MHJIq@MVJNOBYN�N:�  ��� Q��7¨se
£ IYP�@-BYNOB3@MVF9O@=I�[�GO:MHF>oBY<(:M9	HUB�<�BDHFVJNOB�N: HUB
@-B7�1B�N:+@-BDQ « VJIS<-jdHUBY<rP?GO:=NOBY<-j@MGbiI�PoBYNdVJI
:=<xN: Á � @MQgjNOBD9gG9`B	[�GO:MHF>oBde

µ��/�S¶q�?¯n·q¸ON �

  � e � IY9O<?VJN:MP1:MQRIS<hG9`Bm>?GP « VF9`B ¨VJNdPo�DGHFVJ@-Bde
0 GCWIY9�]BDQRIS<A�]GO:�:MHvBD�SG`B%VF9�SP1:=<�B^B�HUB
>?GP « VF9`B�@=IY9�G9`Bh[i:MHJIq@MVJNOBYN

~v
j(@=IY9

v =
|~v| = 15

Q��D<-j/, IYP?QTBD9ONInG9a�D9�SGHJI_@=IY9
HUBT>oBD9�i:M9]>1:RBDH(P1IY>1IYP:M9�:MH CG9]>1IAN:�:M9d�
>?PoBYNOB

α = 30◦
��[i:MPfkO�SGPoB� de ��� ¢Le 0 GCWIY9d�

�]BxBYN:MQT�Y<¤�]GO:�:MH]PoBYNdVJI�:LKd>1:MP?9OIxN:MHiP1IY>1IYP
:=<

R = 2
Q§b%�qGO:Sj :M9^<?G^:=<?>oBYNI�:=<?>oB7�

@MVJIY9`BDP?VJIj�:MH`P1IY>1IYP �SVFPoB�B�  � +�£�� �¿I�<1:-Bdj
@=IY9 ,¿P1:=@MGO:M9O@MVUB

ν = 0, 5
<
−1 ¢Le�}B ,¿IYP?QTB�N:vHUBY<�C`BDHJ:M>oBY<+N:�G9hP1IY>1IYP+N:

G9`B�>?GP « VF9`B�¨VJNdPo�DGHFVJ@-B\:=< >oBDHs�qGO:�HUB�[i:L�
HJI�@MVJNOBYN�P1:MHUBD>?VF[YB3:M9q>?P1:x:MHOBD�SG`B3�]GO: VF9�SP1:L�
<oBnB�HUB�>?GP « VF9`B_bgHUB�C`BDHJ:M>oB_:M9':MH�CG9]>1I
N:x:M9q>?PoBYNOBdj]<1:-B>oBD9�i:M9]>1:�BHUB3C`BDHJ:M>oBR�¿N:
:=<?>oBxQTBD9O:MPoB�:MHdBD�SG`BxVF9�SP1:=<�B�B�HUBZ>?GP « VF9`B
<?VF9g@o¨OIq�qGO:=<�¢Le

µ��/�S¶q�?¯n·q¸ON �

�3:M>1:MP?Q\VF9O:�:MH3�D9�SGHJI
β
:M9q>?P1:�HUB¦C`BDHJ:M>oB�N:MH�P1IY>1IYPnbmHUB%>oBD9�i:M9q>1:'BDH�P1IY>1IYP_:M9c:MH

CG9q>1ITN:v:M9q>?PoBYNOBTN:�BD�SG`Bde`8�9O@MGO:M9q>?P1:�>oBDQ « VJ´M9hHUB	[i:MHJI�@MVJNOBYNgP1:MHUBD>?VF[SB
vr

N:MH BD�SG`B
��P1:=<?CW:=@M>1IRB	HUB�C`BDHJ:M>oBi¢x:M9g:=<1:3CG9]>1Ie
+�:=<?CGO:=<?>oB �

tanβ =
v sinα

v cos α − 2πRν
; vr = 10, 06 � Q��D<�� .

 S de Y�9`B_C`BDP?>?EJ@MGHUBh<1:\Q�GO:M[i:n:M9�:MH�CHUBD9OI
xy

@=IY9%G9`Bg[i:MHJIq@MVJNOBYN �¿�qGO:RN:MC�:M9ON:nN:\HUB
CWIS<?VJ@MVJXY9�¢

~v = ax̂ + bxŷ
j¤NIY9ON:

a
b

b
<1IY9^@=IY9O<1>oBD9]>1:=<-e�8�9�:MHrVF9O<?>oBD9]>1:nVF9VJ@MVUBDHrHUB

C`BDP?>?EJ@MGHUBT<1::M9O@MGO:M9]>?PoBT:M9�:MH}IYP?VF�i:M9��
x(0) = y(0) = 0

¢Le`8�9O@MGO:M9]>?P1:�HUB	:=@MG`BY@MVJXY9hN:
HUB�>?PoB-bi:=@M>1IYP?VUB

y(x)
e

+�:=<?CGO:=<?>oB �
y(x) =

b

2a
x2 .
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  �Oe Y�9vQRIY9OI+:=<?>o�x@=IYHF�]BYNI3BZG9`B�BDHF>?GPoB
hN:�G9g�DP « IYH¬e3Y�9n@-BDp5BYNIYPxBDCG9]>oB	@=IY9

G9`B�@=:MP « BD>oBD9`BaNdVFP1:=@M>oBDQR:M9]>1:hBDH QRID�
9OI\N:=<1N:3G9`B	NdVJ<1>oBD9O@MVUB

d
��[i:MPZkO�SGPoB

 de � 	S¢Le¤8�9^:MH©Q\VJ<?QRIgVF9O<1>oBD9]>1:n:M9��qGO:
:MH]@-BDp5BYNIYP <1IYCHUBZ:MH]NOBDP1NI�:M9][i:M9O:M9`BYNI
:MH¤QRIY9OIT<1:�<?GO:MHF>oBRN:MH��DP « IYH¬e [ 0 I « P1:L�
[�VF[qVFPo�T:MH¤QRIY9OI \ � �+:=<1CP1:=@MVJ:�:MH :M,¿:=@M>1IN:
,¿P?VJ@=@MVJXY9�N:MH}NOBDP1NIR@=IY9h:MH}BDVFP1:5¢

µ��/�Y¶��?¯_·q¸ON �
  Á e Y�9`B�P?GO:=NOB	�SVFPoB\:M9g>1IYP?9OI�B�G9�:��¥:3¨OIYP?VFp-IY9q>oBDH(B\  � �¬®�³���¹�P?CQ � G9`B	P1:M[iIYHFGO@MVJXY9

CWIYPvQ\VF9]G>1I � ¡T[qGO:MHF>oBgC�IYP�Q\VF9]G>1I]¢Lj(N:\QTBD9O:MPoBh�]GO:�<?G%C`BDP?>1:RVF93, :MP?VJIYP	�]GO:=NOBgB
9VF[i:MH}N:MHs<1GO:MHJIjC�:MP1I\<1VF9AP1IYp5BDP?HJIe¤� _ <1:-BdjHUB�P?GO:=NOB\�SVFPoB\<?VF9AP1I�NOBDP�¢Le
0 I « P1:3:MH « IYP1N:3N:+HUBvP?GO:=NOB�<1:�¨`BD9gBYNIS<oBYNI	NIS<rCVJ:=NdP1:=@MVF>oBY<-jd:M9_C�IS<?VJ@MVJIY9O:=<rNdVUBDQR:L�
>?PoBDHFQR:M9q>1:�IYCGO:=<?>oBY<-e
¯d¢ 0 GCWIY9�]Bg�qGO:R@MG`BD9ONI�:MH�NdVU�DQR:M>?P1Ih�qGO:RG9O:�BAHUBY<vCVJ:=NdPoBY<�C`BY<oBgC�IYPvHUBgC�IS<1V/�

@MVJXY9�¨OIYP?VFp-IY9]>oBDH¬jd´=<?>oBY< <1:�N:=<?CP1:M9ON:M9_N:MH « IYP1N:Sj]:M9 , IYP?QTBv<?VFQ�GHF>o�D9O:-B��ºkO�SGPoB
 de � Â Bi¢LjWbgG9`BnN:\:MHFHUBY<3HFHJ:M�]B_BDH�<?GO:MHJIgBD9]>1:=<�qGO:�HUBnIY>?PoBde 0 :�I « <o:MP?[YBn�qGO:�NdGd�
PoBD9q>1:v:MHsVF9]>1:MP?[SBDHJITN:v>?VJ:MQ\C�IR:M9q>?P1:vHUB�HFHJ:M�]BYNOB�BDH}<?GO:MHJI\N:G9`B	b_IY>?PoB	CVJ:=NdPoBdj
HUB�P?GO:=NOB\NOB\G9`B�[qGO:MHF>oB\@=IYQ\CHJ:M>oBde �3:M>1:MP?Q\VF9O:�:MH�PoBYNdVJIRN:HUB�P?GO:=NOBde

� ¢ [ � GO´x�D9�SGHJI
α
N: « : , IYP?QTBDP�HUB+HFEF9O:-B�qGO:rG9O:�BBDQ « BY<�CVJ:=NdPoBY<�@=IY9\HUB+[i:MP?>?VJ@-BDH

C`BDPoB_�qGO:Sj�<?V�HUBY<3CVJ:=NdPoBY<�<o:\N:=<?CP1:M9ON:M9¦:M9%:=<oBnCWIS<?VJ@MVJXY9sjWHFHJ:M�SGO:M9�BDHf<?GO:MHJIgBDH
Q\VJ<?QRI	>?VJ:MQ\CWI \

µ��F�Y¶q�?¯_·q¸ N �]¯ µ��F�Y¶q�?¯n·q¸ N � �
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  � e Y�9_�SHJI « I	<1IY9ONOB�:=<Z<1IYHF>oBYNI\N:=<1N:+HUB�>?VJ:L�

P?PoBhb�<o:nBDHJ:��1Ba@=IY9�[i:MHJIq@MVJNOBYNm@=IY9O<?>oBD9q>1:
:M9 >?PoB=bi:=@M>1IYP?VUB P1:=@M>oB^HUB^@MG`BDH&,¿IYP?QTB^G9
�D9�SGHJIvN:�  �

◦
@=IY9\HUB3[i:MP?>?VJ@-BDH¬e]�}B+[i:MHJI�@MV/�

NOBYN�N:MH([qVJ:M9q>1In@=IY9�P1:=<?CW:=@M>1IABDH <?GO:MHJIn:=<
N:\¡ � � Z Q��7¨ � jO:=<?>oB « HJ:SjO¨`BY@MVUB\:MH�9OIYP?>1:Se
¯�¢ � BDHJ@MGHJ:�HUBr[i:MHJI�@MVJNOBYN�N:MH]�SHJI « IxP1:=<¥�

C�:=@M>1IRBDH¤BDVFP1:Se
� ¢ � BDHJ@MGHJ:l:MHn>?VJ:MQ\CWI �qGO:;>oBDP1NOB�:MH

�SHJI « I%:M9 BDHJ@-BD9p5BDP�G9`B¦BDHF>?GPoB¦N:
¡ Z Q @=IY9gP1:=<1C�:=@M>1ITBDHs<1GO:MHJIe

µf�F�Y¶��¥¯_·�¸ON �

  	�e
∗
Y�9`B	P?GO:=NOBRN:vPoBYNdVJI � j � Á � Q�� ¨`B\:=<?>oBYNIR�SVFPoBD9ONI�:M9$, IYP?QTB	G9V ,¿IYP?QR:�B	PoBDp-XY9hN:G9`B�P1:M[iIYHFGO@MVJXY9AC�IYPZ<1:M�SG9ONIed8�9A@MVJ:MP?>1I�VF9O<?>oBD9q>1:3HUBvP?GO:=NOB�:=<,�P1:M9`BYNOB�bT<o:�N:M>?VJ:M9O:Sj

G9V , IYP?QR:MQR:M9]>1:Sj©N:=<?CGO´=<\N:_¨`B « :MP\�SVFPoBYNIaQR:=NdVUB�[�GO:MHF>oBde � BDHJ@MGHJ:_HUB'BY@=:MHJ:MPoBY@MVJXY9
>oBD9�i:M9O@MVUBDHZb¦@=:M9q>?P?EFC�:M>oB%N:�G9�CG9q>1I�kS�¥I�:M9m:MH « IYP1N:_N:nHUB�P?GO:=NOBa@MG`BD9ONIa´=<?>oB
@=IYQ\VJ:M9p5BRBR<1:MP ,�P1:M9`BYNOBde

  Â e �3IS<ACP1I5bi:=@M>?VFHJ:=<�<oIY9�HUBD9p5BYNIS<h<1VFQ�GHF>o�7�
9O:-BDQR:M9q>1:RN:=<1N:	:MH(Q\VJ<?QRI_CG9]>1IA:M9'G9
CHUBD9OI�¨OIYP?VFp-IY9q>oBDH¬eR�sIS<mCP1I5bi:=@M>?VFHJ:=<;<1IY9
HUBD9p5BYNIS<�@=IY9gVF�SG`BDHsPoBDCVJN:Mpvb_@=IY9h�D9�SGd�
HJIS<@=IY9aP1:=<?CW:=@M>1IgB�HUBT¨OIYP?VFp-IY9q>oBDH

α
b

β
j

P1:=<?CW:=@M>?VF[SBDQR:M9]>1:'�
α < β

¢Le 1�Q « IS<�CP1ID�
bi:=@M>?VFHJ:=<�HFHJ:M�]BD9�BDHQ\VJ<?QRICG9q>1Iv:M9RHUB+¨OID�
P?VFp-IY9q>oBDH`CW:MP1IvB3VF9O<?>oBD9]>1:=<©NdV ,¿:MP1:M9q>1:=<-e �3:L�
Q�GO:=<?>?P1:��qGO:�HJI�N:=<1@MP?VF>1I�:=< C�IS<1V « HJ:xbR:M9d�
@MGO:M9q>?P1:hHUB¦PoBDp-XY9 :M9]>?P1:�HJIS<n>?VJ:MQ\C�IS<_N:
HFHJ:M�]BYNOBdeZ�¿8(KdCP1:=<oBDP\:MH©P1:=<1GHF>oBYNI�:M9^>1´MP¥�
Q\VF9OIS<xN:

α
¢Le µf�F�Y¶��¥¯_·�¸J· �

  ) e Y�9�CP1I-bi:=@M>?VFHx:=<	HUBD9p5BYNI%N:=<1N:nG9�CHUB7�
9OIVF9O@MHFVF9`BYNI�@MGbiI��D9�SGHJI�N:ZVF9O@MHFVF9`BY@MVJXY9
@=IY9nHUBv¨OIYP?VFp-IY9q>oBDH�:=<

α
e 0 VW:MH�CP1I-bi:=@M>?VFH�:=<

HUBD9p5BYNIn@=IY9hPoBDCVJN:Mp
v0
bg@=IY9�G9��D9�SGd�

HJIAN:R:Mbi:=@=@MVJXY9
β
@=IY9%P1:=<?CW:=@M>1I�BDH�CHUBD9OI

��[i:MP	kO�SGPoB' de  d¡5¢Ljf@-BDHJ@MGHJ:�:MHZBDHJ@-BD9O@=:
DN:MH�CP1I5bi:=@M>?VFH B	HJI	HUBDP?�iIRN:MH}CHUBD9OIe

µf�F�Y¶��¥¯_·�¸J·q¹
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� � e§8�Hf¯Y¼5���Sj�G9`B	BDCW:M>?VF>1IS<oB	B=[i:N:MHW>?VJ:MQ\C�I	N:+HUBY<r@-B=[i:MP?9`BY<-jN:=<�BDP?P1IYHFHJX	C�IYP G9_CP1Iq@=:=<1I

N:n:M[iIYHFGO@MVJXY9sj(G9`B�@=IYPoBDp5Ba:M9^HUB�C`BDP?>1:�VF93, :MP?VJIYP\N:�<1G^@MGO:MP?CWIaN:TQTBD9O:MPoBa�qGO:THJIS<
>?P1IY�SHJI�NdVF>oBY<x9OI	CWIqNdEUBD9h@-BDp5BDP?HUBY<�@=IY9�BDP1@=IS<xb » :=@1¨`BY<5e
_ �S±sj�G9hVF9�i:M9VJIS<oI�>?P1IY�SHJI�NdVF>oBdjWN:=<oBDP?P1IYHFHJXnG9hQR´M>1I�NI�C`BDPoBT@-BDp5BDP?HUB_BDCP1I-[i:=@o¨`BD9ONI
�qGO:�:MHfB-[i:	9OI�>?VJ:M9O:	@=IYPoBDp5B_<1I « P1:	:MH�NIYP1<1IeW8�H�NdVJ<?C`BDPoB « B » :=@o¨`BY<v�]GO:�VFQ\C`BY@M>oBDPoBD9
BDH}B-[qV/K_C�IYP+BDP?P?V « Bde
�BYNIS<xHUBR[i:MHJIq@MVJNOBYN�N:MH B-[i:

v �����
j`HUBRBDHF>?GPoB

h
B	HUBT�]GO:�[qGO:MHUBdj`HUB\[i:MHJI�@MVJNOBYN

v0
@=IY9

�qGO:	HUB » :=@1¨`Bg:=<VFQ\CGHJ<oBYNOBACWIYPv:MH©BDP1@=IAba:MH��D9�SGHJI
θ
��P1:=<?CW:=@M>1I�B_HUBn¨OIYP?VFp-IY9q>oBDHº¢

@=IY9g�qGO:v:MH�>?P1IY�SHJI�NdVF>oB\NdVJ<?C`BDPoB	HUB » :=@o¨`Bdj`@-BDHJ@MGHUBDP �
¯d¢ 8�H�>?VJ:MQ\CWIR�qGO:3HJ:>1IYQTBRB�HUB » :=@o¨`B	C`BY<oBDPxCWIYPZHUBRBDHF>?GPoB

h
HUB\<1:M�SG9ONOB	[i:Mpie

� ¢ 8�H [SBDHJIYP3N:�HUB�NdVJ<?>oBD9O@MVUB
d
:M9]>?P1:\:MHfB=[i:�bgHUB�[i:MP?>?VJ@-BDH(CWIYP3:MH CG9]>1IAN:�HUBD9p5B7�

Q\VJ:M9q>1Ij`:M9g:MHsVF9O<?>oBD9q>1:vN:MHsHUBD9p5BDQ\VJ:M9q>1Ij`C`BDPoB	�qGO:HUB » :=@1¨`BRVFQ\C`BY@M>1:�BDH¤B-[i:Se

µ��F�Y¶��¥¯n·q¸U·*N

�O¡Se 0 :�HUBD9p5BD9gNIS<rCP1I-bi:=@M>?VFHJ:=<
A
b

B
N:+QRI�NI��qGO:�>?VJ:M9O:M9AVF�SG`BDH�BDHJ@-BD9O@=:3¨OIYP?VFp-IY9q>oBDH

L
e

A
<1:+HUBD9p5B�¨OIYP?VFp-IY9]>oBDHFQR:M9q>1:�N:=<1N:+G9`B	BDHF>?GPoB

h
jd�qGO:�:=<rVF�SG`BDHsB�HUB�BDHF>?GPoB�QT�7K�VFQTB

�qGO:vBDHJ@-BD9p5B
B
NdGPoBD9]>1:�<1GA[qGO:MHJIg��[i:MPZkO�SGPoBT de  S i¢

¯�¢ � BDHJ@MGHJ:rHUBxPoBDp-XY9R:M9q>?P1:©HJIS<(>?VJ:MQ\CWIS<
N:3[qGO:MHJIRN:

A
b

B
e

� ¢ � BDHJ@MGHJ:�HUBvPoBDp-XY9A:M9]>?P1:+HUBY<©@=IYQ\CWID�
9O:M9]>1:=<A¨OIYP?VFp-IY9q>oBDHJ:=<gN:�HUB¦[i:MHJI�@MV/�
NOBYNgN:3HJIS<ZCP1I-bi:=@M>?VFHJ:=<5e

½5¢ [ � G`�DH�:=<rHUB�PoBDCVJN:MpT��QTBD�S9VF>?GONgN:
HUB3[i:MHJIq@MVJNOBYN`¢fN:x@-BYNOBG9OI�N:x:MHFHJIS<
BDH�HFHJ:M�]BDP�BDH}<?GO:MHJI \

µf�F�Y¶��¥¯_·�¸J·i·
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tvu��3u �3~�����{��� � � ������� ��~x� ��z �o~x� ����~ � �1z��
�x�

8 F TV9 C
���� ;/T(S H^F �UTV?�:<;	��
��

� IYHJIq�qGO:MQRIS<�:MHOIYP?VF�i:M9�:M9R:MHHFG�]BDP�:M9R�]GO:Z:=<1>o�+G « VJ@-BYNIv:MHO@-B �OXY9\b�<o:-BD9
x̂
b

ẑ
HJIS<f:��?:=<

¨OIYP?VFp-IY9]>oBDH�bR[i:MP?>?VJ@-BDH¬j�P1:=<?CW:=@M>?VF[YBDQR:M9q>1:Sed�}BvCWIS<?VJ@MVJXY9_N:+HUB « BDHUB_�¿<?VJ:M9ONI
t = 0

:MH�VF9O<?>oBD9q>1:
N:MH}NdVJ<?C`BDP1I]¢ [i:M9ONdPo�\NOBYNOB\C�IYPxHUBY<�@=IqIYP1N:M9`BYNOBY<

x(t) = v0 cos θ0 tb
z(t) = v0 sin θ0 t − 1

2
gt2 .

�}B\@=IYQ\CWIY9O:M9]>1:v[i:MP?>?VJ@-BDH N:3HUB	[i:MHJI�@MVJNOBYNgN:HUB « BDHUB\<1:MPo�
vz(t) = v0 sin θ0 − gt .

0 :-B
t∗
:MHsVF9O<?>oBD9]>1:�:M9��qGO:HUB « BDHUBRC�:M9O:M>?PoB	CWIYPxHUBR[i:M9]>oBD9`Bde�8�9�:=<1:VF9O<1>oBD9]>1:�N: « :M9h@MGQ	�

CHFVFP1<1:HUBY<ZP1:MHUBY@MVJIY9O:=<
v0 cos θ0 t∗ = Db

v0 sin θ0 t∗ − 1

2
gt∗2 = h .

�}B'@=IY9ONdVJ@MVJXY9cN:A�qGO:_HUB « BDHUBaCW:M9O:M>?P1:A:M9 , IYP?QTB�¨OIYP?VFp-IY9]>oBDH+C�IYP\HUB�[i:M9q>oBD9`B%:LKdVF�i:g�qGO:
:M9

t∗
HUB�[i:MHJIq@MVJNOBYN^[i:MP?>?VJ@-BDHZN:�HUB « BDHUBh<1:-B�9]GHUBde _ <o:-Bdj BYN:MQT�Y<	N:�HUBY<�NIS<�P1:MHUBY@MVJIY9O:=<

BD9]>1:MP?VJIYP1:=<-j�N: « :v@MGQ\CHFVFP1<o:v�]GO:
v0 sin θ0 − gt∗ = 0 .

�+:=<1C�:��1BD9ONI
t∗
N:�HUB�±HF>?VFQTB�P1:MHUBY@MVJXY9AbRP1:=:MQ\CHUBDp5�D9ONIYHUB\:M9_HUBY<rNIS<ZBD9]>1:MP?VJIYP1:=<x<o:�I « >?VJ:M9O:

v2
0 sin θ0 cos θ0 = Dg

�¥¡5¢b
v2
0 sin2 θ0 = 2hg .

� � ¢
��VF[�VJNdVJ´M9ONIRHUB�±HF>?VFQTB\C�IYPxHUB\BD9q>1:MC�:M9q±HF>?VFQTBT<o::M9O@MGO:M9]>?PoB

tan θ0 =
2h

D
.

8f<?>oB+P1:MHUBY@MVJXY9RCW:MP?Q\VF>1:x:M9O@=IY9]>?PoBDP :MH`�D9�SGHJIN:Z:MHJ:M[YBY@MVJXY9�N:MHONdVJ<?C`BDP1I
θ0
eS£(BDPoBN:M>1:MP?Q\VF9`BDP

:MHs[YBDHJIYPxN:
v0
:MHJ:M[SBDQRIS<�BDH}@MG`BYNdPoBYNIRHUB\:=@MG`BY@MVJXY9��¥¡5¢ �

v4
0 sin2 θ0 (1 − sin2 θ0) = D2g2 .

�+:=<1C�:��1BD9ONI
sin2 θ0

N:n� � ¢Lj`<?GO<?>?VF>?Gbi´M9ONIYHJIn:M9�HUB\±HF>?VFQTBT:=@MG`BY@MVJXY9a<1:v:M9O@MGO:M9q>?PoBTC`BDPoB
v0HUB\:LK�CP1:=<1VJXY9

v2
0 =

(D2 + 4h2)g

2h
.
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8 F TV9 C
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0 :-B+K�`]b	:MHCHUBD9OI�:M9T�qGO:Z<1:ZQ�GO:M[i:M9�HJIS<fCP1I5bi:=@M>?VFHJ:=<-j
ẑ
:MH�:��¥:Z�qGO:�BDCG9]>oBv¨`BY@MVUB�BDP?P?V « B

bn@=IYHJI��]GO:MQRIS<�:MHsIYP?VF�i:M9�:M9�:MH�HFG�]BDP�:M9h�]GO:<1::M9O@MGO:M9q>?PoBT:MHs@-B �OXY9se
0 :-B

t
:MH(>?VJ:MQ\CWIT>?PoBD9O<o@MGP?P?VJNIAN:=<1N:�:MH(NdVJ<?C`BDP1InN:�HUB « BDHUB�� ¡Se��}BTCWIS<?VJ@MVJXY9�N:	:=<oB

« BDHUB	[qVJ:M9O:�NOBYNOB	C�IYP
{

z1(t) = v0 sin θ1 t − 1
2gt2

x1(t) = v0 cos θ1 t .
0 :-B

t′
:MHd>?VJ:MQ\CWI3>?PoBD9O<1@MGP?P?VJNIN:=<1N:r:MHNdVJ<?C`BDP1I3N: HUB « BDHUB�� � eY�}B+CWIS<?VJ@MVJXY9\N:©HUB+<1:M�SG9ONOB

« BDHUB	[qVJ:M9O:Sj�BD9`�DHJIY�]BDQR:M9]>1:Sj�NOBYNOB	C�IYP
{

z2(t
′) = v0 sin θ2 t′ − 1

2gt′2

x2(t
′) = v0 cos θ2 t′ .

£ BDPoB��]GO:rHUBY< « BDHUBY<©@1¨OI��]GO:M9�N: « :M9R@=IYVF9O@MVJNdVFP©HUBY<fNIS<f@=I�IYP1N:M9`BYNOBY<�N:�BDQ « BY< « BDHUBY<-jSI<1:-Bdj
N: « :v@MGQ\CHFVFP1<o:

cosθ1 t = cosθ2 t′
�  de  i¢

b
v0 sin θ1 t − 1

2
gt2 = v0 sin θ2 t′ − 1

2
gt′2 .

�  de �q¢
�+:=<1C�:��1BD9ONI

t′
N:THUB_CP?VFQR:MPoBgN:T:=<?>oBY<�:=@MG`BY@MVJIY9O:=<�baP1:=:MQ\CHUBDp5�D9ONIYHUBh:M9¦HUBA<1:M�SG9ONOBg<o:

I « >?VJ:M9O:
v0 sin θ1 t − 1

2
gt2 = v0 sin θ2

cos θ1

cos θ2
t − 1

2
g

cos2 θ1

cos2 θ2
t2 .

��GO:M�iITNdVF[�VJNdVFQRIS<xCWIYP
t
jdQ�GHF>?VFCHFVJ@-BDQRIS<�CWIYP

cos θ2
bnP1:=IYP1N:M9`BDQRIS<xHJIS<x>1´MP?Q\VF9OIS<��

v0 (cos θ2 sin θ1 − sin θ2 cos θ1) =
gt

2 cos θ2
(cos2 θ2 − cos2 θ1) .

�  de Á ¢
0 :-B

∆t
:MH�>?VJ:MQ\CWI3:M9]>?P1:ZBDQ « IS<�NdVJ<?C`BDP1IS<-e 0 : >?VJ:M9O:r:M9]>1IY9O@=:=<f�qGO:

t′ = t−∆t
e 0 GO<1>?VF>?Gbi:M9ONI

:=<?>1IR:M9¦� Á e  i¢r<1::M9O@MGO:M9q>?PoBR�qGO:

t =

(

cos θ2

cos θ2 − cos θ1

)

∆t .
�  de � ¢

0 GO<?>?VF>?Gbi:M9ONIT:=<?>oB\P1:MHUBY@MVJXY9hB	<?GA[i:Mp�:M9�� Á e � ¢Lj`<1:I « >?VJ:M9O:��

v0 (cos θ2 sin θ1 − sin θ2 cos θ1) =
g

2

(cos2 θ2 − cos2 θ1)

cos θ2 − cos θ1
∆t ,

IR<1:-Bdj
∆t =

2v0

g

sin(θ1 − θ2)

cos θ1 + cos θ2
' 11

<
.
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0 :-B

~r (t) = x(t) x̂ + y(t) ŷ
HUB�CWIS<?VJ@MVJXY9gN:+HUB�C`BDP?>?EJ@MGHUBde �3:MP?VF[YBD9ONI	P1:=<1C�:=@M>1I\BDHW>?VJ:MQ\C�I\<o:

:M9O@MGO:M9]>?PoB�<?GA[i:MHJIq@MVJNOBYN��
~v(t) = ẋ(t) x̂ + ẏ(t) ŷ .£¤IYP+IY>?PoB	C`BDP?>1:SjON:vBY@MGO:MP1NI�BDHs:M9qG9O@MVUBYNIj�<�B « :MQRIS<x�qGO:

~v(t) = a x̂ + bx(t) ŷ .

. �SG`BDHUBD9ONInBDQ « BY<�:LKdCP1:=<?VJIY9O:=<-j`@=IYQ\C�IY9O:M9q>1:�B	@=IYQ\CWIY9O:M9]>1:Sj`I « >1:M9O:MQRIS<

ẋ(t) = a

b
ẏ(t) = bx(t) .

�}B�CP?VFQR:MPoB�N:�:=<?>oBY<+:LK�CP1:=<1VJIY9O:=<�VF9ONdVJ@-Bn�qGO:Sj`C`BDPoBTHUB�@=IYQ\C�IY9O:M9q>1:RB\HJI�HUBDP?�iInN:MH(:��?:
x̂
j

:MHsQRI-[�VFQ\VJ:M9]>1I�:=<ZG9V ,¿IYP?QR:Sj�I\<1:-Bdj

x(t) = x(0) + at .

£¤:MP1IjfN:ABY@MGO:MP1NI%BDHZ:M9]G9O@MVUBYNIj
x(0) = 0

j HFGO:M�iI
x(t) = at

e 0 GO<?>?VF>?Gbi:M9ONI':=<?>1Ia:M9�HUB
:=@MG`BY@MVJXY9�C`BDPoB

ẏ(t)
<1::M9O@MGO:M9]>?PoB

ẏ(t) = bat .
�+:BY�qGE�<1:�N:=NdGO@=:�qGO:3:MHWQRI-[�VFQ\VJ:M9]>1ITB�HJI�HUBDP?�iI	N:MHW:��?:

ŷ
:=<rG9V ,¿IYP?QR:MQR:M9q>1:�BY@=:MHJ:MPoBYNIj

HFGO:M�iI
y(t) = y(0) +

1

2
bat2 =

1

2
bat2 .

�+: :=<?>oBxQTBD9O:MPoBx¨O:MQRIS<(:M9O@=IY9]>?PoBYNI3�qGO:fHUBY< @=IqIYP1N:M9`BYNOBY<
x
:
y
N:�HUBxC`BDP?>?EJ@MGHUBdjD:M9 ,�G9O@MVJXY9

N:MHs>?VJ:MQ\C�IjO[qVJ:M9O:M9�NOBYNOBY<xC�IYP
x = at

y =
ab

2
t2 .

�+:=<1C�:��1BD9ONI
t
N:\HUB_CP?VFQR:MPoBgN:T:=<?>oBY<�:=@MG`BY@MVJIY9O:=<�bhP1:=:MQ\CHUBDp5�D9ONIYHJIa:M9%HUBg<1:M�SG9ONOBdj}<1:

I « >?VJ:M9O:kO9`BDHFQR:M9]>1:�HUB\:=@MG`BY@MVJXY9�N:HUB�>?PoB-bi:=@M>1IYP?VUB

y = y(x) =
b

2a
x2 .
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Bi¢ 0 :-B

v0
HUB�[i:MHJI�@MVJNOBYN�N:MHd�SHJI « I�P1:=<?CW:=@M>1I3B�G9	I « <1:MP?[SBYNIYP kS�¥I�:M9�HUB�JrVJ:MP?PoBdeY�}B�[i:MHJIq@MVJNOBYN

[i:MP?>?VJ@-BDH}bn¨OIYP?VFp-IY9]>oBDH¤<o:MPo�D9
vz = v0 cos 30◦ =

v0

√
3

2b
vx = v0 sin 30◦ =

v0

2
,

P1:=<?C�:=@M>?VF[SBDQR:M9]>1:Se¤�}BA@=IYQ\CWIY9O:M9]>1:�¨OIYP?VFp-IY9]>oBDH N:\HUBn[i:MHJIq@MVJNOBYN¦N:MHf�SHJI « I�N: « :\@=IYVF9O@MVJNdVFP
@=IY9gHUB\N:MH�[�VJ:M9]>1Ij`I\<o:-Bdj

vx = v0/2 = vv

e��+:vBY�qGE}<1:N:=NdGO@=:��]GO:
v0 = 2vv = 20 Z Q��7¨se�}B@=IYQ\CWIY9O:M9]>1:�[i:MP?>?VJ@-BDH`N:ZHUB+[i:MHJI�@MVJNOBYNTN:MHO�SHJI « I:=<fCP1:=@MVJ<�BDQR:M9]>1:xHUB[i:MHJIq@MVJNOBYNR@=IY9

�]GO:´=<?>1:<o:3Q�GO:M[i:P1:=<?CW:=@M>1IRBDH¤BDVFP1:R�¿<?GAQRI5[qVFQ\VJ:M9q>1IR¨OIYP?VFp-IY9q>oBDH¤<1:N: « :vBDH�[qVJ:M9q>1I]¢LeO8f<?>oB
[i:MHJIq@MVJNOBYN�[i:MP?>?VJ@-BDHs[qVJ:M9O:�NOBYNOB	C�IYP

vz = v0

√
3/2 = 17, 3... Z Q��7¨se

« ¢ � IY9OIq@MVJ:M9ONI
vz

:=<&,¬�Y@MVFHf:M[SBDHFG`BDPv:MH�>?VJ:MQ\C�I
t∗
�]GO:\N:MQRIYPoBg:MH��SHJI « IA:M9¦BDHJ@-BD9p5BDPvG9`B

BDHF>?GPoBRN:
h = 1 Z QgeO8f<1>1:3[qVJ:M9O:vNOBYNIRC�IYP

t∗ =
h

vz

' 1

17, 3
� ¨ � ' 3, 46 � Q\VF9qG>1IS<�� .

8 F TV9 C
���� ;/T(S H^F �UTV?�:<;������
0 :-B

ω0
HUBT[i:MHJI�@MVJNOBYN%BD9�SGHUBDP3N:�HUB�P?GO:=NOB_BD9]>1:=<N:	<1:MP�,�P1:M9`BYNOB �

ω0 = 2π
<
−1 e 0 :-B α

HUB
BY@=:MHJ:MPoBY@MVJXY9�BD9�SGHUBDP��qGO:3<?G3,�P1:3HUB�P?GO:=NOB\BDHs<o:MP ,�P1:M9`BYNOBde 0 V

t = 0
:=<Z:MH�VF9O<?>oBD9]>1:v:M9g�qGO:<1:

BDCHFVJ@-B\:MH2,¿P1:M9OIjO<1:3>?VJ:M9O:v�qGO:3HUB�[i:MHJIq@MVJNOBYN�BD9�SGHUBDPx[i:M9ONdPo�\NOBYNOB	CWIYP
ω(t) = ω0 + α t ,

Q\VJ:M9]>?PoBY<+�]GO::MH¤�D9�SGHJIT�]GO:3P1IY>oBDPo�	HUB\P?GO:=NOB\<1:MPo�

θ(t) = θ(0) + ω0t +
1

2
αt2 = ω0t +

1

2
αt2 .

0 :-B
t∗
:MH�>?VJ:MQ\CWI��qGO:�>oBDP1NOB�HUB�P?GO:=NOB�:M9_�qGO:=NOBDP :M9nP1:MC�IS<oIe �3:3BY@MGO:MP1NI	BDHW:M9]G9O@MVUBYNI\N:MH

CP1I « HJ:MQTBdj`N: « :v@MGQ\CHFVFP1<1:v�qGO:
ω(t∗) = 0

b
θ(t∗) = π

jIR<1:-Bdj

π = ω0t
∗ +

1

2
α t∗ 2 b

ω0 + αt∗ = 0 .

�+: :=<?>oBY< :=@MG`BY@MVJIY9O:=<(C�I�N:MQRIS< N:=<?C�:��1BDP
t∗
b

α
e78f9�C`BDP?>?VJ@MGHUBDP(C`BDPoB�HUB�BY@=:MHJ:MPoBY@MVJXY9RBD9�SGHUBDP

<1:I « >?VJ:M9O:
α = −ω2

0

2π
= −2π � � −2 � .

�}B\QTBD�S9VF>?GON�N:HUBTBY@=:MHJ:MPoBY@MVJXY9�>oBD9�i:M9O@MVUBDH b_@=:M9q>?P?EFC�:M>oB���[i:MP�<o:=@=@MVJXY9� de  i¢ [�VJ:M9O:M9hNOBYNOBY<
C�IYP

at = Rα
b

ac = −Rω2 e5Y+<oBD9ONIn:=<?>oBY<3:LK�CP1:=<1VJIY9O:=<+@=IY9 R = 0, 25 � Q��(b ω = ω0 =
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2π
<
−1 <1:�:M9O@MGO:M9]>?PoBg�]GO:�HUB_BY@=:MHJ:MPoBY@MVJIY9O:=<>oBD9�i:M9O@MVUBDHfb�@=:M9q>?P?EFC�:M>oB_N:�G9aCG9]>1InkS�?I�:M9:MH « IYP1N:TN:\HUB_P?GO:=NOBdjs@MG`BD9ONIh´=<?>oB_@=IYQ\VJ:M9p5B�BA<o:MP&,�P1:M9`BYNOBdj¤<1IY9

at = −1, 57 � Q��D< 2 ��b
ac = 9, 87 � Q��D< 2 � e
8 F TV9 C
���� ;/T(S H^F �UTV?�:<;�� � �
Bi¢ �sI��]GO:

A
>oBDP1NOB�:M9�HFHJ:M�]BDP©¨`BY<?>oB�:MH�<?GO:MHJI�:=<fVF�SG`BDH�BHJI��]GO:�N:MQRIYPoB

B
N:=<oN:�<?G�CG9]>1I

QT�7K�VFQRIg� BDQ « IS<�BD¨E�>?VJ:M9O:M9AG9`B�[i:MHJI�@MVJNOBYN_[i:MP?>?VJ@-BDHs9qGHUBi¢Le
B
N:MQRIYPoB�HJI	Q\VJ<?QRI\:M9A<?G « VFP

�]GO:v:M9 « B7�1BDP-jHFGO:M�iI\HUB�PoBDp-XY9h:M9]>?P1:vHJIS<x>?VJ:MQ\C�IS<�N:3[qGO:MHJIRN:
A
b

B
:=<

tA
tB

=
1

2
.

« ¢ �}B�[i:MHJIq@MVJNOBYN;¨OIYP?VFp-IY9]>oBDH+N:�BDQ « IS<\CP1I-bi:=@M>?VFHJ:=<n:=<R@=IY9O<?>oBD9q>1:Se�1�Q « IS<RP1:=@=IYP?P1:M9 HUB
Q\VJ<?QTB	NdVJ<?>oBD9O@MVUB�¨OIYP?VFp-IY9]>oBDHsb�@=IYQRI

B
C`BDPoB�:MHFHJI�N:MQRIYPoB	:MH�NI « HJ:�qGO:

A
jd<1:3N:=NdGO@=:�]GO:

HUB	[i:MHJIq@MVJNOBYNg¨OIYP?VFp-IY9]>oBDH¤N:
B
N: « :<1:MPZHUB	Q\VF>oBYNgN:3HUBRN:

A
e

@5¢��}B	[i:MHJI�@MVJNOBYNg[i:MP?>?VJ@-BDH @=IY9��]GO:
A
b

B
HFHJ:M�]BD9�BDH}<?GO:MHJIT:=<ZHUB	Q\VJ<?QTBg��HUBRN:G9`BR@-BDEJNOB

HFV « P1:N:�G9`B	BDHF>?GPoB
h
¢Led8f<?>oB�:=<

vv =
√

2gh
ed8�HW>?VJ:MQ\CWI�N:3@-BDEJNOB	N:

A
:=<

t∗ =
√

(2h/g)
e

8�9h:=<1:v>?VJ:MQ\C�I
A
B-[YBD9p5BT:M9�NdVFP1:=@=@MVJXY9h¨OIYP?VFp-IY9q>oBDH¤G9`BRNdVJ<?>oBD9O@MVUB\¨OIYP?VFp-IY9q>oBDH

L
e � IYQRIRHUB

[i:MHJIq@MVJNOBYN^¨OIYP?VFp-IY9]>oBDH�:=<�G9V , IYP?QR:_<1:nN:=NdGO@=:n�qGO:n´=<?>oB���C`BDPoBhHUB�C`BDP?>?EJ@MGHUB
A
¢�N: « :_<1:MP

vh = L/t∗ = L
√

g/(2h)
e�}B	PoBDCVJN:Mp�N:

A
@MG`BD9ONI\HFHJ:M�]BTBDH}<?GO:MHJI\:=<-jdCWIYPxHJI	>oBD9]>1Ij

|~vA(t∗)| =
√

v2
v + v2

h =

√

2gh +
L2g

2h
.

£ BDPoB	HUB�C`BDP?>?EJ@MGHUB
B
HUB�@=IYQ\CWIY9O:M9]>1:v[i:MP?>?VJ@-BDH}N:+HUB�[i:MHJI�@MVJNOBYNA:=<rHUB�Q\VJ<?QTBdjdQ\VJ:M9]>?PoBY<��]GO:

HUB\@=IYQ\C�IY9O:M9q>1:v¨OIYP?VFp-IY9q>oBDH¤:=<ZHUB	Q\VF>oBYN�N:3HUB\N:
A
jOI\<o:-Bdj

|~vB(t∗)| =
√

v2
v + (vh/2)2 =

√

2gh +
L2g

8h
.


