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X_T-`WH
acbedCfhgjikml-kmnobpf	qd_rts_rulhvhwjxmqyzrtik{n|ref7r

m } l-k~fhvhlhg�d�pgjiCr�r�nob)��kml-f-k�r�yjb�yzrulh��btikmy�k���k ẑ }fhgjkmdCib
z(t) � v(t)

yzrosLbpfhgjxmgj�ed � ��kmyjb�xmgjiCrei�ik?yzr|s_rulhvhwjxmqyzr�r{nok~i�gjiCr���qCk?vhl7rudCf-xmqlhl-k	kmyvhgjkmn�s=b�p�$d�s_rulhvhgjxmqyzrul } f7k)rud zi � vi
yzr�s=bpfhgjxmgj�ed � ��kmyjb�xmgjiCrei�ikcyzr�s_rulhvhwjxmqyzrUkmd�kmy�g�dCfhv7rud�v-k

ti }C� zf � vf
yzr�yzref�n�gjfhn|refWn|ru�pdg�vhqCik~fUkmdtkmy�g�dCf-v7rud�v-k

tf
����qsLbed��runobpfUreikmn|�ef/��qCk } rnok~i�gjiCro��qCk/yzr	s_rulhvhwjxmqyzrof-k/vhl7ref-yzreiCr } k���kml-x~kmnobpf'f-be�l-kUkmy�yzr	qd_r	��qCkmlh�1r F (z) } ��qCkmlh�1ro��qCks=b�i�lhwzr�ikmsLkmdCikmlWik/yzr	sLbpfhgjxmgj�ed

z
�

� d_ruy�gjx~kmnobpfW�erulhgjbpf�x)ref-bpf)�
r�� ��gCyzrUs_rulhvhwjxmqyzr } k¢¡x~kmsv-b^sLbelSyzr'�£qCkmlh�1rU��qCk8yjk8k~fhv7runobpfArusy�gjx)rudCib } k~f$y�g��l-k } kmd�v-bedCx~k~frex~kmyjkml7rul7���¤��g¥yzr	�£qCkmlh�1r

F (z) = F0

k~fWx~bedCf-v7rud�v-k�¦£k~f�ik~xmg�l } dCb|ikmsLkmdCik§ik^yzros=bpf-g+¨xmgj�ed�� } kmd�v-bedCx~k~fAyzr^rex~kmyjkml7rexmgj�ed{v7runI�gj©md{yjb§f-kml7� } v-kmdgj©mdCibpf-k F0 = ma0

��ª/kWrexmqCkml-ibr/yzr^xmg�dCkmn|�uvhgjx)r^ik8qd{be����kmv-bUqdg+�«belhnokmnokmd�v-kUrex~kmyjkml7reib } kmd|kmyCg�d�v-kmlh�pruyjb?ikPvhgjkmn�s=b
[t, t + ∆t] } yzr�sLbpfhgjxmgj�ed � ��kmyjb�xmgjiCrei�ik|yzr�s_rulhvhwjxmqyzr�x)run§�gzrul7�ud¬ik;rexmqCkml-ib�r yzrefl-kmyzrexmgjbedCk~f

∆z = z(t + ∆t) − z(t) = v(t)∆t +
1

2
a0 (∆t)2

�
∆v = v(t + ∆t) − v(t) = a0 ∆t . qy�vhg�sy�gj��qCkmnobpf8ru®Cbel7rIyzrIslhg�nokml7r	k~xmq_rexmgj�ed�sLbel

F0 }�� qCf-kmnobpf } x~bedCf-k~xmqvhg��prunokmd�v-k }yzr	f-km�pqdCiCr�yjk � ik^¯'km°Pv-bed � yzr	f-km�pqdCiCr�k~xmq_rexmgj�ed¥��ª'kUk~f-v7r?n|rudCkml7rof-kUbe�vhgjkmdCk
F0 ∆z = F0 v(t)∆t +

1

2
F0a0 (∆t)2

= ma0 v(t)∆t +
1

2
m (a0 ∆t)2

= mv(t) [ v(t + ∆t) − v(t) ] +
1

2
m [ v(t + ∆t) − v(t) ]2±)²p³
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F0 ∆z =
1

2
mv2(t + ∆t) − 1

2
mv2(t) .

$ refJk~xmq_rexmgjbedCk~f rud�v-kmlhgjbel-k~fSf-bed?�e�uy�gjiCrefJs_rul7r'xmq_ruyj��qgjkml
∆t } kmd	s_rulhvhgjxmqyzrul$s_rul7r t = ti� t + ∆t = tf } kmd xmq � box)ref7b

F0 · (zf − zi) =
1

2
mv2

f − 1

2
mv2

i .

$ rIx~ben§�g�d_rexmgj�ed
1

2
mv2

rus_rul-k~x~k/kmd;yzrUnok~x)�udgjx)r	x~bed;n§qCx-®_r§�£l-k~xmqCkmdCxmgzr } fhgjkmdCib&%vhg�y�_ruqvhg��1rulhyzr � ik~fhg��pd_rulhyzr�x~bed!qd!f-w�n§�Lbeyjb��f-k	yjk�y�yzrun|r('*)+'*,.-0/.132546)+75894.2:1 � f-k�fhqCkmyjkikmdCbev7rulox~bed¬yzrtyjkmvhl7r
K
b

T
� $ r;%y�vhg�n|r�k~xmq_rexmgj�ed dCbpf	g�dCi�gjx)r���qCk�kmy8x)run§�gjb ikkmdCkmlh�pwzr�xmg�dC©mvhgjx)r�ik�qd_r s_rulhvhwjxmqyzr y�g��l-k ¦£k¢¡x~kmsv-b�sLbel�yzr!��qCkmlh�1r���qCk�f-k�yjk�k~fhv7�rusy�gjx)rudCib��§k~f§g��pq_ruy�ruy sl-b�i�qCxmv-btik{k~f7r��£qCkmlh�1r � kmycik~fhsyzru�1run�gjkmd�v-b ��qCk�l-k)ruy�g��1r��� k~f-v-kIsl-b�i�qCxmv-b ¦£kmd�vhl-k	yzr|�£qCkmlh�1r � kmy$ik~fhsyzru�1run�gjkmd�v-b��Uf-k?yjkIy�yzrun|r<89,=1?>=1=@5ACBLs_rul7rikmdCbev7rulhyjbok~f8qCfhq_ruy¥qCf7rulPyzr	yjkmvhl7r

W
��D f-k)r } v-kmdCkmnobpf

Wzi−→zf
= Kf − Ki .

��� ��g�yzr��£qCkmlh�1r'dCbUk~f$x~bedCfhv7rud�v-k } kmd�v-bedCx~k~f fhq�Li�g���gjiCrunobpfJyzr'vhl7r � k~xmv-belhgzr^ikcyzr's_rulhvhwjxmqyzrkmd
N
g�d�v-kmlh�pruyjbpf§ik�v7run|rFECb

∆z
�¥ª/kmdCbev-kmnobpf^yzref^i�gjf-vhg�d�v7refIs=bpfhgjxmgjbedCk~f^s=bel

z1 } z2 }
z3 } . . . } zN } zN+1 } f-gjkmdCib zi = z1 � zf = zN+1

�¥��gJkmd�x)reiCr;g�d�v-kmlh�pruyjb
j
yzr|��qCkmlh�1rf-k^n|rud�vhgjkmdCk?l-kmyzruvhg��erunokmd�v-k	x~bedCfhv7rud�v-k } s=b�ikmnobpf8qCf rul�kmy�l-k~f-qy�v7reib{ik§yzr�s_rulhv-kIr�� }b�f-k)r }

Wzj−→zj+1
= F (zj) · (zj+1 − zj) = F (zj) · ∆z = Kj+1 − Kj .

��qn|rudCib�yzrox~bed�vhlhg��qCxmgj�ed�ik/v-b�ibpfPyjbpf8g�d�v-kmlh�pruyjbpf�f-kUbe�vhgjkmdCk
N

∑

j=1

F (zj) · ∆z = (K2 − K1) + (K3 − K2) + (K4 − K3) + · · · + (KN+1 − KN )

= KN+1 − K1 ,

b�f-k)r }
Wzi−→zf

=

N
∑

j=1

F (zj) · ∆z = Kf − Ki .

$ r/k¢¡�sl-k~fhgj�ed|rud�v-kmlhgjbel k~f$k¢¡rexmv7r/kmdokmy�y�w�n�g�v-k
N −→ ∞ } ik�nob�ibU��qCk�kmyv7run|rFECbUikyjbpf'g�d�v-kmlh�pruyjbpf

∆z
f-k?v-belhd_r;g�dHGCdg�v-k~fhg�n|ruy�nokmd�v-kosLk~��qCk5ECb ¦£kmd xmq � b�x)ref-b�f-k?ikmdCbev7rsLbel

dz
�¢��$d k~f-k/y�w�n�g�v-k/yzr?fhqn|ruv-belhgzrof-k'l-kmn�syzru�1r	s=bel�qd_r&I��?JUk~fhvhg�y�g��1reiCr�¦�y�yzrun|reiCr

46)K8L'.-0,=10M � } v-kmdgj©mdCibpf-k

Wzi−→zf
=

∫ f

i
F (z) · dz = Kf − Ki .
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x1� ��qsLbed��runobpf;ru®Cbel7r ��qCk�yzr s_rulhvhwjxmqyzr dCb k~f|y�g��l-k } fhg�dCb ��qCk k~fhv7� g�dnokml-f7r kmd qdx)run�sLbo�pl7r)��g�v7rexmgjbed_ruySx~bedCfhv7rud�v-k

~g = −gẑ
� $ km�prud�v-kmnobpf/yzr�s_rulhvhwjxmqyzr;ik~f-ik

zi
®_ref�¨v7r

zf } s_rulhvhgjkmdCib�ik~f-ik{kmy l-kmsLbpf-b � ��bey���gjkmdCibtr ik��-rulhyzr kmd�l-kms=bpf7b���$yjkm�prunobpf§yzrs_rulhvhwjxmqyzrIrusy�gjx)rudCib^qd_r'�£qCkmlh�1rUikPn|rudCkml7rU��qCk8©~fhv7r^fhq�_r/x~bed|qd_r/��kmyjb�xmgjiCreiox~bedCf�¨v7rud�v-kp�  gjkmd�vhl7ref'yzr|s_rulhvhwjxmqyzr{�er{fhq�gjkmdCib } fhq�rex~kmyjkml7rexmgj�ed k~f�d�qyzr } y�qCkm��b;v7run§�gj©mdyzr���qCkmlh�1r�dCkmv7r���qCk�rexmv=%_r�f-be�l-k;kmy�yzr�� ª'k|yjb�rud�v-kmlhgjbel�f-k|ik~fhsl-kmdCik���qCkoyzr ��qCkmlh�1r��qCk{ikm�Lkmnobpf	k���kml-x~kml	s_rul7rtkmyjkm�erul	yzr�s_rulhvhwjxmqyzr�k~f
F (z) = +mg

� �$y�vhl7ru�_r3��b���qCkdCbpf-bevhl-bpf8l-k)ruy�g��1runobpf�k~f } sLbelPyjb	v7rud�v-b }
Wzi−→zf

= +mg · (zf − zi) .�$d�k~fhv-kcx)ref-b } kmy�vhl7ru�_r3��b'l-k)ruy�g��1reib/sLbelJdCbpf-bevhl-bpf$f-be�l-kAyzrWs_rulhvhwjxmqyzr'dCb/f-kAn|rudg G_k~fhv7rkmdtqd�x)runI�gjb;ikIfhqtkmdCkmlh�pwzr;xmg�dC©mvhgjx)r�� $ b;��qCk?x)run§�gzr{k~fWyzr I sLbev-kmdCxmgzruy�gjiCrei J?ik^yzrs_rulhvhwjxmqyzr	s_rul7r�l-k)ruy�g��1rulWvhl7ru�_r3�hbob�ik^rei��qg�lhg�l�kmdCkmlh�pwzroxmg�dC©mvhgjx)r��
�$d;k¢�£k~xmv-b } ruy�ik��-rulAx)rekmlAyzrUs_rulhvhwjxmqyzr?fhg�dol-k~fhvhlhgjx~xmgjbedCk~f�ik~f-ik zf

®_refhv7r
zi } rei��qg�lhg�l7�qd_r���kmyjb�xmgjiCreio��qCk } ik8rexmqCkml-ib^r'yzref$k~xmq_rexmgjbedCk~fSik�yzr'xmg�dCkmn|�uvhgjx)r§ikAyzr/x)ruwjiCr'y�g��l-k }k~f

vf =
√

2g(zf − zi)
��� rul7r|k~fhv7r?��kmyjb�xmgjiCrei } yzr	kmdCkmlh�pwzroxmg�dC©mvhgjx)rok~f

K =
1

2
mv2

f =
1

2
m · 2g(zf − zi) = mgzf − mgzi ,

l-k~fhqy�v7reib|��qCkUx~beg�dCxmgjikIx~bed kmy�be�v-kmdgjib�n|ref�rulhlhg��_r��
D�vhl7rI�«belhn|r�kmd ��qCkUsqCk~ikUn|rudg+�«k~fhv7rul-f-kUk~fhv7r I sLbev-kmdCxmgzruy�gjiCrei J^ikUyzr?s_rulhvhwjxmqyzrox~bed�¨fhgjf-v-kUkmd ®_rex~kml���qCk^kmy�yzr	l-k)ruy�gjx~k§vhl7ru�_r3��b } s=bel8k��hkmn�syjb } sLkmlhn�g�vhgjkmdCib|��qCk^kmy�yzr I �_r3�hk*Jruy�sqd�v-b	g�dgjxmgzruy

zi
ik�n|rudCkml7r?��qCk } s=belAnok~i�gjb	ikWqd�fhgjfhv-kmn|rIikWsLbeyjk)ref } kmyjkm��k�bevhl7rn|ref7r��

ª/k rexmqCkml-ib r yjb¬ik~f7rulhl-bey�yzreib¬n|�eftrulhlhg��_r } v7run§�gj©md kmd k~f-v-k�k��hkmn�syjb¬sLb�ikmnobpfk¢¡�sl-k~f7rul^kmyJvhl7ru�_r3��b
Wzi−→zf

x~benob�qd_r�i�g+�£kml-kmdCxmgzr�ik�xmgjkmlhv7r;n|ru�pdg�vhqCi�km�eruy�q_reiCrkmd kmy¥sqd�v-b GCd_ruy¥nokmdCbpfWyzr?n�gjfhn|r	n|ru�pdg�vhqCi�km�pruy�q_reiCr�kmd kmy¥sqd�v-b|ik/s_rulhvhgjiCr��
Wzi−→zf

= U(zf ) − U(zi) ,ibedCikIyzr '5)+'*,.-0/91��HAC8L'*) 2�4910M�s_rul7royzros_rulhvhwjxmqyzr
m
kmd�kmyJx)run�sLb|�pl7r)��g�v7rexmgjbed_ruy$x~bedCf�¨v7rud�v-k

~g = −gẑ } ��gjkmdCkUiCreiCr	sLbel
U(z) = U0 + mgz .

U0

k~fcqd_r§x~bedCf-v7rud�v-k � x~belhl-k~fhsLbedCikUr^yzrIkmdCkmlh�pwzr?s=bev-kmdCxmgzruy¤ik�yzr^s_rulhvhwjxmqyzr?xmq_rudCib©~fhv7r�f-k�kmdCxmqCkmd�vhl7r�kmd
z = 0

�c�Sd yzr�nok~x)�udgjx)r xmyz�efhgjx)r kmy��pruyjbel�ik
U0

dCb�vhgjkmdCkn|r � belcg�n�sLbelhv7rudCxmgzr }�� rI��qCk�yjb %dgjx~bIl-kmyjkm�prud�v-k'l-k~fhqy�v7rud�f-kml�i�g+�«kml-kmdCxmgzrefPik�kmdCkmlh�pwzrsLbev-kmdCxmgzruykmd�vhl-kPibpfJsqd�v-bpf1�u� fhv-b's=kmlhn�g�v-kPkmyjkm�pg�l
U0 = 0 } fhg�k~f-b�l-k~fhqy�v7r/x~bed���kmdgjkmd�v-k� fhg�n�sy�g G_x)r�yzref8k~xmq_rexmgjbedCk~f1�

� k~fhqn�gjkmdCib��$d�kmy¤sl-k~f-kmd�v-k^k��hkmn�syjb } ruy¥kmyjkm�erulWyzr?n|ref7r	kmd�sl-k~f-kmdCxmgzr�ikUqd x)run	¨sLb��pl7r~��g�v7rexmgjbed_ruy	¦ � fhg�d nob�i�g G_x)rul;fhq kmdCkmlh�pwzr xmg�dC©mvhgjx)r�� } kmy8vhl7ru�_r3�hb l-k)ruy�g��1reib�f7k
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vhl7rudCf��«belhn|r;kmd�qd�x)runI�gjb ik '*)+'*,.-0/.1 � AC8L'*) 254.10M+� $ r�kmdCkmlh�pwzr;s=bev-kmdCxmgzruy$f-k	ik~fhg��pd_rqCfhq_ruy�nokmd�v-k§x~bed�yzr	yjkmvhl7r

U
b

V
�

i_� acbedCfhgjikml-kmnobpf|qd¬l-k~f-belhv-k ik�x~bedCfhv7rud�v-kikcl-k~fhvhg�vhqCxmgj�ed
k } rex~bpfhv7reibUf-be�l-kcqd_r'fhq�¨sLkml G_xmgjkP®Cbelhg��)bed�v7ruyLfhg�dol-b�x~k � x~bed|qd{k¢¡�¨vhl-kmnob{kmn�s=bevhl7reib{kmd�qd_r�s_rul-k~i ¦���kml G¨�pql7r���� ± �¢� ��qsLbed��runobpforeikmn|�efo��qCk�kmyfhgjf-v-kmn|rPg�dgjxmgzruy�nokmd�v-kWf-k kmdCxmqCkmd�vhl7r/kmdIl-k¢¨sLbpf-b } x~bed kmyWl-k~f-belhv-k v-kmdgjkmdCib�fhq yzrulh��bd_ruvhql7ruy � � 4 -�� , 1��
	��

�$�pruy�qCkmnobpf8kmy¤vhl7ru�_r3�hbo��qCkUikm�=kmnobpfPl-k)ruy�g��1rulWs_rul7r�ruyzrulh��rulI¦�yjkmd�v7runokmd�v-k1�8kmy¤l-k~f-belhv-kkmd�qd_r'n|ru�pdg�vhqCi
x0

� $ r'�£qCkmlh�1r/��qCkPikm�LkmnobpfArusy�gjx)rul s_rul7r/yjbe�pl7rulSd�qCk~f-vhl-b^be����kmvhg���bru®Cbel7r	dCb�k~fWx~bedCfhv7rud�v-k } fhg�dCb���qCkIruqnokmd�v7r|r?nok~i�gjiCr|��qCkUkmy¤l-k~f7belhv-k^f-kUk~fhvhg�l7r��
~F (x) = kx x̂ .

¦£�Sf-v7r��£qCkmlh�1rWk~f yzrWbesqCk~f-v7r�r8yzrW��qCk kmy�l-k~f-belhv-kck���kml-x~kAf-be�l-k yzrWn|ref7r } ��qCk } ikArexmqCkml-ibr;yzr� '�����'��&A A��0' } k~f −kxx̂
�¢�¥�$ySvhl7ru�_r3�hb���qCk�ikm�=kmnobpf§l-k)ruy�g��1rul§s_rul7rtruyzrulh��rul§kmyl-k~f-belhv-k } ik~f-ik x = 0

®_refhv7r
x = x0 } ��gjkmdCk§iCreib�s=bel

W0−→x0
=

∫ x=x0

x=0

F (x) · dx =

∫ x0

0

kx dx = k

∫ x0

0

x dx .

� rWf7ru�=kmnobpf ��qCk yzrPg�d�v-km�pl7ruy ∫
f(x) dx

dCbk~f	bevhl7r�x~bpf7rt��qCk�kmyP�ul-k)r��_r3�hb�yzr�xmqlh�erikmy$�pl7� G_x~b�ik	yzr{�£qdCxmgj�ed
f(x)

� �Jrul7r�kmysl-k~f-kmd�v-kUx)ref-b } yzrI��qdCxmgj�ed x~belhl-k~f-s=bedCik^rqd_r�l-k~xmv7r ��qCk�s_ref r�s=bel{kmyWbelhg���kmd ¦���kml
GC�pql7r���� ² � } fhgjkmdCib	kmy¥�ul-k)r§�_r3�hb?yzr?xmqlh�er
1

2
x2

0

� � 4 -�� , 1��
	��

$ qCkm��b } kmy¥vhl7ru�_r3��b���qCk^ikm�Lk/l-k)ruy�g��1rul-f-kUs_rul7r�k¢¡�s_rudCi�g�l�kmy¤l-k~f7belhv-kU®_refhv7r x0

k~f
W0−→x0

=
1

2
kx2

0 .

¦ ��k^be�vhgjkmdCkIkmy¤n�gjfhnobol-k~f-qy�v7reibofhg } kmd y�q��rul�ik§ruyzrulh��rulhyjb } kmy¥l-k~f7belhv-k§f-kUx~ben�slhg�nokkmd�qd_r	n|ru�pdg�vhqCi
x0

�¢�
� run§�gj©md�kmd;k~f-v-kWk��hkmn�syjb } kmy�vhl7ru�_r3��bIl-k)ruy�g��1reib?s=belAdCbpf-bevhl-bpf�f-be�l-k8yzr§s_rulhvhwjxmqyzr^dCbf-kAn|rudg G_k~fhv7rUkmd	qd�x)run§�gjb§ikcf-q	kmdCkmlh�pwzr/xmg�dC©mvhgjx)r } fhg�dCb'yjb'��qCk�x)run§�gzrUk~f$kmyk~fhv7reibikmy�f-gjfhv-kmn|r��C�$d�kmy�d�qCkm��b|k~f-v7reib } kmy�fhgjfhv-kmn|r?vhgjkmdCk§yzr I sLbev-kmdCxmgzruy�gjiCrei J{¦«ruy¥s=kmlhn�g�vhg�l��qCk�kmy=l-k~f-belhv-k'��qCkmy��er?r?fhq|yzrulh��b?d_ruvhql7ruy �cik�l-k)ruy�g��1rulPvhl7ru�_r3��b } b?ik'kmd�vhl-km��rulhyjk^r^yzrs_rulhvhwjxmqyzroreibpf reiCroruy¥l-k~f-belhv-kUqd_r	kmdCkmlh�pwzr|xmg�dC©mvhgjx)r��
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��g yzrokmdCkmlh�pwzr�sLbev-kmdCxmgzruyJik^qd�l-k~f7belhv-k§yzrik*GCdg�nobpfWs=bel

U(x) = U0 +
1

2
kx2 ,

ibedCik
x = 0

x~belhl-k~fhsLbedCik�royzr{sLbpfhgjxmgj�edikAk~��qg�y�g��lhgjb'ikmy�l-k~f7belhv-k � x
k~f¥yzrWn|ru�pdg+¨vhqCi^kmd?��qCkA©~fhv-kSf-k x~ben�slhg�nokAb�f-k ruyzrulh��r }kmd�v-bedCx~k~f8d�qCkm�prunokmd�v-k

W0−→z0
= U(z0) − U(0) .

¦ $ r8x~bedCfhv7rud�v-kcrei�g�vhg��er
U0

kmd^yzr�k¢¡�sl-k~fhgj�eds_rul7r�yzr kmdCkmlh�pwzr¬sLbev-kmdCxmgzruyId�qCkm�erunokmd�v-kdCb�rus_rul-k~x~k	kmd�kmy l-k~fhqy�v7reib GCd_ruy B=yzr|s=bu¨i�lhwzrunobpf�®_ru�LkmlPkmyjkm�pgjibIg��pq_ruy¥r?x~kml-b� � $ r
GC�pql7r ��� � n§qCk~fhvhl7r!kmy8�pl7� G_x~b

U(x)
x~bu¨lhl-k~fhsLbedCi�gjkmd�v-k	r	yzr|kmdCkmlh�pwzr�sLbev-kmdCxmgzruy ikqd�l-k~f-belhv-kp�

� 4 -�� , 1��
	��

k1� acbedCfhgjikml-kmnobpf ru®Cbel7r�qd_r�s_rulhvhwjxmqyzr ��qCk�f-ktn§qCkm��k r!yjb!yzrulh��b�ik�qd_r!l-k~xmv7r ¦£kmyk��hk
x̂
�	f7be�l-k qd_r�nok~f7r � fhqs=bed��runobpf;��qCk } reikmn|�ef{ik�yzr��£qCkmlh�1r ��qCk�dCbpf-bevhl-bpfk��hkml-x~kmnobpfAf7be�l-k�kmy�yzr } yzr�%dgjx)rIbevhl7rU�£qCkmlh�1rIf-kWikm�Lk�ruy=l-b�x~k?¦£xmg�dC©mvhgjx~b��¢� $ rU�£qCkmlh�1r^ikl-b�x~k^k~f

fr = mgµc
¦�s=kml-b�dCbev-k?��qCk^©~fhv7r|rus_rul-k~x~kIf-�eyjb|xmq_rudCib{yzr	s_rulhvhwjxmqyzr{f-k^k~fhv7�nob1��gjkmdCib � be�Cf-kmlh��k/reikmn|�efc��qCk8yzrIi�g�l-k~x~xmgj�ed�kmd;��qCk�rusqd�v7rIf-gjkmn�sl-k�k~fcx~bed�vhl7rulhgzrr§yzr§i�g�l-k~x~xmgj�ed ik�nob)��g�n�gjkmd�v-b��¢�_�$y�vhl7ru�_r3�hb	��qCk'ikm�LkmnobpfAl-k)ruy�g��1rulPs_rul7rIkmn�sqe�-rulcyzrs_rulhvhwjxmqyzr } s_rulhvhgjkmdCibtik~f7ik|kmy l-kmsLbpf-b ik~f7ik xi } ®_ref-v7r xf

¦£ibedCikod�qCkm�erunokmd�v-k{yzrik��-runobpf8kmd l-kmsLbpf-b�� } k~f
W = fr · (xf − xi) = (mgµc) · (xf − xi) .

�$d k~fhv-k�x)ref-b } fhg�d kmn§�_rulh��b } kmyWvhl7ru�_r3�hb ��qCk l-k)ruy�g��1runobpf{dCb f-k�n|rudg G_k~f-v7r!kmd qdx)runI�gjboik§ruy���bo��qCk/s=b�i�lhwzrunobpfWikmdCben�g�d_rul�kmdCkmlh�pwzr�sLbev-kmdCxmgzruy �
� r � ibpf/sl-be�yjkmn|ref^��qCkorus_rul-k~x~kmd xmq_rudCib ®_r � l-b�x~k � ��qCk?®_rex~k���qCk?yzr�fhg�vhq_rexmgj�edf-k)r	i�gjf-vhg�d�v7r���qCkUkmd yjbpf8ibpf %y�vhg�nobpf�x)ref-bpf)�
g ���$d;slhg�nokmlPy�q��rul } kmyLvhl7ru�_r3��b	��qCk�ikm�LkW®_rex~kml-f7k�s_rul7rIy�yjkm�prul�yzr^s_rulhvhwjxmqyzr	ik~f-ik

xi
®_refhv7r

xf } xmq_rudCibI®_r � l-b�x~k } ikms=kmdCik'ikmyKI x)run�g�dCbFJ'��qCk8qdCb?kmy�g �hr§s_rul7r§kmy�yjb��} sLbelSyjbUv7rud�v-b } kmy_vhl7ru�_r3��b§dCb^f-kPsqCk~ik�k~f-xmlhg��g�lAx~benob§qd_rUn|ru�pdg�vhqCi|��qCk8f-�eyjbikmsLkmdCiCr|ikmy sqd�v-b;g�dgjxmgzruy � GCd_ruy �L�$d�k¢�«k~xmv-b } fhqs=bed��runobpf/��qCk xf
k~fhv7�;r�yzrikml-k~x7®_r	ik

xi
� � r?��g�nobpfP��qCk } ruyLy�yjkm�prulPyzrIs_rulhvhwjxmqyzr�i�g�l-k~xmv7runokmd�v-kIik~f-ik xi

r
xf } kmyLvhl7ru�_r3�hb	��qCk/ikm�Lkmnobpf�l-k)ruy�g��1rul8k~f W = mgµc · (xf − xi)

� � kml-b�fhg¥rud�v-k~fyzr|kmn�sqe�hrunobpf'®_rexmgzr|yzr�g��)��qgjkml-iCr|kmdtqd_r|i�gjfhv7rudCxmgzr
L }_� l-k~xmgj©md�ik~f-ik	ru®w�yzr
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kmn�sqe�-runobpf�ruy¥sqd�v-b GCd_ruy

xf } kmy¥vhl7ru�_r3�hb|f7kmlhwzr W = mgµc · (2L + xf − xi)
�

D f-k)r } kmy�vhl7ru�_r3��b§dCb§f-�eyjbIikms=kmdCik'ikmy_sqd�v-b§g�dgjxmgzruy � GCd_ruy=fhg�dC�I��qCkWv7run§�gj©mdikmy¥x)run�g�dCb�
g�g � D�vhl7r	x)rul7rexmv-kmlhwjfhvhgjx)roikmy¤vhl7ru�_r3��b���qCk/f-k/®_rex~kUx~bed�vhl7r�kmyLl-b�x~kUk~fP��qCkU©~f-v-k�dCb�k~fl-k~xmqsLkml7ru�yjk/x~benob?kmdCkmlh�pwzr?nok~x)�udgjx)r	f-g�d{qd_rIn|�e��qg�d_r§v-©mlhn�gjx)r��  refPrF%d } kmdx)ref-b�ik§v-kmdCkml8qd_r } yzr?l-k~xmqsLkml7rexmgj�ed�ikmy¥vhl7ru�_r3��bol-k)ruy�g��1reib{f-�eyjb|k~fPs_rul-xmgzruy �_�$yvhl7ru�_r3�hb|l-k)ruy�g��1reib{sLbelWdCbpf-bevhl-bpf/x~bed�vhl7r{yzr���qCkmlh�1r{ik§l-b�x~k§f7k^vhl7rudCf��«belhn|r � f7ki�gjfhg�s_r	x~benob|x)ruyjbel)�

$ bpfWk��hkmn�syjbpfPqdgji�g�nokmdCfhgjbed_ruyjk~fUrud�v-kmlhgjbel-k~f�fhq�pgjkml-kmd yjbof-g��pqgjkmd�v-kp�
���������
	��
�� �e�$y 89, 1�>=1 @�APl-k)ruy�g��1reibUsLbelJqd_r���qCkmlh�1r

F (z)
��qCkPrexmv=%_r/f-be�l-k8ruy��pqd_r's_rulhvhwjxmqyzrk~f

W =
∑

j

F (zj) · (zj+1 − zj) =

∫

F (z) dz ,

ibedCik yzrPf-qn|r§¦£b8g�d�v-km�pl7ruy �¥f7kSl-k)ruy�g��1rWr8yjb8yzrulh��b�ikSyzr�vhl7r � k~xmv-belhgzr���qCkSl-k~x~belhl-k yzrPs_rulhvhwjxmqyzr���$y$vhl7ru�_r3��b
W

��qCk	f-k	kmd�vhl-km��r�r{qd fhgjfhv-kmn|r } xmq_rudCib�dCb;®_r � l-b�x~k } f-k?n|rudg G_k~fhv7r�kmd�qdx)run§�gjb|ik/yzr	kmdCkmlh�pwzr	ikmy¥f-gjfhv-kmn|r�� � ref-v7r	kmy¤nobenokmd�v-bo®Ckmnobpf8gjikmd�vhg G_x)reiboyzrefPf-g��pqgjkmd�v-k~f�£belhn|ref�ikUkmdCkmlh�pwzr��
r����$dCkmlh�pwzroxmg�dC©mvhgjx)roik/qd_r	s_rulhvhwjxmqyzr|ik/n|ref7r

m
��Sfhv7r	��gjkmdCkUiCreiCr	sLbel

K =
1

2
mv2 ,

� f-k/ikm�=k^ruy¤nob1��g�n�gjkmd�v-b|ik/yzr?s_rulhvhwjxmqyzr���aAq_rudCib�yzrIs_rulhvhwjxmqyzr�k~f-v7�	kmd�l-kms=bpf-b } f-qkmdCkmlh�pwzr�xmg�dC©mvhgjx)rok~f8x~kml-b�
�����$dCkmlh�pwzrIsLbev-kmdCxmgzruy ���Sfhv7r?k~f qd_r?kmdCkmlh�pwzr?��qCk�f-k'ikm�Lk'r§yzr^sLbpfhgjxmgj�ed�ik'yzr^s_rulhvhwjxmqyzr��
$ r|kmdCkmlh�pwzrosLbev-kmdCxmgzruyJf-�eyjb|rus_rul-k~x~k?xmq_rudCib|yzros_rulhvhwjxmqyzr|dCb{k~f8y�g��l-k } fhg�dCb|��qCk^k~fhv7�f-benokmvhgjiCr§rUqd;2:1�� � A �?'�� ��'*,�� 1��m� $ r^k¢¡�sl-k~fhgj�ed{s_rul7rUyzrUkmdCkmlh�pwzr^s=bev-kmdCxmgzruy=ikms=kmdCikikmy¥x)run�sLboik/�£qCkmlh�1ref)� � refhv7r	kmy¥nobenokmd�v-b|®CkmnobpfWrud_ruy�g��1reib|ibpfWx)ref-bpf)�
g � a�run�sLb?�pl7r~��g�v7rexmgjbed_ruy�qdg+�«belhnok } ~F (z) = m~g = −mgẑ } kmd�xmq � b�x)ref-b?yzr	kmdCkml�¨�pwzr?sLbev-kmdCxmgzruy�k~f

U(z) = mg · (z − z0) ,ibedCik
z0

k~fWqd�y�q��rul'��qCk	rulh�g�vhl7rulhgzrunokmd�v-k�®Ckmnobpf�Gp�-reib|x~benob�kmy x~kml-b�ik^yzrkmdCkmlh�pwzr	sLbev-kmdCxmgzruy �
g�g � a�run�sLbtik|�£qCkmlh�1ref?ik;qd l-k~f-belhv-k } ~F (x) = −kxx̂ } kmd¬xmq � b�x)ref-btyzr�kmdCkmlh�pwzrsLbev-kmdCxmgzruy�k~f

U(x) =
1

2
kx2 .
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aAq_rudCib!®_r � l-b�x~k } s_rulhv-k�¦£b v-b�iCr��?yzr kmdCkmlh�pwzr!kmd�vhl-km��reiCr ruy�fhgjfhv-kmn|r ¦�s=belonok~i�gjbikmySvhl7ru�_r3�hb�� } sqCk~ik|i�gjfhg�s_rul-f-kp� �Sfhv7r�kmdCkmlh�pwzr�f-kon|rudg G_k~fhv7r�kmd!qd ruqnokmd�v-b�ik�yzrv-kmn�sLkml7ruvhql7r�ik/yzrefPfhqsLkml G_xmgjk~f8��qCk/l-be�1rud�kmd�vhl-k^f-w ���Sd�k~fhv-k/x)ref-b } kmy¤vhl7ru�_r3�hb W

f-kvhl7rudCf��«belhn|r�kmd x)ruyjbel
Q
�

��� ��� �����
	 	��
��������	 � � ��������	��

� y¥kmd�vhl-km��rulhyjk?r?qd_r	s_rulhvhwjxmqyzroqd�vhl7ru�_r3��b
W } kmd�v-bedCx~k~f

W = (Kf − Ki) + (Uf − Ui) + Q ,
¦ ��� ± �

b|f-k)r } kmy x)run§�gjb;ik^yzr�kmdCkmlh�pwzr|xmg�dC©mvhgjx)r } n|�ef�kmy x)run§�gjb{ik^yzr�kmdCkmlh�pwzr|sLbev-kmdCxmgzruy } n|�ef8yzrkmdCkmlh�pwzroi�gjfhg�s_reiCr�x~benob|x)ruyjbelWk~fPg��pq_ruy ruy¤vhl7ru�_r3�hb�¦£kmdCkmlh�pwzr��8rusy�gjx)reib{ruy�fhgjfhv-kmn|r��
$ r?k~xmq_rexmgj�ed ik�x~bedCf-kmlh�prexmgj�ed ik�yzrIkmdCkmlh�pwzrI®_r � ��qCkWn|rudCk��-rulhyzr	x~bed�sl-k~x)ruqCxmgj�ed } sqCk~fAdCbf-kSsqCk~ikAk~fhv7rul f-km�pql-b�ik ��qCkSqdCbW®_r � rWgjikmd�vhg G_x)reib'v-b�iCref yzref¥sLbpfhg��yjk~f��£belhn|ref ik kmdCkmlh�pwzr��ª'k/®Ck~x7®Cb } r?nok~i�gjiCr	��qCkUr)�erudCx~kmnobpf�kmd�kmy¥k~f-vhqCi�gjb?ik/yzr§�£wjfhgjx)r } kmd��erulhgzrefPbesLbelhvhqdgjiCreik~fdCbpf8��kml-kmnobpfP�«belh�1reibpfWr?l-kmg�d�v-kmlhsl-kmv7rul'k~f7rok~xmq_rexmgj�ed�boru�pl-km��rulhyjk^v-©mlhn�g�dCbpf'rei�gjxmgjbed_ruyjk~f)�

$ r�k~xmq_rexmgj�ed�¦ ��� ± �cv7run§�gj©md�f-k/sqCk~ikUl-k~k~f-xmlhg��g�lWik^yzr	fhg��pqgjkmd�v-k§n|rudCkml7r��
Kf + Uf = Ki + Ui + W − Q .� yzr�f-qn|r

K + U
fhqCkmyjkUy�yzrun|rul-f-k '5)+'*,.-0/91 � '=2��C)�492 1 � ikmdCbev7rul-f-k§x~bed�yzr�yjkmvhl7r E

�

4/5��/5 9;:=<8>?<A@CB N	<P:=<#Z?HOQ#B R/T Q#T-F$H�V�B F$H V_:LF$X \?T7Q#F$H?X_T-B8H?F$X
acbedCfhgjikml-kmnobpforu®Cbel7r�qd_r�s_rulhvhwjxmqyzr�y�g��l-k{ik|n|ref7r

m
��qCk|f7kon§qCkm��k;kmd�kmyAk~fhs_rexmgjbvhlhgji�g�nokmdCfhgjbed_ruy � xmq � r§sLbpfhgjxmgj�ed � ��kmyjb�xmgjiCrei{kmd;kmy_g�dCfhv7rud�v-k t
f-bed

~r � ~v } l-k~fhsLk~xmvhg��erunokmd�v-kp�� sy�gj��qCkmnobpf�f7be�l-k§k~f7r	s_rulhvhwjxmqyzr } i�ql7rud�v-kIqd�g�d�v-kmlh�eruyjb;ikUvhgjkmn�sLbog�dHGCdg�v-k~fhg�n|ruy dt } qd_r��qCkmlh�1r ~F
�

ª'kIrexmqCkml-ib|r?yzr�f-km�pqdCiCr	yjk � ik^¯'km°Pv-bed }
~F = m~a .ª�ql7rud�v-k^kmyLg�d�v-kmlh�pruyjb�ik'vhgjkmn�s=b	g�dHGCdg�v-k~fhg�n|ruy

dt } yzrIs_rulhvhwjxmqyzr�f-k'ik~fhsyzru�1r?qd_r	i�gjfhv7rudCxmgzr
d~r = ~v dt .

� rexmgjkmdCib/kmy�sl-b�i�qCxmv-b�sqd�v-b/ikSyjbpf ��k~xmv-bel-k~fJ��qCk�rus_rul-k~x~kmd?kmd?yzref ibpf %y�vhg�n|refJk~xmq_rexmgjbedCk~f }f-kUbe�vhgjkmdCk
~F · d~r = m~v · ~a dt .
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�$�eruy�qCkmnobpf�yzr?��kmyjb�xmgjiCrei�ruy�xmq_rei�l7reibokmd�kmy¤g�dCf-v7rud�v-k

t + dt
�_��kUvhgjkmdCk

v2(t + dt) = ~v(t + dt) · ~v(t + dt)

= (~v(t) + ~a(t) dt) · (~v(t) + ~a(t) dt)

= ~v(t) · ~v(t) + ~v(t) · ~a(t) dt + ~a(t) · ~v(t) + ~a(t) · ~a(t) (dt)2

= v2(t) + 2~v(t) · ~a(t) dt + ( ���������	��
��������
������������ (dt)2) ,bof-k)r }
~v(t) · ~a(t) dt =

1

2
v2(t + dt) − 1

2
v2(t) .acbed�k~fhv-k/l-k~fhqy�v7reib � yzr	k¢¡�sl-k~fhgj�ed�ik~i�qCxmgjiCr	n|�ef'rulhlhg��_r } be�v-kmdCkmnobpf'��qCk

~F · d~r =
1

2
mv2(t + dt) − 1

2
mv2(t) .

$ r %y�vhg�n|r/k~xmq_rexmgj�edodCbpf$g�dCi�gjx)r^��qCk�kmyCx)run§�gjb§ikPkmdCkmlh�pwzrUxmg�dC©mvhgjx)rUik�qd_r's_rulhvhwjxmqyzrUf-be�l-kyzroxmq_ruy rexmv=%_r|qd_r	�£qCkmlh�1roi�ql7rud�v-kIkmy g�d�v-kmlh�pruyjb{ik§vhgjkmn�s=b
[t, t + dt]

¦�sLkml-bosLbel8yjb|ikmn|�efk~f/y�g��l-k1� } k~f/g��pq_ruy ruy sl-b�i�qCxmv-b�sqd�v-b�ik	k~f7r|�£qCkmlh�1r � kmySik~fhsyzru�1run�gjkmd�v-b�l-k)ruy�g��1reib�sLbelyzr�s_rulhvhwjxmqyzr�kmd!k~f-k	n�gjf-nob�g�d�v-kmlh�pruyjb� $ b�rud�v-kmlhgjbelIfhq�pgjkml-k|ik*GCdg�l§kmy 89, 1�>=1 @�A } kmd kmySx)ref-bvhlhgji�g�nokmdCfhgjbed_ruy } x~benob|kmy¤sl-b�i�qCxmv-b�sqd�v-b|ikmy¥��k~xmv-bel8��qCkmlh�1r � kmy¥��k~xmv-belWik~fhsyzru�1run�gjkmd�v-b���g�kmy�nob)��g�n�gjkmd�v-b/dCb/b�xmqlhl-kAi�ql7rud�v-kcqdIg�d�v-kmlh�eruyjbUikAvhgjkmn�s=b�g�dHGCdg�v-k~fhg�n|ruy } fhg�dCb'kmd�vhl-kibpf§g�dCfhv7rud�v-k~f
ti � tf } s=b�ikmnobpf^qCf rul§yzr�k~xmq_rexmgj�ed¬rud�v-kmlhgjbel	fhgjkmn�sl-k;��qCkokmyAg�d�v-kmlh�pruyjbtf7ki�g���gjiCr�kmd�nIqCx-®Cbpf�g�d�v-kmlh�pruyjbpf8sLk~��qCk5ECbpf � y�qCkm��bof7k'f-qnokmd yjbpfPvhl7ru�_r3�hbpf � yjbpfWx)run§�gjbpfWkmdyzr�kmdCkmlh�pwzr�xmg�dC©mvhgjx)roikUx)reiCr�qdCboik/yjbpf8g�d�v-kmlh�eruyjbpf)�_ª'kUk~f-v7r	n|rudCkml7r�f-kUbe�vhgjkmdCk

W =

∫ f

i

~F (~r) · d~r =
1

2
mv2(tf ) − 1

2
mv2(ti) .

�Sfhv-k?l-k~fhqy�v7reib�k~f/kmySrud_�uyjbe��b�vhlhgji�g�nokmdCfhgjbed_ruySik?yzr{f-g�vhq_rexmgj�ed�x~bedCf-gjikml7reiCr�kmd�yzr;f-k~x~xmgj�edrud�v-kmlhgjbel } kmd�yzrefPs_rulhv-k~f�r�� � ��� } s_rul7r�kmy¤nob1��g�n�gjkmd�v-b|qdgji�g�nokmdCfhgjbed_ruy �
���������
	��
�� �e�$y 89,=1?>=1 @�APl-k)ruy�g��1reibUsLbelJqd_r���qCkmlh�1r ~F (~r)

��qCkPrexmv=%_rUf7be�l-k8ruy��pqd_r's_rulhvhwjxmqyzr��gjkmdCk^iCreibos=bel
W =

∫

~F (~r ) · d~r ,ibedCikUyzr	g�d�v-km�pl7ruy f-kUkm�pruy %_ror?yjb	yzrulh��boikmy�x)run�g�dCb�l-k~x~belhlhgjib|s=belPyzr�s_rulhvhwjxmqyzr��
� bey��erunobpf$rWrud_ruy�g��1rul$kmy�x~bedCx~kmsv-b '*) '*,9-C/91
�HAC8L'*) 2�4910Mus_rul7r�qd_r�s_rulhvhwjxmqyzr'g�dnokml-f7r'kmdqd x)run�sLb��pl7r)��g�v7ruv-belhgjb�qdg+�«belhnokp�Sacbed�¨fhgjikml-kmnobpfWqdtbe����kmv-b{ikUn|ref7r

m } kmd qdx)run�s=b;�pl7r~��g�v7ruv-belhgjb�x~bedCfhv7rud�v-k
~g = −gẑ¦£kmy�k��hk

ẑ
rusqd�v7rudCib'®_rexmgzr�rulhlhg��_r�� }3� km�pr3¨y�qCkmnobpfPkmy=vhl7ru�_r3�hb	��qCk'ikm�LkmnobpfAl-k)ruy�g��1ruls_rul7r�vhl7ref-yzreiCrulhyjb ¦�yjkmd�v7runokmd�v-k1�oik~f-ik;kmybelhg���kmd�®_refhv7r	kmy¥sqd�v-b

P : (x0, z0)
¦���kml

GC�pql7r ��� ���¢� � 4 -���,=1��
	��
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	������������������������������� ���!� ±�� �
� rul7r y�yjkm�erul|r�x)ru�Lb�d�qCk~fhvhl-b x~benokmvhgjib!s=b�ikmnobpf	qCf7ruloi�gjfhvhg�d�v-bpf|x)run�g�dCbpf)�c��qs=bed��runobpf��qCk/qCf7runobpfPkmy¥x)run�g�dCb

Γ1 } b?f7k)r } slhg�nokml-bokmyjkm�erunobpfPkmy¥be���hkmv-b�ik~f-ik z = 0
®_refhv7r

z = z0� y�qCkm��b�yjb�vhl7refhyzreiCrunobpf�®_rexmgzr�kmyUyzreib } ®_refhv7r y�yjkm��rultruyUsqd�v-b P
��ª�ql7rud�v-k!kmyUslhg�nokmlvhl7runob�yzr��£qCkmlh�1r;��qCk?ikm�=kmnobpf/l-k)ruy�g��1rul/s_rul7r;kmyjkm�prul/kmyJbe���hkmv-b�¦£x~bed���kmyjb�xmgjiCrei�qdg+�£belhnok1�k~f ~F = mgẑ } f-gjkmdCib^kmy_ik~fhsyzru�1run�gjkmd�v-b§v7runI�gj©md�r'yjbUyzrulh��b§ikmy_k���k ẑ } k~fSik~xmg�l } d~r = dz ẑ

�
$ qCkm��b } s_rul7r�k~f-v-k/slhg�nokml8vhl7runob } kmy¤vhl7ru�_r3�hbo��qCkUikm�=kmnobpfWl-k)ruy�g��1rulWk~f

W0→Q =

∫ z=z0

z=0

mg dz = mg

∫ z=z0

z=0

dz = mg z0 .

� rul7r�kmy�f-km�pqdCibPvhl7runobWyzrc�£qCkmlh�1rPfhg��pqCkSfhgjkmdCib ~F = mgẑ
B~kmy�ik~f-syzru�1run�gjkmd�v-b } fhg�d§kmnI�_rulh��b }ru®Cbel7r�k~f^r|yjb�yzrulh��b�ikmy$k��hk

x̂ } k~fUik~xmg�l } d~r = dx x̂
�L�$y$sl-b�i�qCxmv-b�sqd�v-b�kmd�vhl-k�yzr|��qCkmlh�1r

� kmy ik~f-syzru�1run�gjkmd�v-b k~f'x~kml-b ¦�s=bel/f-kml'qdCb;belhv-be��bed_ruySruyJbevhl-b��¢� $ qCkm��b } s_rul7rovhl7ref-yzreiCrul/kmybe����kmv-b	ik~f-ik
Q
r

P
dCb?f-kWl-k~��qgjkml-k�l-k)ruy�g��1rulPdg�d�C%d;vhl7ru�_r3�hb�acbedCxmy�qg�nobpf8��qCk'kmy=vhl7ru�_r3��bv-bev7ruy } r	yjb	yzrulh��boikmy�x)run�g�dCb Γ1 } k~f

WΓ1
=

∫

Γ1

~F (~r ) · d~r = mgz0 .

�$�eruy�qCkmnobpf?ru®Cbel7r�kmy$vhl7ru�_r3��b���qCk�ikm�LkmnobpfUl-k)ruy�g��1rulUs_rul7r�y�yjkm�prul/kmy$n�gjf-nob�be����kmv-b�ik~f-ikkmy belhg���kmd ruySsqd�v-b
P
r�yjb yzrulh��b ikmy x)run�g�dCb

Γ2

� $ r;�£qCkmlh�1r���qCkoikm�LkmnobpfIrusy�gjx)rul§fhg��pqCkfhgjkmdCib ~F = mgẑ
BJkmy8ik~fhsyzru�1run�gjkmd�v-b } fhg�d¬kmnI�_rulh��b } k~fortyjb�yzrulh��b ik�yzr�i�g�l-k~x~xmgj�ed ikmy��k~xmv-belWqdg�v7rulhgjb

ŝ } b�f-k)r } d~r = ds ŝ
� $ qCkm��b|f-k/vhgjkmdCk^��qCk

~F · d~r = (mg ẑ ) · (ds ŝ) = mg sinα ds .

acbedCxmy�qg�nobpf���qCkUkmy¥vhl7ru�_r3�hb�v-bev7ruy } r?yjb	yzrulh��boikmy�x)run�g�dCb Γ2 } ��gjkmdCk^iCreib�sLbel
WΓ2

=

∫

Γ1

~F (~r ) · d~r = mg(sin α)

∫

Γ2

ds = mgL sinα ,

ibedCik
L
k~fckmyLyzrulh��b�ikmy¤x)run�g�dCb��� kml-b

L sinα = z0 } y�qCkm��bIyjbpf�vhl7ru�_r3�hbpf8rIyjb?yzrulh��b?ikmy¤yjbpfx)run�g�dCbpf
Γ1 � Γ2

f-bed�g��pq_ruyjk~f1�¯�b�k~f	i�g+��wjxmg�yPikmnobpfhvhl7rul���qCk|v7runI�gj©md kmy�vhl7ru�_r3��b���qCk{f-k;ikm�Lk|l-k)ruy�g��1rul	s_rul7rty�yjkm�erulkmy�be���hkmv-b�ik~f-ik�kmy�belhg���kmd ruycsqd�v-b
P
r yjb�yzrulh��b�ikmy�x)run�g�dCb

Γ3

k~fIg��pq_ruy8r
mgz0

� �$dk¢�£k~xmv-b } s_rul7r�vhl7refhyzreiCrulWkmy¥be���hkmv-bor	yjb	yzrulh��boik/vhl7runobpf8®Cbelhg��)bed�v7ruyjk~fWdCb�f7k/l-k~��qgjkml-kU®_rex~kmlvhl7ru�_r3��b } n�gjkmd�vhl7refU��qCk^s_rul7r|yjbpfWvhl7runobpf'��kmlhvhgjx)ruyjk~fUkmy vhl7ru�_r3��b;fhgjkmn�sl-k?k~f mgh } ibedCik hk~fPyzr�i�g+�«kml-kmdCxmgzr�ik§ruy�vhql7r�ikmy¤vhl7runob|��kmlhvhgjx)ruy ��$y�g��pgjkmdCib|kmy¥x~kml-b�ik/yzr	kmdCkmlh�pwzr?sLbev-kmdCxmgzruy�ik/yzr?s_rulhvhwjxmqyzr�xmq_rudCib�©~f-v7r	f-k/kmdCxmqCkmd�vhl7rkmd�kmy¥belhg���kmd } fhq kmdCkmlh�pwzr�s=bev-kmdCxmgzruy�xmq_rudCib{f-kUkmdCxmqCkmd�vhl-k?r?qd_roruy�vhql7r z
f7kml7�

U(x, z) = mgz ,

fhgjkmdCibo©~fhv7r?g�dCikmsLkmdCi�gjkmd�v-k?ikmy¥�pruyjbel
x
�
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aAq_rudCib	qd32 1 � �HA ��' ��� '*,�� 1'vhgjkmdCk'yzr§sl-besgjk~iCrei�ik/��qCk/kmy=vhl7ru�_r3��b?l-k)ruy�g��1reib	s_rul7rIy�yjkm�erul¦�yjkmd�v7runokmd�v-k1�$qd_r�s_rulhvhwjxmqyzrUkmd�vhl-kPibpf sqd�v-bpf xmq_ruyjk~f-��qgjkml7r } k~f g�dCikmsLkmdCi�gjkmd�v-k8ikmyx)run�g�dCbqCf7reib/s_rul7r/qdg�l$v7ruyjk~f$sqd�v-bpf } kmd�v-bedCx~k~fAkmyCx)run�s=bUikc�£qCkmlh�1refSf-k�i�gjx~kP��qCkPk~f 2:A0) ��'*,�� 1C894�� Ap��$y�x)run�sLb��pl7r~��g�v7rexmgjbed_ruy k~fPqdtk���kmn�syjboik/qdtx)run�s=box~bedCf7kmlh�eruvhg���b�
$ r	�£qCkmlh�1roik§l-b�x~kIk~f8qdtk��hkmn�syjb;ikUqd_r	�£qCkmlh�1r�dCb{x~bedCf-kmlh�eruvhg��pr�� � y�kmn�sqe�-rulWqd�x)r3���edikPn|ref7r

M
s=belAkmy_fhqCkmyjb^ikPqd_r^®_ru�g�v7rexmgj�ed{ikPqd{y�q��rulArUbevhl-b } kmyCvhl7ru�_r3��b^l-k)ruy�g��1reib§f-kml7�sl-bes=bel-xmgjbed_ruy$ruy¥yzrulh��b

L
ikmy�x)run�g�dCb|��qCkUs_rul7rokmy�yjb|f-k^kmy�g���k } fhgjkmdCib W = µcMgL

� � y¤dCbf-kmlPkmy�l-b�x~k'qd_rU�£qCkmlh�1r?x~bedCf-kmlh�eruvhg��pr } dCb	f-kWsqCk~ik'g�d�vhl-b�i�qCxmg�lPqd_r?kmdCkmlh�pwzr?sLbev-kmdCxmgzruy=s_rul7rk~fhv7r���qCkmlh�1r�¦ � r/��qCk�dCb/k¢¡�gjf-v-k�qd_r���qdCxmgj�edo��qCkPf-�eyjb/ikms=kmdCiCr^ik�yjbpfJsqd�v-bpf GCd_ruyCkcg�dgjxmgzruy }� xmq � r�i�g+�«kml-kmdCxmgzr�f-k)r;g��pq_ruyAruy$vhl7ru�_r3�hb��¢�¥�$y$vhl7ru�_r3�hb ��qCk�f-k?l-k)ruy�g��1r�x~bed�vhl7r yzr{��qCkmlh�1r�ikl-b�x~kof7k�vhl7rudCf��«belhn|r kmd!x)ruyjbel)� $ r�l-k~x~bed���kml-fhgj�ed ik|kmdCkmlh�pwzr x)ruyj�elhgjx)r�r�kmdCkmlh�pwzr�nok~x)�udgjx)rsqCk~ikU®_rex~kml-f-k^f-�eyjbol-k~xmqlhlhgjkmdCib{r�ruy��pqd_r	n|�e��qg�d_r ��} ruqdtref-w } dCbokmd��£belhn|rox~ben�syjkmv7r��

� ��� � 	
�����

�$d kmy'fhgjfhv-kmn|r�g�d�v-kmlhd_rexmgjbed_ruy^ik qdgjiCreik~f���� } yzr qdgjiCrei ikmyWvhl7ru�_r3�hb ¦£b } yjb!��qCk�k~foyjbn�gjfhnob } ikUyzr	kmdCkmlh�pwzr��8k~f8kmy���A�� M ' } ��qCkUf-k^ru�l-km��gzr�x~benob	��
� �
1

�beqyjk

= 1
¯'km°Pv-bed · nokmvhl-b ,

bof-k)r }
1



= 1
¯ · n = 1

� ��n
2f

2
.� y 89,=1?>=1 @�A � A0, ��)K4 �#1
� �?' 894.' � �HA/f7k'ikmdCben�g�d_r � AC8L'*) 254.1p��$d kmy¤fhgjf-v-kmn|r	��� } yzr§qdgjiCrei�ikyzr	s=bev-kmdCxmgzrof-kUikmdCben�g�d_r���1C8.8�� ��� � x~belhl-k~fhs=bedCikIr ± 
�beqyjkUsLbel8f-km�pqdCib } k~f8ik~xmg�l }

1
�

= 1


 f .

�L��kmn�syjb�JacbedCfhgjikml-k�qd nobev-belIkmyj©~xmvhlhgjx~b ik � � �	��� ¦£k~fhv-b�x~belhl-k~fhsLbedCik|r rusl-b)¡�g�n|reiCr3¨nokmd�v-k�ruyPnobev-beloik�qd_r{��q�pqCkml7r��¢���3aAq_�ud�v-b vhgjkmn�sLb�v7rul-iCrulhwzr�v7ruy�nobev-bel } nok~i�gzrud�v-k�qdfhgjfhv-kmn|r�ik/sLbeyjk)ref } kmd�yjkm�prud�v7rul�qd�ruqv-beno�)��g�y ik ³���� � �okmd qd nokmvhl-b��
��bey�qCxmgj�ed¥�_�$y¥vhl7ru�_r3�hb�l-k~��qCkmlhgjib�s_rul7r	yjkm�prud�v7rulWkmy ruqv-beno�)��g�y k~f

W = mg h = 600 · 9,81 · 1
� �Un

2f
2

∼ 6000



.

�$y¥nobev-bel�k~fWx)rus_ru�§ik^kmd�vhl-km��rul � ��� 
�sLbelWf-km�pqdCib�¦£k~f-v7runobpfWfhqsLbedgjkmdCib�qd_r�k*G_xmgjkmdCxmgzrikUqd ±������ � } y�qCkm��b } s_rul7r�l-k)ruy�g��1rul8qd vhl7ru�_r3�hboik ³������ 
ov7rul-iCrul7� ³�������� � ����� ± ��f)�
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� x~bed�vhg�d�q_rexmgj�ed�g�y�qCfhvhl-kmnobpf§yjbpf^x~bedCx~kmsv-bpfIrud�v-kmlhgjbel-k~f?rusy�gjx)�udCibeyjbpf?kmd�ruy��pqdCbpf^sl-bu¨�yjkmn|refWx~bedCxml-kmv-bpf)�
��� �	��
  ��

acbedCfhgjikml-kUqd��yjb���qCk/ik/n|ref7r
M
��qCk'g�dCxmg+¨ikox~bed ��kmyjb�xmgjiCrei

v0

f7be�l-k�qd l-k~f-belhv-k�¦���kml
GC�pql7r ��� ��� � yjb!x~ben�slhg�nokp� �3aAq_�uy/f-kml7� yzrn|�3¡�g�n|r?x~ben�sl-k~fhgj�ed���qCk�kmd�ruy��C%d{g�dCf-v7rud�v-ky�yjkm��ror	v-kmdCkmlWkmy¤l-k~f-belhv-k �

� 4 -�� ,=1 � 	 ��$yA�yjb���qCk } ruycx~ben�slhg�n�g�l	kmycl-k~f-belhv-k } l-k)ruy�g��1r vhl7ru�_r3�hb� �Sfhv-k{vhl7ru�_r3��b } ��qCk;f-k|vhl7rudCf��£belhn|rkmd kmdCkmlh�pwzrtsLbev-kmdCxmgzruycikmycl-k~f-belhv-k } yjb ®_rex~k�r�x~bpf-v7r�ik;fhq�kmdCkmlh�pwzr�xmg�dC©mvhgjx)r�� $ r�n|�3¡�g�n|rx~ben�sl-k~fhgj�ed f-k;yjbe�pl7r�xmq_rudCib kmyc�yjb���qCk|y�yjkm��r rtk~fhv7rul�kmd�l-kms=bpf-b�J�$d¬k~f-k�x)ref-b } v-b�iCr yzrkmdCkmlh�pwzroxmg�dC©mvhgjx)r�f-k/®_ru�l7��vhl7rudCf��£belhn|reib{kmd kmdCkmlh�pwzr�sLbev-kmdCxmgzruy } b�f-k)r }
1

2
Mv2

0 =
1

2
kx2

0 .�$d yzr!k~xmq_rexmgj�ed rud�v-kmlhgjbel } x0

k~f{yzr n|�3¡�g�n|r!x~ben�sl-k~f-gj�ed ��qCk y�yjkm��r r v-kmdCkml�kmyWl-k~f-belhv-kp�ª'k~f-s=k��-rudCib
x0

f-kUkmdCxmqCkmd�vhl7r|��qCk
x0 =

√

M

k
v0 .

��� �	��
  ���

� d¬�yjb���qCk�ik;n|ref7r
m
l-k~fh�_ruyzr�sLbel?qdsyzrudCb g�dCxmy�g�d_reib } s_rulhvhgjkmdCib ikmy	l-kmsLbpf-bik~f-ik^qd_r{ruy�vhql7r

h
����k)r

α
kmy �ud�pqyjb|ikkmyjkm�erexmgj�ed � µ

kmyx~b�k*G_xmgjkmd�v-k8ikcl-b�x~kcxmg�dCk¢¨n|�uvhgjx~bIkmd�vhl-k�kmy��yjb���qCk � kmy�syzrudCb���uacbed��qC©t��kmyjb�xmgjiCrei y�yjkm��rul7� kmy��yjb���qCktruy'sgjkikmy¥syzrudCb�g�dCxmy�g�d_reib��
� 4 -���,=1��
	��

� dgjxmgzruy�nokmd�v-k'kmy_�yjb���qCk8vhgjkmdCk�f-�eyjb^qd_r§kmdCkmlh�pwzrUsLbev-kmdCxmgzruy
U = mgh

¦£kmy=x~kml-b§ik8yzr^kmdCkmlh�pwzrs=bev-kmdCxmgzruy yjb|®Ckmnobpf'kmyjkm�pgjib;kmdtyzro�_ref-k§ikmy syzrudCb|g�dCxmy�g�d_reib��¢� � y�y�yjkm��rul/kmy��yjb���qCk?ru�_r3��b }©~fhv-k�vhgjkmdCkof-�eyjb�kmdCkmlh�pwzr�xmg�dC©mvhgjx)r
K = mv2

f/2
� � f7rudCib�kmy slhg�dCxmg�sgjb�ikox~bedCf-kmlh�prexmgj�ed!ikyzr�kmdCkmlh�pwzr f-k	vhgjkmdCk{��qCk	yzr kmdCkmlh�pwzr xmg�dC©mvhgjx)r GCd_ruyAikm�=kof7kml^g��pq_ruyAr�yzr�kmdCkmlh�pwzr s=bev-kmdCxmgzruyg�dgjxmgzruyAnokmdCbpf?yzr kmdCkmlh�pwzrti�gjfhg�s_reiCr s=bel?kmy l-b�x~kp� �Sf-v7r %y�vhg�n|rtk~f

Q = µmg (cos α)L =
µmg h/ tan α

�=��kUvhgjkmdCk
1

2
mv2

f = mgh − µmgh/ tan α ,
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bof-k)r }

v2
f = 2gh

(

1 − µ

tanα

)

.

$ r^k~xmq_rexmgj�ed�rud�v-kmlhgjbel�k~fS�p�uy�gjiCrUfhg
µ ≤ µe ≤ tan α

����g_yzrUx~bedCi�gjxmgj�ed�rud�v-kmlhgjbelcdCb^f-kWxmqn�syjkyzr	s_rulhvhwjxmqyzr�dCb�l-k~f-�_ruyzr��+D��Cf-kmlh��k^x~�enob } kmd�kmy¥y�w�n�g�v-k α = 90◦ } yzr	��kmyjb�xmgjiCrei vf
vhgjkmdCik§ruyl-k~fhqy�v7reib|ik/yzr�x)ruwjiCr�y�g��l-kp�

��� �	��
  ���

��qs=bed��r���qCk�yzr kmdCkmlh�pwzr sLbev-kmdCxmgzruy^ik�qd_r!s_rulhvhwjxmqyzr�ik�n|ref7r
m
��gjkmdCk�iCreiCr sLbel{yzrk¢¡�sl-k~fhgj�ed

U(z) = a

[

1

3
z3 − b2 z

]

,

ibedCik
a � b

f-bedtxmgjkmlhv7ref'x~bedCfhv7rud�v-k~f�sLbpfhg�vhg��eref1�C�$dCxmqCkmd�vhl-k	kmy x)run�s=b{ik/��qCkmlh�1r
F (z)

��qCkiCr�belhg���kmdtr?v7ruy�kmdCkmlh�pwzr	sLbev-kmdCxmgzruy �
��k)r

F (z)
yzr{��qCkmlh�1r���qCk	kmySx)run�s=b�k��hkml-x~k�f-be�l-k	yzr;s_rulhvhwjxmqyzr�� �Jrul7r�y�yjkm�prulUyjkmd�v7runokmd�v-koyzrs_rulhvhwjxmqyzr�ik~f-ik�kmySbelhg���kmd�ruy$sqd�v-b

z
ikm�=kml-kmnobpf§k���kml-x~kml^f-be�l-k	yzr;s_rulhvhwjxmqyzr�qd_r{��qCkmlh�1rik�g��pq_ruy8n|ru�pdg�vhqCi¬sLkml-b f-kmd�vhgjib besqCk~fhv-b� � bel|x~bedCfhg��pqgjkmd�v-k } kmyPvhl7ru�_r3�hb ��qCk�ikm�=kmnobpfl-k)ruy�g��1rul�k~f

W (z) = −
∫ z

0

F (z) dz .

�Sfhv-kIvhl7ru�_r3��b;k~f8g��pq_ruy$r�yzr{i�g+�£kml-kmdCxmgzr{ik^yzr{kmdCkmlh�pwzr|s=bev-kmdCxmgzruyJkmd�vhl-k?kmy belhg���kmd � kmy y�q��rul
z } b§f7k)r } U(z)−U(0)

�acbenob
U(0) = 0 } sLb�ikmnobpfAg��pq_ruyzrul W (z)

x~bed
U(z) } be�v-kmdgj©mdCibpf7k

U(z) = −
∫ z

0

F (z) dz = a

[

1

3
z3 − b2 z

]

.

acbenob�kmy�sl-b�x~k~f-b�ikSg�d�v-km�pl7rexmgj�ed	k~f kmy0I g�d���kml-f-bFJcikmy�sl-b�x~k~f7bWik ikmlhg��prexmgj�ed;¦���kml GC�pql7r ��� " � }f-k/vhgjkmdCk^��qCkUyzrI��qCkmlh�1roikm�=kUf-kml � '*)+A���M 1��?'*,*4�� 1 �#1��?'&M 1 '5)+'*,.-0/91 �HA#8L'*) 254.10M } b�f-k)r }
F (z) = −dU(z)

dz
.

¦ ��� ² �
� f7rudCib?k~fhv7r^l-kmyzrexmgj�ed�f7kWkmdCxmqCkmd�vhl7r?��qCk8s_rul7rIkmy�sl-k~f7kmd�v-k'sl-be�yjkmn|r } kmy�x)run�sLbIik8��qCkmlh�1refk~f

F (z) = a
[

b2 − z2
]

.�Sf'g�n�s=belhv7rud�v-k�f-k5E_ruyzrulU��qCk?fhgjkmn�sl-k M 1��?'*,*4 � 1
�#1��?' M 1 '5)+'*,.-0/91 �HAC8L'5) 254.10M�' ��� � '5) A���� M 1
� ��'*,�� 1�� ��' '*M 2:1 � �HA 2:AC) ��'*,�� 1C894�� A '6@ '*,=2 ' ��A?>*,:' M 1 �H10,589/92 ��M 1
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� 4 -���,=1 �
	��

��� �	��
  ���

� d_r�s_rulhvhwjxmqyzr�kmd qd!x)run�sLb ik	�£qCkmlh�1ref§f-ki�gjx~k ��qCk!f-k kmdCxmqCkmd�vhl7r '*) ' � ��46M 4.>*,*4.A fhg^yzr��qCkmlh�1r¬f7be�l-k kmy�yzr�k~f�d�qyzr�� �Jrul7r�qd_r s_rul�¨vhwjxmqyzr	xmq � r	kmdCkmlh�pwzr?s=bev-kmdCxmgzruy¥k~f^¦�yzrIn�gjfhn|rikmy�k���kmn�syjb{rud�v-kmlhgjbel �

U(z) = a

[

1

3
z3 − b2 z

]

,

yzr/�£qCkmlh�1r
F (z)

k~fSd�qyzrIxmq_rudCib
z = ±b

��¯'bu¨v-k§��qCk^k~f-bpf8sqd�v-bpf/fhgjkmn�sl-k§x~belhl-kmsLbedCikmd�rn|�3¡�g�nobpf bPn�w�dg�nobpf ik$yzr8kmdCkmlh�pwzr8s=bev-kmdCxmgzruy¦���kml GC�pql7r ��� � �¢���kUi�gjx~k'��qCk'qd�fhgjfhv-kmn|r?kmd k~��qg�y�g��lhgjb�k~f ' ���
8 1?>*M ''fhg ruy$ruyjk��hrulhyjb;yjkm��kmnokmd�v-k?ikmy sqd�v-b�ikk~��qg�y�g��lhgjb�yzro��qCkmlh�1r;��qCk�rus_rul-k~x~kIyjb�rex~kmyjkml7rd�qCkm�prunokmd�v-k^®_rexmgzr	i�gjx7®Cb�sqd�v-b�_ª'k/yjb	x~bed�¨vhl7rulhgjb } kmy¥k~��qg�y�g��lhgjbok~fPg�dCk~fhv7ru�yjkp�

� 4 -�� ,=1 � 	��

� rul7r	kmy¤x)ref-bInobpfhvhl7reib	kmd�yzr GC�pql7r���� � } yzr§s_rulhvhwjxmqyzr	f-k�kmdCx~bed�vhl7rul7��kmd�k~��qg�y�g��lhgjb	k~fhv7ru�yjkfhg¥k~fhv7��kmd�l-kmsLbpf-b�kmd�kmy¤y�q��rul
z = b } k/g�dCk~f-v7ru�yjk§fhg¥f-kUkmdCxmqCkmd�vhl7rokmd z = −b

���qs=bed��runobpf?��qCk	yzr�s_rulhvhwjxmqyzr�ik�n|ref7r
m
f7k�kmdCxmqCkmd�vhl7r kmd�kmy$sqd�v-b�ik�k~��qg�y�g��lhgjbk~fhv7ru�yjk � ��qCk^kmd xmgjkmlhv-b|g�dCfhv7rud�v-k^yzr�f7rex)runobpf8yjkm��kmnokmd�v-k§ik^f-q�sqd�v-b|ikUk~��qg�y�g��lhgjb } s_rul7rik��hrul§��qCk�y�qCkm��btf-k	n§qCkm�pr kmd!kmyAx)run�s=b ik���qCkmlh�1r��¥ª/kmnobpfhvhl-kmnobpf?��qCk�yzr{��qCkmlh�1r���qCk�kmy

2:1 � �HAok��hkml-x~k�f-be�l-k?yzr;s_rulhvhwjxmqyzr�k~fUkmd�n|ru�pdg�vhqCi sl-besLbel-xmgjbed_ruyAruySik~fhsyzru�1run�gjkmd�v-b�s=kml-bkmd;f-kmd�vhgjib	besqCk~fhv-b���$�£k~xmvhg��prunokmd�v-k } fhgLruyjk��hrunobpfcyzr^s_rulhvhwjxmqyzr§qd_rIi�gjfhv7rudCxmgzr +∆
ik~f-ikWkmysqd�v-b|ikUk~��qg�y�g��lhgjb|k~f-v7ru�yjk

z = b } ¦£x~bed ∆ � b
� } kmd�v-bedCx~k~f�yzrI�£qCkmlh�1r���qCk^rus_rul-k~x~k§k~f

F (b + ∆) = a
[

b2 − (b + ∆)2
]

= −a(2b∆ + ∆2) ' −2ab∆ .
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	������������������������������� ���!� ±����
¯�bev-kmnobpf ��qCk�yzr���qCkmlh�1r�ref-b�xmgzreiCr¬ruy/s=bev-kmdCxmgzruyIkmd yzr���k~xmg�dCiCrei ikmyUn�w�dg�nob rexmv=%_r�kmd�£belhn|r�rud_�uyjbe��r�r yzr yjk � ik � b�b � k|��qCk|��be�gjkmlhd_rtkmycx~ben�sLbelhv7run�gjkmd�v-b ik{qd l-k~f-belhv-kp� ruyruyjk��hrulPyzr?s_rulhvhwjxmqyzr|ik/yzr?s=bpfhgjxmgj�ed ikUk~��qg�y�g��lhgjborus_rul-k~x~kUqd_r?�£qCkmlh�1r	��qCk'k~f8sl-bes=bel-xmgjbed_ruyruy_ik~fhsyzru�1run�gjkmd�v-b } sLkml-bUkmd|kmy_f-kmd�vhgjib^x~bed�vhl7rulhgjb� � yCf7bey�v7rulSyzr's_rulhvhwjxmqyzr|¦£ik~f-ikWkmyl-kms=bpf-b��kmd kmy=y�q��rul

z = b + ∆ } yzr§s_rulhvhwjxmqyzrobpf-xmg�yzrul7�	kmd�v-belhdCboruyLsqd�v-boik/k~��qg�y�g��lhgjb�g��pq_ruy¥x~benobfhg¤k~fhvhq��gjkml7r�reibpf reiCr?r?qd�l-k~f-belhv-kp��Sy=sLkmlhwjb�ib�ik'bpf7xmg�yzrexmgj�ed ik�qd_r?n|ref r?reibpf reiCr�r§qdl-k~f-belhv-k/x~bed;x~bedCfhv7rud�v-k/ikWl-k~fhvhg�vhqCxmgj�ed
k
k~f

T = (2π)
√

m/k
���Sd�kmy=sl-k~f-kmd�v-k'k��hkmn�syjb } 2ab��qCkm��rIkmyLs_rus=kmyLikmy=x~b�k*G_xmgjkmd�v-kUik�l-k~fhvhg�vhqCxmgj�ed

k } y�qCkm��b	kmy=s=kmlhwjb�ib?ikWyzref�bpf-xmg�yzrexmgjbedCk~f�f-kml7�

T = 2π

√

m

2ab
.

4/5��§5 ��:=B8> �-FSQ#<WX
± � � d_rIn|ref7r?ik ² � ��f-k�y�yjkm�er	ik~f-ik'qd�sqd�v-b

A
ruyLsqd�v-b

B
� $ bpf���k~xmv-bel-k~fWik's=bpf-gjxmgj�ed ikyjbpfPsqd�v-bpf

A � B
f-bed¥�

~xA = (x̂ + 3ẑ)
n

~xB = 5x̂
n

� b�ibIkmy_fhgjfhv-kmn|rUk~f-v7�Ug�dnokml-f-bIkmdoqd{x)run�sLb�pl7r)��g�v7ruv-belhgjb�x~bedCfhv7rud�v-k −gẑ.
�$dCxmqCkmd�vhl-ktkmyvhl7ru�_r3�hbPl-k)ruy�g��1reib8sLbel¥yzr��pl7r)��k~iCreiIr�yjb8yzrulh��bikUx)reiCr	qdCb�ik^yjbpfPvhl-k~f8x)run�g�dCbpf8g�dCi�gjx)reibpfkmd�yzr GC�pql7r|reiu��qd�v7r�� � 4 -���,=1��
	��

² � � d_ro�Lben§�_r{ik�ru�pq_r|ikm�Lk?kmyjkm�erul
200

y�g�vhl-bpf/ik	ru�pq_r{s=bel�n�g�d�qv-b�ik~f-ikIqdtsLbe�)b }xmq � b�dg���kmy'ik�ru�pq_r�k~fhv7�!r ³ n�ik�sl-bu�£qdCi�gjiCrei } s_rul7r y�qCkm��b�yzrud�1rulhyzr x~bed qd_r��kmyjb�xmgjiCrei{ik
9
n � f1����qsLbedgjkmdCib?��qCk�dCb§®_r � s=©ml-i�gjiCref�ik�kmdCkmlh�pwzrIik�dg�d�C%d;vhg�s=b }�1��qC©Wvhl7ru�_r3��bIsLbelAn�g�d�qv-b?ikm�Lk�l-k)ruy�g��1rulckmy=nobev-belP��qCk'rex~xmgjbed_r§yzr§�Lben§�_r�� �uaAq_�uy=k~fyzr?sLbev-kmdCxmgzr�ikmy¥nobev-bel �

¦ � d_rtn|�e��qg�d_r���qCk;l-k)ruy�g��1r�qd vhl7ru�_r3�hb�ik ± 
�beqyjk � ± � � n
2/
f
2
s=bel�f-km�pqdCib }vhgjkmdCkUqd_r?sLbev-kmdCxmgzr�ik ± �!ruvhv �Y± � � � � �

� � ��be�l-k|qd_r�s_rulhvhwjxmqyzr�ik|n|ref7r
m = 0,25

� � } ��qCkof-k�nIqCkm��k;r�yjb yzrulh��b�ikmyAk���k x̂ }rexmv=%_r|qd_r|��qCkmlh�1r ~F = F (x) x̂ } ibedCik?yzron|ru�pdg�vhqCi F (x)
ikms=kmdCik?ikIyzrosLbpfhgjxmgj�ed

x
ikmy¤nob�ib�g�dCi�gjx)reib{kmd�yzr GC�pql7r ��� ±�� �
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	������������������������������� ���!� ± � �
1�� ª/kmv-kmlhn�g�dCk?kmy�vhl7ru�_r3�hb|l-k)ruy�g��1reib{s=bel'k~fhv7r	�£qCkmlh�1r{f-be�l-k^yzros_rulhvhwjxmqyzr{f-g�kmy�yzr|f7kvhl7refhyzreiCroik~f-ik

x = 0
r

x = 3
n �

>1� ��gCyzrUs_rulhvhwjxmqyzr§kmd;kmyCg�dCfhv7rud�v-k
t = 0

f-k8kmdCxmqCkmd�vhl7rIkmd|l-kmsLbpf-b^kmd
x = 2

n } �)��qC©��kmyjb�xmgjiCrei�v-kmdCi�l7�oruy¥y�yjkm��rul'r
x = 6

n��

� 4 -�� , 1��
	����
� k~fhsqCk~fhv7ref)�r�� � 
�BC���

v
� �on � f)�

�C� �$ySf-gjfhv-kmn|r{nobpfhvhl7reib kmd yzr GC�pql7r reiu��qd�v7r�f-k&I�ru�_rudCibed_r J } s_rulhvhgjkmdCib�ikmy$l-kms=bpf-b }xmq_rudCib¬kmy/�yjb���qCk�ik�n|ref7r
m1

k~fhv7��r!qd_r�i�gjf-v7rudCxmgzr
d
s=bel�kmdCxmg�n|r¬ikmyUfhqCkmyjb�ª/k~fhsl-k~xmgjk^kmy¤l-b�x~kp�

1��[�$dCxmqCkmd�vhl-k	yzr{rex~kmyjkml7rexmgj�ed�ikIyzr|n|ref7rn|r � bel)� ¦ m1 > m2

� �
>1� � f7rudCib;kmy l-k~fhqy�v7reib�ik§yzr{s_rulhv-k�¦«r�� }kmdCxmqCkmd�vhl-k yzr ��kmyjb�xmgjiCreiYx~bedY��qCk yzrn|ref7r?n|r � bel�y�yjkm��roruy¥fhqCkmyjb�
21� ��qs=bedgjkmdCib���qCk/v-b�ib	kmy¤vhl7ru�_r3�hb?l-k)r3¨y�g��1reib^f-be�l-k8kmyCfhgjf-v-kmn|r/f-k�vhl7rudCf��«belhn|rkmd;kmdCkmlh�pwzr?xmg�dC©mvhgjx)r } x)ruyjxmqyjk'yzrU��kmyjb�xmg+¨iCrei|ik8yzr^n|ref7rUn|r � bel ��qCfhv-bIrud�v-k~f�ik��qCkUx7®Cb���qCk^x~bed�vhl7r|kmy¥fhqCkmyjb� � 4 -�� ,=1 � 	 � �

��� acbedCfhgjikml-k'qd xmqCkmlhsLb	x~ben�sqCk~fhv-b�ik
N
n|ref7ref

mj } fhg�vhq_reibpf8kmd�yjbpfcy�q��rul-k~f ~rj } x~bed
j = 1, 2, 3, . . . , N

�cª'kmnIqCk~fhvhl-k���qCk�yzr kmdCkmlh�pwzr�sLbev-kmdCxmgzruy'iktv7ruy'xmqCkmlhsLb } kmd qdx)run�sLbo�pl7r)��g�v7rexmgjbed_ruySx~bedCfhv7rud�v-k } f-k^sqCk~ik?km�eruy�q_rul/fhqsLbedgjkmdCib{��qCkIv-b�iCr|fhq�n|ref7r
M = m1 + m2 + · · · + mN

k~fhv7��x~bedCx~kmd�vhl7reiCrokmd�f-q�2 '*)K89,=A �?' � 1��51�� } iCreib�sLbel
~r � � ≡ 1

M
(m1~r1 + m2~r2 + . . . + mN~rN ) .
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	������������������������������� ���!� ± � ±
³ � � d|�yjb���qCk�xmq � r^n|ref r^k~f m

� ³ � �?f-kWik~f-y�g��1r^®_rexmgzr?ru�_r3��b§s=belAqd{syzrudCbIg�dCxmy�g�d_reiblhq��bpf-b } s_rulhvhgjkmdCib{ikmy�l-kms=bpf-b���$y �ud�pqyjb{ik§kmyjkm�prexmgj�edtikmy syzrudCb|k~f α = 60◦ � yjbpfx~b�k*G_xmgjkmd�v-k~f�ikUl-b�x~kUk~f-v7�uvhgjx~b � xmg�dCkmn|�uvhgjx~b{f-bed � � ² � � � ± � } l-k~fhsLk~xmvhg��erunokmd�v-kp�
1�� ª/k~f-xmlhg��_r8v-b�iCref yzref¥�£qCkmlh�1ref ��qCkcrexmv=%_rud?f-be�l-kAkmy��yjb���qCk � ikmv-kmlhn�g�dCkckmy�vhl7ru�_r3��bl-k)ruy�g��1reib;sLbel�x)reiCr{qd_r|ik?kmy�yzref } fhgJkmy��yjb���qCk?f-k?ik~fhy�g��1r ² n ¦«royjb{yzrulh��b{ikmysyzrudCb��¢�
>1� �uaAq_�uy¥k~f8kmy¥vhl7ru�_r3�hb�dCkmv-b	l-k)ruy�g��1reib|f7be�l-k^kmy¤�yjb���qCk �
21� �uaAq_�uy�k~fcyzrU��kmyjb�xmgjiCrei�ikmy��yjb���qCkWik~fhsqC©~f�ik�l-k~x~belhl-kmlcqd_rIi�gjfhv7rudCxmgzrIik ² n��
� k~fhqCkmy��er§kmyLsl-be�yjkmn|rIibpfc��k~x~k~f)��yzr§slhg�nokml7r	fhqsLbed��r§��qCk�kmy�� 4 �*8L' � 1'x~bedCfhgjf-v-k�f-�eyjbikmy¤�yjb���qCk ��} s=belPyjb�v7rud�v-b } yzref��£qCkmlh�1refWik/l-b�x~k^f-bed�s_rulhv-k^ik^yzref���qCkmlh�1refWk¢¡�v-kmlhd_ref Byzr�f7km�pqdCiCr	��km�IfhqsLbed��r���qCk^kmy�fhgjf-v-kmn|r�x~bedCfhgjfhv-k^ikmy��yjb���qCk � kmy¥syzrudCbog�dCxmy�g�d_reib }kmd�xmq � b�x)ref-b?yzr?i�gjfhg�s_rexmgj�ed�ik/kmdCkmlh�pwzr?sLbelcyzrefc�£qCkmlh�1refPik/l-b�x~k'ikm�Lkmd x~bedCfhgjikml7rul-f-kx~benobox)ruyjbel)�

" � ��k8ik~f7k)rUyjkm�prud�v7rulcyjkmd�v7runokmd�v-k'qd_r^n|ref7r
M®_refhv7r qd_r�ruy�vhql7r

h } qCf7rudCib�kmy�fhgjfhv-kmn|r�iksLbeyjk)refPnobpfhvhl7reibokmd�yzr GC�pql7roreiu��qd�v7r��
1�� �3aAq_�uyJk~fWyzro�£qCkmlh�1r|��qCkIikm�Lk	rusy�gjx)rul�¨f-k �
>1� ����qC©/vhl7ru�_r3�hbof-k/l-k)ruy�g��1r��
21� �3aAq_�uy_k~f kmy_x)run§�gjbIkmd|kmdCkmlh�pwzrUsLbev-kmd�¨xmgzruy�ik/yzr	n|ref7r��

� 4 -�� ,=1 � 	 ���
� � � d��yjb���qCkUik

m = 5
� �of-kUfhqe�hkmv7r	x~bed�vhl7r�qd�l-k~f7belhv-k^ikUx~bedCfhv7rud�v-k

k = 1000 � � n }x~ben�slhg�n�gj©mdCibeyjb kmd
d0

� � xmn � � yUik��-rul kmyU�yjb���qCk�kmd y�g��=kmlhv7rei } kmy/l-k~f-belhv-k ruyk¢¡�s_rudCi�g�l-f-k?kmn�sqe�hr{kmy �yjb���qCkIr|yjboyzrulh��b�ik^qd_r{fhqsLkml G_xmgjk§®Cbelhg��)bed�v7ruy$lhq��bpf7r|x~bedx~b�k*G_xmgjkmd�v-kIik/l-b�x~kUxmg�dCkmn|�uvhgjx~b
µ = 0,2

�
1�� �uaAq_�uy�k~f kmy�vhl7ru�_r3��b�l-k)ruy�g��1reib's=belJkmy�l-k~f7belhv-kAf-be�l-kckmy��yjb���qCkSn�gjkmd�vhl7ref$kmy�l-k~f-bel�¨v-kPf-k�k¢¡�vhgjkmdCikPik~f-ik�yzr'sLbpfhgjxmgj�edox~ben�slhg�n�gjiCrU®_refhv7r'yzr'sLbpfhgjxmgj�edoikPk~��qg�y�g��lhgjb��
>1� �uaAq_�uyCk~f$kmyvhl7ru�_r3��b/l-k)ruy�g��1reib^s=belSkmyl-b�x~k�f-be�l-kPkmy�yjb���qCkPxmq_rudCib^©~fhv-kcl-k~x~belhl-kyjbpf � xmn ®_refhv7r?yzr	sLbpfhgjxmgj�ed ik^k~��qg�y�g��lhgjb��
21� �uaAq_�uy¥k~fPyzr?��kmyjb�xmgjiCrei ikmy¤�yjb���qCkUxmq_rudCibokmy¥l-k~f7belhv-k/s_ref7r?s=bel8f-q�s=bpfhgjxmgj�ed ikk~��qg�y�g��lhgjb��
�C� ��gAruy s_ref7rul§sLbel^yzr�sLbpfhgjxmgj�ed�ik|k~��qg�y�g��lhgjbtkmy �yjb���qCkof7koik~fhsLkm��r�ikmy l-k~f-belhv-k }�1��qC©Ui�gjf-v7rudCxmgzroruyjx)rud�1rul7�|r?l-k~x~belhl-kml�rud�v-k~fWik^ikmv-kmdCkml-f7k �
'u� ��gCkmy�yjb���qCkPf7k�n|rud�vhgjkmdCkWf-qe��kmv-bUruyCl-k~f-belhv-k } �1xmq_�uy_k~fJyzr/k¢¡�v-kmdCfhgj�edon|�3¡�g�n|rU��qCky�yjkm��rul7�or?v-kmdCkml�kmy¥l-k~f-belhv-k �
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	������������������������������� ���!� ± � ²
� � � d sL©mdCi�qyjb|ikUn|ref7r

m
x~bey���reib{ikUqdt®g�yjboik^yzrulh��b

` } f-k^kmyjkm�pr	®_refhv7r	�«belhn|rul8qd�ud�pqyjb
θ0

�
90◦

x~bed yzr?dCbelhn|ruy � y�qCkm��bof-kUik��-r�kmd�y�g��Lkmlhv7rei¤�
1�� �$dCxmqCkmd�vhl-k^yzr	kmdCkmlh�pwzr�xmg�dC©mvhgjx)roik/yzr§n|ref r?s=kmdCi�qyzrulWxmq_rudCib|kmy¤s=©mdCi�qyjb	s_ref7rsLbel8fhq�sLbpfhgjxmgj�ed ik^k~��qg�y�g��lhgjb�
>1� ª/kmn§qCk~f-vhl-k?��qCkIyzrov-kmdCfhgj�ed�ikIyzr|xmqCkml-iCr } s_rul7r θ = 0◦ } k~f 3

��k~x~k~f'kmy sLk~f-b|ikyzr?n|ref7r�s=kmdCi�qyzrul)�
±�� � acbedCfhgjikml-k§kmy¥x)run�s=boikU��qCkmlh�1r	iCreib�sLbel

~F (~r ) = F0 x̂ + F0

x

a
ŷ .

�$�pruy %Ck/kmyLvhl7ru�_r3��b	��qCk�ikm�Lk'l-k)ruy�g��1rul-f-k's_rul7ry�yjkm�pruloqd_r s_rulhvhwjxmqyzr�ik n|ref r
m
ik~f-iktkmybelhg���kmd�®_refhv7r�kmyAsqd�v-b

A
r�yjb yzrulh��b�ikoyjbpfibpf x)run�g�dCbpf¥g�dCi�gjx)reibpf kmd§yzr GC�pql7r�reiu��qd�v7r���$y¥x)run�sLboik/�£qCkmlh�1ref �1k~f8x~bedCf-kmlh�pruvhg���b��

� 4 -�� ,=1 � 	 � �

±p± � � d_r�x)r3�hr } ik�n|ref7r ±�� �/� } ik~f7x)rudCf7r�f-be�l-k�yzr xmq�gjkmlhv7r�®Cbelhg��)bed�v7ruycik�qd_r�nok~f7r���$y/x~b�k*G_xmgjkmd�v-k ik���lhgjx~xmgj�ed kmd�vhl-k�yzr!x)r3�-r � yzr!f-qs=kml G_xmgjk�ik�yzr�nok~f7r!k~f 0,4
���$dxmgjkmlhv-bIg�dCfhv7rud�v-k/f-k/rusy�gjx)r?f-be�l-k'kmy�yzr^qd_r^��qCkmlh�1r ~F = F0 x̂ } rei��qg�lhgjkmdCibIyzrIx)r3�-r^qd_rrex~kmyjkml7rexmgj�ed�x~bedCfhv7rud�v-k

~a = 2 x̂
� n � f 2 � �

1�� ª/kmv-kmlhn�g�dCk
F0

�
>1� ª/kmv-kmlhn�g�dCk/kmy�vhl7ru�_r3�hbIl-k)ruy�g��1reib	s=belAyzrU�£qCkmlh�1r ~F

xmq_rudCib?yzr§x)r3�-rIf-kW®_r§vhl7refhyzr3¨iCreib�qd_r	i�gjf-v7rudCxmgzroik �?n �
21�[�$�pruy %Ckcyzr'i�g+�£kml-kmdCxmgzr'kmd�vhl-kPkmy�vhl7ru�_r3�hb'l-k)ruy�g��1reibUf-be�l-kcyzrWs_rulhvhwjxmqyzr � kmy�x)ruyjbel Qi�gjfhg�s_reib?sLbelPkmy¤l-b�x~kp��ª/kmn§qCk~fhvhl-kU��qCk/k~fhv7r?i�g+�£kml-kmdCxmgzr	x~beg�dCxmgjik§x~bed;yzr?kmdCkmlh�pwzrxmg�dC©mvhgjx)r GCd_ruy ikUyzr	x)r3�hr��

±)² � � d_r;n|ref7r
m
l-k~fh�_ruyzr } fhg�d l-b�x~k � ikm�gjibtryzr��pl7r)��k~iCrei } s=beloyzr!fhqsLkml G_xmgjk�ik�qd_r!f-k¢¨n�gjk~f��«kml7r�ik§l7rei�gjb

R
� $ r�n|ref r�s_rulhv-k§ik~f7ikyzr�x5%Cfhsgjik�f-g�d¬��kmyjb�xmgjiCrei¬g�dgjxmgzruy �c��k)r

P
kmysqd�v-b kmd�kmyPxmq_ruyPyzrtn|ref7r�f-k;f-kms_rul7r�ik;yzrf-kmn�gjk~fh�£kml7r�� �$dCxmqCkmd�vhl-k�kmyP�ud�pqyjb�ik{kmyjkm�pr3¨xmgj�ed

θ0

ikmy¤sqd�v-b
P
�

� 4 -�� ,=1 � 	 � �� k~fhsqCk~fhv7r��
sin θ0 = 2/3

�



���������
	������������������������������� ���!� ± � �
±�� � ��be�l-k$qd_rWxmg�d�v7r8vhl7rudCfhs=belhv7reibel7rWx)rekmd

5
� �Wik$n|ruv-kmlhgzruy�sLbel�f-km�pqdCibI¦

Λ = dm/dt =
5
� � � f �¢�¤��qs=bedgjkmdCib���qCk^dCb{®_r � sL©ml-i�gjiCref/ikIkmdCkmlh�pwzr;ikIdg�d�C%dtvhg�sLb;kmdtv-b�ib|kmyfhgjf-v-kmn|rt��qCk;g�n�sqyjf7r�yzr�xmg�d�v7r�vhl7rudCf-s=belhv7reibel7r } kmdCxmqCkmd�vhl-k�yzr���qCkmlh�1r F

��qCk�ikm�=krusy�gjx)rul-f-k?s_rul7r|n|rud�v-kmdCkmlUyzr;xmg�d�v7r{vhl7refhyzreiC�udCibpf7k?x~bed�qd_r|��kmyjb�xmgjiCrei x~bedCf-v7rud�v-k
v0�

3
n � f)� �3aAq_�uy^k~f�yzr�n�w�dg�n|r sLbev-kmdCxmgzr���qCk�ikm�Lktv-kmdCkml kmy/nobev-bel�s_rul7r ®_rex~kmlr)�erud�1rul8yzroxmg�d�v7r	vhl7rudCfhsLbelhv7reibel7r��

� 4 -�� , 1��
	����

� k~fhsqCk~fhv7r��
P =

dW

dt
= Λv2

0 = 45
�

.

± �C� acbedCfhgjikml-k�ibpfJn|ref7ref
m
qdgjiCrefJs=belJqd_r��pr3¨lhg�y�yzr|ik^yzrulh��b

L
��qCkUdCbovhgjkmdCkIs=k~f7b� � dgjxmgzruy+¨nokmd�v-k§kmy¥fhgjfhv-kmn|rok~fhv7�orusLb � reib|kmd�qd_ros_r3¨l-k~i } �«belhn|rudCib	qd��ud�pqyjb θ0

x~bed�yzrIdCbelhn|ruy¦���k)r GC�pql7r ��� ±)³ �¢���$y/fhgjfhv-kmn|r�x~ben�gjkmd�1r�rl-k~fh�_ruyzrulPfhg�d�l-b�x~k/ikm�gjibor§yzrI�pl7r)��k~iCrei¤� � ���qC©�ruy�vhql7r§yzr^n|ref r�� ± f-k�f-kms_rul7rIikWyzr§s_r3¨l-k~i���kmlhvhgjx)ruy �
� k~fhsqCk~fhv7r��

h = 2h0/3 } ibedCik h0 =
L sin θ0

k~f8yzr�ruy�vhql7r	g�dgjxmgzruy � � 4 -�� ,=1 � 	 � �

± ��� � d_r'nobedCk~iCr^f-kPik~f-y�g��1rUf-be�l-kPqdovhl7runob§®Cbu¨lhg��)bed�v7ruy sqy�gjib� $ qCkm��b�kmd�vhl7r kmd!qd!vhl7runobxmg�y�w�dCi�lhgjx~b'x~bed���k¢¡b/ikSl7rei�gjb � �?± n � $ r8nobu¨dCk~iCr sgjkml-ik{x~bed�v7rexmv-b�x~bed yzr f-qs=kml G_xmgjk;xmg+¨y�w�dCi�lhgjx)r r�qd �ud�pqyjb ik ���
◦
x~bed�l-k~fhsLk~xmv-br!yzr ��kmlhvhgjx)ruyUnok~i�gjib�ik~f-ik�kmy'��©mlhvhgjx~k ikmyxmg�y�g�dCi�l-b��a�ruyjxmqyjkPyzr/l7rusgjikm��x~bed{��qCk8f7kPik~f�¨syzru�1ru�_r�yzr�nobedCk~iCr/kmd�kmy�vhl7runob'®Cbelhg��)bed�v7ruy � � 4 -�� ,=1 � 	 � �



���������
	������������������������������� ���!� ± ���
±)³ � $ r��£qCkmlh�1r/kmyjk~xmvhl-bpfhv7�uvhgjx)r§��qCkPk��hkml-x~k�qd_rUx)rulh��r/kmyj©~xmvhlhgjx)r

Q
f7be�l-kPbevhl7rUx)rulh��r

q
��gjkmdCkiCreiCr	sLbelPyzr�refhw¤y�yzrun|reiCr  '�� ��'�� A���M A � >m�

~F =
qQ

r2
r̂ ,

ibedCik
~r = r r̂

k~fUkmy ��k~xmv-bel^ik?sLbpfhgjxmgj�ed ik
q
l-k~fhsLk~xmv-b�r

Q
�L¯�bev-kmnobpfU��qCk	fhgJyzrefibpf8x)rulh��refWvhgjkmdCkmd�kmy¤n�gjfhnobof-g��pdCb	yzr?��qCkmlh�1rokmd�vhl-kUyzref8x)rulh��ref�k~fPl-kmsqyjfhg��pr��acbedCfhgjikml-k qd_r�x)rulh��r

Q
Gp�-r kmd kmy^belhg���kmd � qd_r�x)rulh��r q } ��qCk�g�dgjxmgzruy�nokmd�v-k�f-kkmdCxmqCkmd�vhl7rokmd kmy¥y�q��rul

~r0

�
1�� �$dCxmqCkmd�vhl-k�kmyAvhl7ru�_r3�hb���qCk;ikm�=k{l-k)ruy�g��1rul-f-k;s_rul7rtvhl7refhyzreiCrulhyzr�ik~f-ik

~r0

®_refhv7r
~r1

�
>1� � kmsg�v7r�yzr�s_rulhv-k�r��Us_rul7rt�erulhgjbpf?x)run�g�dCbpf	fhg�n�syjk~f � ikmn§qCk~fhvhl-k���qCk{fhgjkmn�sl-kbe�vhgjkmdCkUkmyLn�gjfhnob	l-k~fhqy�v7reib ¦£kmd�bevhl7refPs_ruyzru�l7ref } kmyLx)run�sLb�ik���qCkmlh�1refPk~fPx~bed�¨f-kmlh�pruvhg���b��¢�
21�[ª/kmn§qCk~f-vhl-kc��qCkcyzr'kmdCkmlh�pwzrWsLbev-kmdCxmgzruy�¦£kmyjk~xmvhl-bpfhv7�uvhgjx)r�� ikcyzr'x)rulh��r

q
��gjkmdCk�iCreiCrsLbel

U(r) = +
qQ

r
.

�1�$d ��qC©/y�q��rulWf-k/®_r�kmyjkm�pgjibokmy x~kml-b�s_rul7r?yzr�kmdCkmlh�pwzr	sLbev-kmdCxmgzruy �
± " � acbedCfhgjikml-k;qd_rtx)rulh��r

Q
Gp�-r�kmd�kmy�belhg���kmd � bevhl7r�x)rulh��r q } ikmycn�gjfhnob�fhg��pdCb } ��qCkf-kIrex~kml-x)r{r

Q
royjboyzrulh��b|ikIyzr�l-k~xmv7r|��qCk§yzrefWqdCkp�L��g

q
vhgjkmdCkIqd_rokmdCkmlh�pwzr{xmg�dC©mvhgjx)r

K
xmq_rudCib{yzr|f7kms_rul7rexmgj�ed�kmd�vhl-k?yzref�x)rulh��ref/k~f'n§q � �pl7rudCik�¦�g�dHGCdg�v7r�� } kmdCxmqCkmd�vhl-k?yzrn�w�dg�n|r�i�gjf-v7rudCxmgzror	yzr	��qCk

q
f-k^rex~kml-x)rul7�{r

Q
�

�Jrul7r�l-k~f-bey���kml'k~fhv-kUsl-be�yjkmn|r|qCf-k^kmy¥l-k~f-qy�v7reib|s_rul7r	yzr|kmdCkmlh�pwzr�sLbev-kmdCxmgzruy be�v-kmdgjibkmd kmy¥sl-be�yjkmn|r|rud�v-kmlhgjbel)�
± � � acbedCfhgjikml-k�yzr x~bedHGC�pql7rexmgj�ed ik x)rul�¨��refUnobpf-vhl7reiCr kmd yzr GC�pql7r ��� ± � � $ refx)rulh��ref

+Q
k~f-v7�ud Gp�-ref�kmdtyjbpf8y�q��rul-k~f

x = ±a, y = z = 0
n�gjkmd�vhl7ref^��qCkIyzrx)rulh��r

+q
sqCk~ik{ik~f-y�g��1rul-f-k|f-�eyjb�r yjbyzrulh��boikmy¥k��hk

x̂
� � 4 -���,=1��
	�� �

1�� �$dCxmqCkmd�vhl-kUqd_r	k¢¡�sl-k~fhgj�ed�s_rul7r?yzrI��qCkmlh�1r
F (x)

��qCkUrexmv=%_r	f-be�l-k/yzr	x)rulh��r
+q
�

>1� �$dCxmqCkmd�vhl-k?yzrokmdCkmlh�pwzr|s=bev-kmdCxmgzruy
U(x) � �pl7r3�£wj��qCkmyzr�� ¦£�Sf-s=k~xmg G_��qCk§xmyzrul7runokmd�v-ki�edCik^kmy�g��pgj�|kmy¥x~kml-b�s_rul7r	yzr�kmdCkmlh�pwzr	sLbev-kmdCxmgzruy � �



���������
	������������������������������� ���!� ± �
�
21� �u��k{x~ben�sLbelhv7rul7��k~fhv-k�fhgjfhv-kmn|rtx~benob�qd�bpf7xmg�yzreibel�rulhno�edgjx~b�s_rul7rtsLk~��qCk5ECbpfik~fhsyzru�1run�gjkmd�v-bpf	ik

q
kmd!v-belhdCb�ruyAbelhg���kmd ��¦ � d!fhgjfhv-kmn|r�f-kox~ben�sLbelhv7r�x~benobqd§bpf7xmg�yzreibelJrulhno�edgjx~b'fhg } ruy�ik~fhsyzru�1rul kmy�fhgjfhv-kmn|r8ikAfhq^sLbpfhgjxmgj�edIik k~��qg�y�g��lhgjb }rus_rul-k~x~k$qd_r���qCkmlh�1r�sl-besLbel-xmgjbed_ruyruy�ik~fhsyzru�1run�gjkmd�v-b�s=kml-bWikSf-kmd�vhgjib�x~bed�vhl7rulhgjb

�

k��hkmn�syjb } yjk � ik � b�b � kp� �
± � � acbedCfhgjikml-kIqd_r|s_rulhvhwjxmqyzr{ik§n|ref7r

m� x)rulh��r −q
l-k~fhvhlhg�d�pgjiCr�r�nob)��kml-f7kArPyjbyzrulh��b�ikmySk��hk

x̂
� � ikmn|�ef } ibpfUx)rulh��ref

+Q
f-k§q�gjx)rud;Gp�-runokmd�v-k�f7be�l-kIkmyJk���k

ŷ
r qd_r!i�gjfhv7rudCxmgzr

a
ikmy/belhg���kmd } v7ruyx~benob�yjb	nIqCk~fhvhl7r�yzr GC�pql7r ��� ± � �

1��[�$dCxmqCkmd�vhl-k'yzrUkmdCkmlh�pwzr§s=bev-kmdCxmgzruy
U(x)

ikmy fhgjfhv-kmn|r|ikIx)rulh��ref/kmd��qdCxmgj�ed�ik
x
� � 4 -���,=1��
	�� �¦������$dCxmqCkmd�vhl-k^yzr?�£qCkmlh�1r	kmyjk~xmvhl-bpfhv7�uvhgjx)r

F (x)
��qCk§rexmv=%_r�f-be�l-k/yzr�x)rulh��r −q

�
¦£x1���$�pruy %CkUyzr	ikmlhg��preiCr −dU(x)/dx � ikmnIqCk~fhvhl-k§��qCkU©~fhv7r�x~beg�dCxmgjik^x~bed F (x)

�
¦£i_�	�uacbed§��qC©J��kmyjb�xmgjiCrei§s_ref7rul7�Pyzr�s_rulhvhwjxmqyzr8s=bel kmy�belhg���kmdIfhg�s_rulhv-k ik~f-ikSkmy�g�dHGCdg�v-bx~bed���kmyjb�xmgjiCrei�x~kml-b��
¦£k1�	�u��k{x~ben�sLbelhv7rul7��k~fhv-k�fhgjfhv-kmn|rtx~benob�qd�bpf7xmg�yzreibel�rulhno�edgjx~b�s_rul7rtsLk~��qCk5ECbpfik~fhsyzru�1run�gjkmd�v-bpf ik

q
kmd v-belhdCb¬ruy/belhg���kmd �!��g/fhq l-k~fhsqCk~fhv7r k~f;r GClhn|ruvhg��pr }kmdCxmqCkmd�vhl-k§kmy¤sLkmlhwjb�iboikmy¤nob1��g�n�gjkmd�v-b|sLkmlhgj��i�gjx~b�

� k~fhsqCk~fhv7ref)�
a) U(x) =

−2Qq√
a2 + x2

; b) ~F (x) = − 2Qqx

(a2 + x2)3/2
x̂ ; d) v =

√

4Qq

ma
.

²�� � � do�yjb���qCk8ik ² �/� } fhg�vhq_reibIrUqd_r^ruy�vhql7r§ik ± n } f7k8ik~fhy�g��1rUsLbelSqd_r/l7run�s_r§xmqlh�er� y�gjf7r } s_rulhvhgjkmdCibIikmy_l-kmsLbpf-b� � yCv-kmlhn�g�d_rul-f-k�yzr/l7run�s_r } kmy��yjb���qCkPl-k~fh�_ruyzr ³ n�f-be�l-kqd_r	fhqsLkml G_xmgjkU®Cbelhg��)bed�v7ruy lhq��bpf7r�rud�v-k~fWikUy�yjkm��rul'ruy¤l-kms=bpf-b�
1�� �uaAq_�uy¥k~fPyzr	��kmyjb�xmgjiCrei ikmy¥�yjb���qCkUkmd�yzr�s_rulhv-kUg�d��£kmlhgjbel�ik/yzr	l7run�s_r��
>1� �uaAq_�uy¥k~f8kmy¥vhl7ru�_r3�hb�l-k)ruy�g��1reib�sLbelPyzr?�£qCkmlh�1r�ik/l-b�x~k§f-be�l-kUkmy¥�yjb���qCk �
21� �uaAq_�ud�v-b/�pruyjkAkmyx~b�k*G_xmgjkmd�v-kPikcl-b�x~kcxmg�dCkmn|�uvhgjx~bUkmd�vhl-kPkmy��yjb���qCk � yzr'fhqs=kml G_xmgjk®Cbelhg��)bed�v7ruy �

� 4 -�� , 1��
	�� �



���������
	������������������������������� ���!� ± � ³
²�± � �$d!qd!s_rul-��qCk|ikokmd�vhl-kmv-kmdCxmgjbedCk~fIqd x)rulhl-b�ik�n|ref r

m = 100
� ��f-koik~fhy�g��1r!¦£fhg�dl-b�x~k1� s=belJqd_r/l7run�s_r^ik~f-ik�qd_rUruy�vhql7r

h } g�d�pl-k~f7rudCibIr'qd M A A �?ikPl7rei�gjb R = 3
n �

$ r	ruy�vhql7r
h
k~fcyzrIn�w�dg�n|r	��qCk/f-k�l-k~��qgjkml-k/s_rul7rI��qCk/kmy¤x)rulhl-bIdCb	f-k/f7ruy���r?ik'yzr§��wzr���$nokmlh�pgjkmdCib§ikmy+M A A �Ikmyx)rulhl-b/g�d�pl-k~f7r/r�yzr�l-km�pgj�edoikA��l-kmd_reib } ibedCik�kmd�qd	vhl7r � k~xmv-bikAyzrulh��b

L } kmy�x~b�k*G_xmgjkmd�v-k�ik l-b�x~kAxmg�dCkmn|�uvhgjx~bUk~f µc = 0, 2
����g�d?kmnI�_rulh��b } kmy�x)rulhl-b�dCbruyjx)rud�1r	rIikmv-kmdCkml-f-k/i�ql7rud�v-k/yzrIslhg�nokml7rIs_ref7reiCr?fhg�dC�I��qCk�s_ref7r§ik'yzrulh��b � ik~fhsqC©~fikox~bey�gjf-gjbed_rul?x~bed qd�l-k~f-belhv-k|ik|x~bedCfhv7rud�v-k

k = 500 � � n } ��qCkmy���k;r�g�d�pl-k~f7rul	r�yzrl-km�pgj�ed!iko��l-kmd_reib���qCk~iCrudCibtkmd l-kms=bpf7b�ruy x~kmd�vhl-b�ikokmy�yzr�¦£b f-k)r } kmd!kmy sqd�v-b�a }��kml�GC�pql7r ��� ²�± �¢�
1��[�$dCxmqCkmd�vhl-k�yzrt��kmyjb�xmgjiCrei¬ikmyx)rulhl-bokmd kmy¥sqd�v-b

B
�

>1�[�$dCxmqCkmd�vhl-k
h
�

21� �$dCxmqCkmd�vhl-k
L
�

�C�[�$dCxmqCkmd�vhl-k	yzron|�3¡�g�n|r{x~ben	¨sl-k~fhgj�ed���qCkUruyjx)rud�1r�rIv-kmdCkmlkmy¤l-k~f-belhv-kp� � 4 -�� , 1��
	�� �

²p² � � d_r�s_rulhvhwjxmqyzr!ik n|ref7r
m
f-k�n§qCkm��k�f-be�l-k�qd_r nok~f7r�lhq��bpf7r r yjb yzrulh��b ik�qdxmw�l-xmqyjb?ik8l7rei�gjb

R
� $ r§s_rulhvhwjxmqyzr?k~fhv7�§run|rulhl7reiCr	rUqd�k¢¡�vhl-kmnobIikWqd{®g�yjbIikWyzrulh��b

R } xmq � bIbevhl-b	k¢¡�vhl-kmnob?k~f-v7� Gp�hb	ruy=x~kmd�vhl-b�ikmyLxmw�l-xmqyjb� $ rI��kmyjb�xmgjiCrei�ik�yzr§s_rulhvhwjxmqyzrg�dgjxmgzruy�nokmd�v-k k~f
v0

�cª'km�gjib�ruy'l-b�x~k�x~bed yzr nok~f7r } yzr!s_rulhvhwjxmqyzr�f7k g�l7�!��l-kmd_rudCib�ª/k~fhsqC©~f8ikUx~ben�syjkmv7rul�qd_r	��qCkmy�v7r } fhq���kmyjb�xmgjiCrei k~f v0/2
�

1�� �$dCxmqCkmd�vhl-k§kmy¤vhl7ru�_r3�hb�l-k)ruy�g��1reibosLbelPyzrI�£lhgjx~xmgj�ed�i�ql7rud�v-k§qd_r?��qCkmy�v7r��C�$¡�sl-k~f-kkmy¤l-k~fhqy�v7reib|kmd���qdCxmgj�edtik
m } v0 � R

�
>1� �$dCxmqCkmd�vhl-k§kmy¥�pruyjbel8ikmy�x~b�k*G_xmgjkmd�v-kIik/l-b�x~k^xmg�dCkmn|�uvhgjx~b�
21� �uaAq_�ud�v7refW��qCkmy�v7ref8iCrul7��yzr	s_rulhvhwjxmqyzrorud�v-k~f�ik^ikmv-kmdCkml-f-k �

²�� � � d_rIn|ref7r
m
f7k'xmqCkmy���roikUibpf�l-k¢¨f-belhv-k~f '*) � '*,*4.' } ikox~bedCfhv7rud�v-k~fIikl-k~fhvhg�vhqCxmgj�ed

k1 � k2 } v7ruy�x~benob�f-knIqCk~fhvhl7r¬kmd yzr(GC�pql7r ��� ²p² r��W�$d�¨xmqCkmd�vhl-k yzr ��l-k~xmqCkmdCxmgzr�ik bpf-xmg�yzr3¨xmgj�edYs_rul7r s=k~��qCk5E_ref���g��l7rexmgjbedCk~f¦���kmlhvhgjx)ruyjk~f �PikUyzr?n|ref7r
m
�

� kmsg�v7r{kmy$x)�uyjxmqyjb�s_rul7r;kmy$x)ref-b�kmd��qCk§yjbpfUibpf'l-k~f-belhv-k~fUk~f-v7�ud '5) �H1 �
,=10M '*M A{¦���kml GC�pql7r ��� ²p² ���¢� � 4 -�� , 1��
	�� �



���������
	������������������������������� ���!� ± � "
² �C� ��qsLbed��runobpf ��qCk�yzr'�£qdCxmgj�ed|kmdCkmlh�pwzrUsLbev-kmd�¨xmgzruy

U(x)
kmd��£qdCxmgj�ed ik

x } s_rul7r?qd_r?s_rulhvhw+¨xmqyzrU��qCk8f-�eyjb§f-k�sqCk~ik8nob1��kmlcr/yjbUyzrulh��bIikmyk��hk
x̂ } ��gjkmdCkoiCreiCr�sLbel§kmy$�pl7� G_x~b nobpfhvhl7reibkmd�yzr GC�pql7r ��� ²��

1�� � ikmd�vhg G_��qCk'yjbpfAsqd�v-bpfPikWk~��qg�y�g��lhgjb	kg�dCi�gj��qCk^f-g¥f-bed k~fhv7ru�yjk~f8b�g�dCk~f-v7ru�yjk~f)�
>1� � �Jrul7r|��qC©I�eruyjbel'ik

x
yzr��£qCkmlh�1r�vhgjkmdCkfhq��eruyjbel§¦�no��i�qyjb���n|�3¡�g�nob��

21� ª'k~f7xmlhg��_rIkmd�s_ruyzru�l7refPkmyLnob)��g�n�gjkmd�v-b }r nok~i�gjiCr���qCk{vhl7rudCf7xmqlhl-k;kmycvhgjkmn�sLb }ik�qd_r/s_rulhvhwjxmqyzrUik8kmdCkmlh�pwzr/v-bev7ruy
E1

�¦£�SfhsLk~xmg G_��qCkSxmyzrul7runokmd�v-kSyzref x~bedCi�gjxmgjbu¨dCk~fPg�dgjxmgzruyjk~fW��qCkUk~fhv7��fhqsLbedgjkmdCib� � � 4 -�� ,=1 � 	 � �

² ��� ��qsLbed��r|��qCkIyzr|kmdCkmlh�pwzr{sLbev-kmdCxmgzruy kmd�vhl-k?ibpfU�uv-benobpfUikIqd_ronobeyj©~xmqyzr;i�gzruv-�en�gjx)r��gjkmdCk^rusl-b~¡�g�n|reiCrunokmd�v-k	iCreiCr	sLbelPyzr	k¢¡�sl-k~f-gj�ed
U(r) = U0

[

(a

r

)12

− 2
(a

r

)6
]

,

ibedCik
r
k~fPyzr�f-kms_rul7rexmgj�edtkmd�vhl-k^yjbpf��uv-benobpf � a � U0

f-bedtx~bedCfhv7rud�v-k~f)�
1�� �'l7r G_��qCk/yzr�kmdCkmlh�pwzr	sLbev-kmdCxmgzruy �
>1� � � rul7r{��qC©§f-kms_rul7rexmgj�ed

r
yjbpf/�uv-benobpf'k~f-v7rul7�ud�kmd�k~��qg�y�g��lhgjb�� �)�$y k~��qg�y�g��lhgjb�k~fk~fhv7ru�yjkUbog�dCk~fhv7ru�yjk �

21� ��qsLbed��r���qCk{yjbpf?�uv-benobpf?vhgjkmdCkmd�yzr n�gjf-n|r n|ref7r
m0

� �uacbed���qC©o��l-k~xmqCkmdCxmgzr��g��l7rul7�?yzr	nobeyj©~xmqyzroruy ruyjk��-rul8kmy�fhgjf-v-kmn|r?yjkm��kmnokmd�v-k?ikUfhq�s=bpf-gjxmgj�ed�ikUk~��qg�y�g+¨�lhgjb��
�C� ��gJyzr{nobeyj©~xmqyzr�k~fhv7�;kmd fhq k~fhv7reib�ik?k~��qg�y�g��lhgjb } �1xmq_�uySk~f�yzr{n�w�dg�n|r�kmdCkmlh�pwzr��qCk'®_ru�lhwzr���qCk/kmd�vhl-km��rulhyjkIr?yzrInobeyj©~xmqyzr	s_rul7r�i�gjf-b�xmgzrulhyzr } k~fPik~xmg�l } f-kms_rul7rulhyzrkmd fhqCfWibpfW�uv-benobpfWx~bedCfhvhg�vhq � kmd�v-k~f �

²p³ � $ rI�£qCkmlh�1r	�pl7r)��g�v7ruv-belhgzr|kmd�vhl-k§ibpf8n|ref7ref
m1 � m2

��gjkmdCkUiCreiCr	sLbel
~F = −Gm1m2

r2
r̂ ,

ibedCik
G
k~f�yzr|ref-w y�yzrun|reiCr{x~bedCfhv7rud�v-k?�pl7r)��g�v7ruv-belhgzr � ~r = rr̂

k~f�kmy ��k~xmv-belU��qCk§qdCkyjbpf8x~kmd�vhl-bpfWikUn|ref r	ik§run§�_refWn|ref7ref)��$y¥�pruyjbel8k¢¡�s=kmlhg�nokmd�v7ruy ik
G
k~f

G = 6,6720 · 10−11 n 3/
f 2 � � .
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	������������������������������� ���!� ± � �
1�� ª/kmn§qCk~f-vhl-k���qCkWkmy�vhl7ru�_r3��b?��qCk�ikm�=kW®_rex~kml-f-k�s_rul7rIruyjk��-rul yzrefcibpf n|ref refAik~f-ikqd_r	f-kms_rul7rexmgj�ed

r1

r	qd_r�f-kms_rul7rexmgj�ed
r2 (r2 > r1) } ��gjkmdCk^iCreib�sLbel

W = Gm1m2

(

1

r1

− 1

r2

)

.

>1� � s_rulhvhg�lUikmy l-k~fhqy�v7reib�rud�v-kmlhgjbel } ikmn§qCk~f-vhl-k���qCk?fhg kmy$x~kml-b;ik§yzr{kmdCkmlh�pwzr;sLbu¨v-kmdCxmgzruycf-kokmy�g���k;kmd
r = ∞ } kmd�v-bedCx~k~fIyzr kmdCkmlh�pwzr sLbev-kmdCxmgzruyckmd ��qdCxmgj�ed�ik�yzri�gjfhv7rudCxmgzrokmd�vhl-kUyzref8ibpfWn|ref7refP��gjkmdCkUiCreiCr	sLbel

U(r) = −Gm2m1

r
.

21� ��qsLbed��rWru®Cbel7rW��qCk
m1 = MT

k~f�yzrPn|ref7rPikSyzrPvhgjkmlhl7r � m2 = m
k~f�yzr�n|ref7rPikqd�be����kmv-b{sLk~��qCk5ECb�¤��g v7ruyJbe���hkmv-b{f-k?kmdCxmqCkmd�vhl7r;f-be�l-kIyzr{fhqs=kml G_xmgjk?v-kmlhl-k~fhvhl-k

� f-ktkmyjkm�er qd_r sLk~��qCk5E_r�i�gjfhv7rudCxmgzr h } ikmnIqCk~fhvhl-kt��qCk yzr!kmdCkmlh�pwzr�s=bev-kmdCxmgzruyx)runI�gzrokmd
∆U = mgh.

¯'bev-k^��qCkUik§k~fhv7r?n|rudCkml7r�qCfhv-k~i ®_r	kmdCx~bed�vhl7reib{qd_rk¢¡�sl-k~fhgj�ed¬s_rul7r�yzr rex~kmyjkml7rexmgj�ed ik��pl7r~��k~iCrei
g
kmd¬v-©mlhn�g�dCbpf|ikmyPl7rei�gjb ik�yzrvhgjkmlhl7r

RT } yzr	n|ref r MT � yzr�x~bedCfhv7rud�v-k^ikU�pl7r~��g�v7rexmgj�ed G
�

�C�[�$dCxmqCkmd�vhl-k yzr n|ref7r�ik�yzr�vhgjkmlhl7r�fhqsLbedgjkmdCib ��qCk�kmyUl7rei�gjb¬ik�yzr�vhgjkmlhl7r¬k~frusl-b)¡�g�n|reiCrunokmd�v-k ³������ � n �¥¦ � �pdCbel-kUyzr	l-bev7rexmgj�ed�ikUyzr?vhgjkmlhl7r�� �
'u�[�$dCxmqCkmd�vhl-k�yzr|��kmyjb�xmgjiCrei ik	k~f-x)rusLk } k~f'ik~xmg�l } yzr|��kmyjb�xmgjiCrei�n�w�dg�n|r���qCk?ikm�=kg�n�s_rulhvhg�l-f-k/r§qd_r^n|ref7r

m
¦�g�dgjxmgzruy�nokmd�v-k§kmd|l-kmsLbpf-bIf7be�l-k8yzrIfhqs=kml G_xmgjk�v-kmlhl-k~f�¨vhl-k1��s_rul7r'��qCkckmy�yzr�sqCk~iCr/ruyjk��hrul-f-k�ikmyx)run�sLb��pl7r)��g�v7ruv-belhgjbUikcyzrWvhgjkmlhl7r��C¦ � �pdCbel-kyzr?l-bev7rexmgj�ed�ik/yzr	vhgjkmlhl7r�� �

�L� � � ref-v7rI��qC©/i�gjfhv7rudCxmgzr	n|�3¡�g�n|r	f-k's=b�i�l7��ruyjk��-rul8kmy=sLk~��qCk5ECb�be����kmv-b�fhg¤fhq���kmyjbu¨xmgjiCrei�g�dgjxmgzruy k~fPyzr?n�g�v7rei ikUyzr?��kmyjb�xmgjiCrei�ikUk~f-x)rusLk �
²#" � � d{�yjb���qCk�ik'n|ref7r

M
f-k/rus=b � rIf7be�l-k�qd;syzruvhg�y�yjb�ik�n|ref7r m

fhqe�hkmv-b	r^qd�l-k~f-belhv-k��kmlhvhgjx)ruy ik§x~bedCfhv7rud�v-k
k � yzrulh��b{d_ruvhql7ruy `0

� � y�x~beyjb�x)rul'kmy�syzruvhg�y�yjb{x~bed�yzr�n|ref r
Mf-be�l-kUkmy�l-k~f-belhv-kUk~fhv-k^f-kUx~ben�slhg�nok§v-kmdgjkmdCib } kmd�k~��qg�y�g��lhgjb } qd yzrulh��b `

�
acben�slhg�n|runobpf�ru®Cbel7r^kmyCl-k~f7belhv-k8bevhl-b^sLb�x~bUikWn|rudCkml7r^��qCk�g�dgjxmgzruy�nokmd�v-k/f-kPkmdCxmqCkmd�¨vhl7r�x~bed�vhl7ruwjibUrWqdIyzrulh��b

` < `
�3�Sd?xmgjkmlhv-b'g�dCfhv7rud�v-kcf7k fhqCkmy�v7r�kmy�l-k~f7belhv-k } sLkmlhn�g�vhgjkmdCib��qCkU©~fhv-kUf-kUk¢¡�s_rudCiCr��

1��[�$�eruy %Ck
`
�

>1�[ª'kmnIqCk~fhvhl-k?��qCkIkmy�fhg kmy l-k~f-belhv-k§kmd�ruy+¨�C%d�g�dCfhv7rud�v-k?f-qs=kml7r|kmy�yzrulh��b{d_ruvhql7ruy
`0 } kmd�v-bedCx~k~f	kmy �yjb���qCk{f-kof-kms_rul7rtikmysyzruvhg�y�yjb�

21� �3aAq_�uySk~fUkmy$n�w�dg�nob��pruyjbel^ik	yzr;x~bed�¨vhl7rex~xmgj�ed
(`0 − `)

��qCktikm�=k�v-kmdCkml;kmyl-k~f-belhv-k?rud�v-k~f/ikIf-bey�v7rulhyjb{s_rul7r{��qCk?kmy�yjb���qCkUruyjx)rudCx~k^rIf7kms_rul7rul-f-kUikmyLsyzruvhg+¨y�yjb�� � 4 -�� ,=1 � 	 ���



���������
	������������������������������� ���!� ± � �
i_���$dCxmqCkmd�vhl-koyzr ruy�vhql7r�n|�3¡�g�n|r ruyjx)rud�1reiCr s=belIkmy$�yjb���qCk ¦£kmd v-b�ibpfUyjbpf§x)ref-bpf }xmq_rudCibof7kUf-kms_rul7r � xmq_rudCib�dCb�f-kUf-kms_rul7r�ikmy�syzruvhg�y�yjb��¢�

� k~fhsqCk~fhv7r��x1�
(`0 − `) = 2g(M + m)/k

�
²�� � �$d	qd_rW�«kmlhgzr�ik�kmd�vhl-kmv-kmdCxmgjbedCk~fS®_r � qd'��qCkm��b/��qCkAx~bedCfhgjf-v-kckmd���qCkcyjbpf s_rulhvhgjxmg�s_rud�v-k~fru�Lbel-iCrud{qd�x)rulhl-b	kmd;kmy=sqd�v-b

P
¦���kmlGC�pql7r���� ² ��� } x)rekmd;kmd�x)ruwjiCrIy�g��l-kWqd_r	ruy�vhql7r

h
®_ref-v7r	kmy¤sqd�v-b

A } y�qCkm��b�l-k~x~belhl-kmd qdtxmq_rulhv-boikUxmg�l-xmqd��£kml-kmdCxmgzrt¦ AB
�cik ² n ikl7rei�gjb � qd_r�l-k~xmv7r!¦ BC

�Uik ��n } v-b�ibtk~fhv-b�f-g�d l-b�x~kp� �$d�kmyAsqd�v-b C
f-k|g�d�pl-k~f7rr�qd_r��)bed_r�ik � n ik;yzrulh��b�x~bed x~b�k*G_xmgjkmd�v-k�ik{l-b�x~k

µc = 0,5
�Sacbenob��)bed_r�ikf-km�pqlhgjiCrei } ®_r � qd_r	i�gjfhv7rudCxmgzr�¦ DE

�cik �?n f-g�d�l-b�x~k } x~bedCxmy�q � kmdCib|yzr?sgjfhv7r�kmd�qd�pl7rud�l-k~f-belhv-k/xmq � r	x~bedCfhv7rud�v-kUkmyz�efhvhgjx)r	k~f k = 6× 104 � � n � $ rIn|ref7r?ikmyLx)rulhl-b } x~bedyjbpfPs_ref r3��kml-bpf } k~fWik � ��� �/�C�r�� a�ruyjxmqyjk?®_refhv7r{xmq_�ud�v-bpf/nokmvhl-bpf'sLbel'f-be�l-k?kmy sqd�v-b
A
f-kIsqCk~ik?ik��-rul/x)rekml'kmyx)rulhl-b�s_rul7ro��qCkU©~fhv-kUf7kUikmv-kmd��rokmd�yzr	�)bed_r	ik^ik~f rex~kmyjkml7rexmgj�ed

CD
�

��qsLbed��r{ru®Cbel7r;��qCk§kmyJbes=kml7reibelUikmy���qCkm��b;fhq�Lk§kmyJx)rulhl-b;®_refhv7r � n f7be�l-k
A � yjbik��-r	x)rekmlWik~f-ik^ruy�y�w �

�����$dCxmqCkmd�vhl-k�kmy_y�q��rulAkmd|��qCk8kmy�x)rulhl-bI��qCk~iCrul7�^fhg�do��kmyjb�xmgjiCreit¦�sLbel slhg�nokml7rU��km�3�¢�
x1���$dCxmqCkmd�vhl-k§kmy¥y�q��rul�kmd ��qCkUkmy�x)rulhl-b|��qCk~iCrul7� GCd_ruy�nokmd�v-k§kmd l-kmsLbpf-b�
i_� a�ruyjxmqyjkIkmy�vhl7ru�_r3�hb|l-k)ruy�g��1reib{s=belWyzr	�£qCkmlh�1rokmyz�efhvhgjx)r{ikmy�l-k~f-belhv-k§s_rul7roikmv-kmdCkmlkmy¥x)rulhl-b�¦�sLbelPslhg�nokml7r���km�3�¢�
k1� a�ruyjxmqyjkUyzr�rex~kmyjkml7rexmgj�ed�ikmy¥x)rulhl-bokmd�kmy¤g�dCf-v7rud�v-k§kmd ��qCk^kmy¤l-k~f-belhv-k^yjb�ikmvhgjkmdCkp�

� 4 -�� , 1��
	�� �

²�� � acbedCfhgjikml-k�kmy�nobed�v7r3�hk�nobpfhvhl7reib/kmd	yzr
GC�pql7roreiu��qd�v7r��=��qs=bed��r���qCkUyzref8ibpfn|ref7ref	vhgjkmdCkmd kmyPn�gjfhnob��eruyjbel � ��qCk
`0

x~beg�dCxmgjik�x~bed kmycyzrulh��b�d_ruvhql7ruycikmyl-k~f-belhv-kAxmq � rWx~bedCf-v7rud�v-kcik l-k~fhvhg�vhqCxmgj�edk~f
k = 5mg/`0

�1��qs=bed��r�reikmn|�ef���qCkyzr	n|ref r�ik~fhy�g��1rof-g�d l-b�x~k§f-be�l-k^yzr�f-q�¨sLkml G_xmgjk � ��qCk/kmd kmy=g�dCf-v7rud�v-kUnobpfhvhl7r3¨ib	kmd�yzr&GC�pql7rIkmy¤fhgjf-v-kmn|rIf7k'kmdCxmqCkmd�¨vhl7r?nobenokmd�v7�udCk)runokmd�v-k�kmd�l-kmsLbpf-b� � 4 -���,=1��
	�� �
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	������������������������������� ���!� ± � �
1�� ª/kmn§qCk~f-vhl-k^��qCkUxmq_rudCiboyzr	n|ref7r	��qCkUf-kUikmy�g��1r	sLbelPyzr	fhqs=kml G_xmgjkUf7k/®_r � r�ik~f�¨syzru�1reib�kmd�qd_r;x)rud�vhgjiCrei

x = 3`0/4
®_rexmgzr;yzr;ikml-k~x-®_r } k~f-v7r{f7k§yjkm�prud�v7rul7��ikyzr	fhqsLkml G_xmgjkp�

>1� ª/kmn§qCk~f-vhl-k§��qCk^kmdtkmy¥nobenokmd�v-b{kmd���qCk^yzr�n|ref7r�f7k^f-kms_rul7roikmy�syzrudCboyzr���kmyjbu¨xmgjiCrei k~f
v =

√

19g`0/32
�

��� � acbedCfhgjikml-k�ibpf?sLk~��qCk5E_ref?n|ref7ref?g��pq_ruyjk~f
mqdgjibpf/nok~i�gzrud�v-k�xmqCkml-iCrefUgjik)ruyjk~fUik?yjbed�pg+¨vhqCi

` = 1, 5
n } x~benobIf-k�g�dCi�gjx)r?kmd{yzr GC�pql7rreiu��qd�v7r����$y�fhgjf-v-kmn|rUl-bev7rUx~bed{��kmyjb�xmgjiCrei�rud�¨�pqyzrul�qdg+�«belhnok

ω
���$y¥�ud�pqyjb���qCk'yzrIxmqCkml-iCrruv7reiCroruy��l7ru�)bt¦£ikUyjbed�pg�vhqCi

L = 4
n{�A�£bel�¨n|r�x~bedtyzr	��kmlhvhgjx)ruyJk~fWik ³��

◦
�C�SdCxmqCkmd�vhl-k	kmy�ud�pqyjb

φ
��qCk�yzr bevhl7r!xmqCkml-iCr ®_rex~k x~bed yzr��kmlhvhgjx)ruy � kmdCxmqCkmd�vhl-k'yzrUl7ru�)�ed�kmd�vhl-k�yzrefAv-kmd�¨fhgjbedCk~fWikUx)reiCr�xmqCkml-iCr��

� 4 -�� ,=1 � 	 � �
��± � ª/bpfcxmqCkmlhs=bpf

A � B } ikWn|ref7ref m � 2m } l-k¢¨sLk~xmvhg��erunokmd�v-k } f-k�qdCkmd;nok~i�gzrud�v-k/qd_r?xmqCkml�¨iCrogjik)ruy �_�$y xmqCkmlhs=b
A
sLbpf7r�f7be�l-k^qd_r|nok¢¨f7r§ikWfhqsLkml G_xmgjk/�efhs=kml7r{¦£x~b�k*G_xmgjkmd�v-k/ikWl-b�x~k

µc
�/n�gjkmd�vhl7ref���qCk

B
f-k|ik��-r�x)rekml?x~benobtf7knIqCk~fhvhl7r	kmd�yzr GC�pql7r���� ²�� �¯'b§®_r � l-b�x~k/kmd�¨vhl-k;yzr�xmqCkml-iCr � kmy�sqd�v-b ik�x~bed�v7rexmv-b x~bedkmyP�Lbel-ik�ik�yzr�nok~f7r�� a�ruyjxmqyjktkmyW�ud�pqyjb

θ�«belhn|reib?s=belcyzr?xmqCkml-iCr	��qCk'f-bpfhvhgjkmdCk'yzr§n|r3¨f7r
B � yzr�®Cbelhg��)bed�v7ruyWxmq_rudCib kmy��yjb���qCk Ax~ben�gjkmd�1rorIl-k~fh�_ruyzrul)��Sy¤yzrulh��boik'yzr	xmqCkml-iCrkmd�vhl-k'kmyL�Lbel-ik/ikWyzrInok~f7r � kmyLxmqCkmlhs=b B

k~f
L
�

� 4 -�� ,=1 � 	 � �

�p² � ª/bpf nobedCbpf } y�yzrun|reibpf�� 1C89/6) �  A:-?A } ikg��pq_ruy�n|ref7r
m
k~fhv7�ud�ru��rulhl7reibpf$ikcqd_rWxmqCkml�¨iCr	��qCkUs_ref7r	sLbel8kmdCxmg�n|roik^qd_r	s=beyjk)r�¦£fhg�dl-b�x~k1� } �£l-kmd�v-k�ruy  qCf-k~b§ikmy $ beq��l-kp� � ru�gjkmd�¨ib	k~f-xmqCx7®_reib�kmy=lhqnobelPik/��qCk'kmd�kmyLn§qCf7k~b®_r � qd_r�� runobpf7r�sg�d�vhql7r�ik{qd_rtf-qsqCk~fhv7rx~bed��©mdCkml-k x~bed�qd_r�kmdg��pn|�uvhgjx)r f7bedlhgjf7r } kmynobedCb � ruvhw�d	ik~xmgjik�fhq�g�l�sLbel�yzr�xmqCkml-iCrW®_ref�¨v7r'qd_r/sLbpfhgjxmgj�ed|��qCk�yjk�sLkmlhn�g�v7rUn�g�l7rulhyzr/sLbelyzr���kmd�v7rud_r�� �Jrul7r kmy�yjb ikm�Lk�l-kmnobed�v7rul;qd_rruy�vhql7r

h
�

� 4 -�� ,=1 � 	 � �



���������
	������������������������������� ���!� ± � ±
1�� � d_ruy�gjx~k|x~benobtkmy nob)��g�n�gjkmd�v-b�ikmyAnobedCb �Jruvhw�d�r3�«k~xmv7r�yzr s=bpf-gjxmgj�ed�ikmy nobedCb

$ be��b�
>1� a�ruyjxmqyjk{kmySvhl7ru�_r3��bt��qCk{ikm�=kol-k)ruy�g��1rulIkmy nobedCb � ruvhw�d s_rul7r�y�yjkm�prul?r�x)ru�Lb�f-qsl-besL�pfhg�v-b�

��� � acbedCfhgjikml-k�ibpfSn|ref7ref
m
qdgjiCref sLbelSqdo®g�yjbik�yzrulh��b

2L } ��qCk x)rekmd x~bed kmy8®g�yjb!k~f-vhg�l7r3¨ib kmd �£belhn|r ®Cbelhg��)bed�v7ruy �cª/k~fhsqC©~f{ik�x)rekmlqd_r�i�gjfhv7rudCxmgzr
L
kmyUx~kmd�vhl-b�ikmy/®g�yjb x7®Cb�x)rx~bed qd xmyzr)��b } x~belhl-k~fhsLbedCi�gjkmdCib�iktru®w/kmdreikmyzrud�v-k§yzrovhl7r � k~xmv-belhgzr;ikUyzref'ibpf8n|ref7ref/rqd�nob)��g�n�gjkmd�v-b xmg�l-xmqyzrul)�$��gckmyA®g�yjbtf-k|x~bel�¨v7r�xmq_rudCib yzr v-kmdCfhgj�ed y�yjkm��r�v-kmdCkml�kmy��pruyjbel

τmax = 7mg/2 } kmdCxmqCkmd�vhl-k	kmy �ud�pqyjb φ
��qCkkmd�k~f-kog�dCf-v7rud�v-k{�£belhn|r�kmyc®g�yjbtx~bed yzr�®Cbelhg+¨�)bed�v7ruyA¦���kml GC�pql7r ��� ��� �¢�

� 4 -�� ,=1 � 	 � �

4/5�4/5 �/B �-Z�� T-`8HE< < �-KWZIH?B8X \?F �7B8X N?:=BP>��-FSQ#<8X
��� ���	��
�� 	  
�� ��� 
�	� 	 � �

aAq_rudCib	yzrIn|ref7r
m
®_r � rIl-k~fh�_ruyzreib	®_ref-v7r^�«belhn|rul�qd �ud�pqyjb θ

x~bed�yzrI®Cbelhg��)bed�v7ruy } yzrkmdCkmlh�pwzr�sLbev-kmdCxmgzruyA¦��pl7r~��g�v7ruv-belhgzr���®_ru�l7�|x)run§�gzreib|kmd
∆U � 
�� = mg ∆h = mg(R − R sin θ) .acbenob dCb ®_r � l-b�x~k } k~f-v-k x)run§�gjb ik kmdCkmlh�pwzr sLbev-kmdCxmgzruy�ikm�Lk x~beg�dCxmgji�g�l�x~bed yzr kmdCkmlh�pwzrxmg�dC©mvhgjx)ro��qCk^rei��qgjkml-kUyzr�n|ref7r

m } bof-k)r } ikm�LkUxmqn�sy�g�l-f-k^yzr?l-kmyzrexmgj�ed
1

2
mv2 = mgR (1 − sin θ) .

�Sfhv-b�dCbpfPsLkmlhn�g�v-k^kmdCx~bed�vhl7rulWyzr	��kmyjb�xmgjiCrei
v
ik/yzr�n|ref7r	kmd��£qdCxmgj�ed�ik

θ
�

v =
√

2gR(1 − sin θ) .

$ r n|ref7r
m
l-k~x~belhl-k�qd rul-x~b ik�xmw�l-xmqyjb!ik�l7rei�gjb

R } y�qCkm��b yzr��£qCkmlh�1r x~kmd�vhlhw�s=kmv7r ¦£��qCkrusqd�v7rokmd�yzr	i�g�l-k~x~xmgj�ed −r̂
�ck~f

~F � ���� = −mv2

R
r̂ .



���������
	������������������������������� ���!� ± � ²
¦ � run§�gj©md�®_r � qd_r	�£qCkmlh�1r�v7rud��kmdCxmgzruy$��qCk } fhg�dtkmnI�_rulh��b } re��qw�dCb{k~f8dCk~x~k~f7rulhgjb;km�eruy�q_rul)� �$ ref %dgjx)ref{�£qCkmlh�1refol-k)ruyjk~f���qCk�rexmv=%_rud f7be�l-k

m
f-bed yzr dCbelhn|ruy

Nr̂ � kmyWsLk~f-b −mgẑ
�¦£¯WqCkm�prunokmd�v-k�®CkmnobpfUkmyjkm�pgjib ruy$k��hk

ẑ
rusqd�v7rudCib�®_rexmgzr�rulhlhg��_r�� � $ r�x~ben�sLbedCkmd�v-k�l7rei�gzruyik§yzro��qCkmlh�1r|dCkmv7r{k~f

(N − mg sin θ) r̂
�_�Sfhv7r{ikm�LkIx~beg�dCxmgji�g�lUx~bed�yzr	�£qCkmlh�1r|x~kmd�vhlhw�s=kmv7r } bf-k)r }

−mv2

R
= N − mg sin θ .ª'k~f-s=k��-rudCib

N
f7kUbe�vhgjkmdCk
N = mg sin θ − mv2

R
= mg sin θ − 1

R
2mgR(1 − sin θ)

= mg (3 sin θ − 2)
$ r;n|ref7r

m
g�dgjxmgzr�fhq�nob1��g�n�gjkmd�v-b kmd kmy$�usgjx~k } kmd xmq � b�x)ref-b θ = 90◦ } fhgjkmdCib;yzr|��qCkmlh�1rdCbelhn|ruyS��qCk	k��hkml-x~k	yzr{f7kmn�gjk~f��£kml7r;f-be�l-k?yzr{n|ref7r

N = mg
� � nok~i�gjiCr���qCk?vhl7rudCf-xmqlhl-k�kmyvhgjkmn�s=b } θ i�gjfhn�g�d�q � k � y�qCkm��bUv7run§�gj©md N

��aAq_rudCib
sin θ = 2/3 } yzr'�£qCkmlh�1rUdCbelhn|ruy=f-kP®_rex~kx~kml-b } fhgjkmdCibok~f-kUkmy�y�q��rulWkmd ��qCk/yzr�n|ref7r m

f-kUf-kms_rul7r�ikUyzr	f7kmn�gjk~f��£kml7r��
��� ���	��
�� 	  
�� ��� 
�	� 	 � �

��qs=bed��runobpf sLbel�qd?nobenokmd�v-b/��qCk yzrPs_rulhvhw+¨xmqyzr ± d�qdCx)r/f-kAik~fhsLkm��rWikAyzr8s_rul-k~i¤��aAq_rud�¨ib8yzr�s_rulhvhwjxmqyzr ± ®_r � rP�_r3�-reibWik~f-ik h0

®_ref�¨v7rPqd_r'ruy�vhql7r
y } kmd�v-bedCx~k~f } sLbel x~bedCf-kmlh�prexmgj�edik^kmdCkmlh�pwzr

mg(h0 − y) =
1

2
mẏ2 +

1

2
mẋ2 .

��ru�=kmnobpfS��qCk
x2+y2 = L2

�eª'kmlhg��prudCib^k~fhv7rl-kmyzrexmgj�ed�f7k{ik~i�qCx~k���qCk
2xẋ + 2yẏ = 0 } bf-k)r }

ẏ = ẋ
x

y
.

��qCfhvhg�vhq � kmdCib k~fhv-b�kmd�yzrtk~xmq_rexmgj�ed ik�x~bed�¨f-kmlh�erexmgj�ed�ikUyzr�kmdCkmlh�pwzr|f-k^kmdCxmqCkmd�vhl7r|yzr	l-k¢¨yzrexmgj�ed

� 4 -�� , 1��
	�� �

mg(h0 − y) =
1

2
mẋ2 +

1

2
mẋ2 x2

y2
=

1

2
ẋ2 L2

y2
.

ª'k�k~f-v7r %y�vhg�n|r k~xmq_rexmgj�ed s=b�ikmnobpfUik~fhsLk��hrul/yzr;��kmyjb�xmgjiCrei ik	yzr;s_rulhvhwjxmqyzr ² kmd���qdCxmgj�edikUyzr�ruy�vhql7r|r?yzr	��qCk^f-kUkmdCxmqCkmd�vhl7r�yzr?s_rulhvhwjxmqyzr ± �
ẋ2 =

2g

L2
(h0 − y) y2 .



���������
	������������������������������� ���!� ± � �
$ r���kmyjb�xmgjiCrei ik	yzr;s_rulhvhwjxmqyzr ² ikmsLkmdCikoik

y
� D��Cf-kmlh��kmnobpfI��qCk?yzr�l7rusgjikm�{x~bed ��qCk�f-kn§qCkm��k?yzr	s_rulhvhwjxmqyzr ² k~f�d�qyzr{xmq_rudCib

y = h0 � v7run§�gj©md�xmq_rudCib y = 0 } y�qCkm��b;kmd�ruy��C%dy�q��rulWkmd�vhl-kmnok~i�gjb;ikm�=k/v-kmdCkmlWqd n|�3¡�g�nob��$dCx~bed�vhl-kmnobpf	kmy$�pruyjbel
y = h

s_rul7r�kmySxmq_ruy
ẋ
vhgjkmdCkofhq n|�3¡�g�nob� �Jrul7r kmy�yjb�ikm�LkmnobpfkmdCx~bed�vhl7rul^kmy n|�3¡�g�nob;ik§yzr���qdCxmgj�ed

f(y) = (h0 − y)y2
� � �pq_ruyzrudCib;yzr|ikmlhg��preiCr|ik

f(y)r�x~kml-bof-k/kmdCxmqCkmd�vhl7r
2h0y − 3y2 = 0 .ª'k~f-s=k��-rudCib

y
f-k�kmdCxmqCkmd�vhl7r

y = h = 2h0/3
���Sfcxmyzrul-b?��qCk�xmq_rudCib§yzr^s_rulhvhwjxmqyzr ± y�yjkm�pqCk�rk~f7r|ruy�vhql7r } f-k^ik~fhsl-kmdCikml7�{ikUyzr�s_rul-k~i ¦£fhg�k~f���qCkUdCb|®_r � qd nok~x)rudgjf-nob{��qCk^km��g�v-k§��qCkk~f-b�b�xmqlhl7r��¢� $ r�l7ru�)�ed�k~f�yzr�fhg��pqgjkmd�v-kp�pkmy %dgjx~b/kmyjkmnokmd�v-bU��qCkAk��hkml-x~kAqd_r8�£qCkmlh�1rW®Cbelhg��)bed�v7ruyf-be�l-k§kmy fhgjfhv-kmn|r ¦�yzref'ibpf8n|ref7ref'x~bed�yzr��erulhg�y�yzr��8k~f8yzr�yzros_rul-k~i ��kmlhvhgjx)ruy �  gjkmd�vhl7ref

y > hyzr	s_rulhvhwjxmqyzr ² rex~kmyjkml7rt¦�yzr	l7rusgjikm�
ẋ
ruqnokmd�v7r��Wkmd�yzr�i�g�l-k~x~xmgj�ed

+x̂ } y�qCkm��b�yzr	s_rul-k~i ikm�Lkk���kml-x~kmlSf-be�l-k�kmyfhg�v-kmn|r'qd_r��£qCkmlh�1r'kmd	k~f r�i�g�l-k~x~xmgj�ed¥��aAq_rudCib
y < h

kmd�v-bedCx~k~fSyzr�s_rulhvhwjxmqyzr² ik~f rex~kmyjkml7r�¦
ẋ
��qCkmy���k�r|i�gjfhn�g�d�qg�l �*B¤k~f-b{g�n�sy�gjx)r{��qCk?yzros_rul-k~i�k��hkml-x~k?qd_r��£qCkmlh�1r;kmdtyzri�g�l-k~x~xmgj�ed −x̂

f-be�l-kPkmyCfhgjfhv-kmn|r } yjbU��qCkPr/fhq	��km�8f-�eyjbUk~fJsLbpfhg��yjkPfhgk¢¡�gjf-v-k8ruy��C%d�nok~x)rudgjfhnob��qCk � �*@ '58L'PrIyzrIs_rulhvhwjxmqyzr ± r§yzrIs_rul-k~i���kmlhvhgjx)ruy ����gLv7ruyLnok~x)rudgjfhnob�dCb	k¢¡�gjfhv-k } kmd�v-bedCx~k~fPyzrs_rulhvhwjxmqyzr ± f-kUf-kms_rul7roikUyzr?s_rul-k~i¤�
��� ���	��
�� 	  
�� ��� 
�	� 	 ���

ª'kIrexmqCkml-ib{r?yzr	yjk � ikIacbeqyjben§� } yzref8x)rulh��ref Q
ik/yzr	g��)��qgjkml-iCr � ik^yzr�ikml-k~x-®_r|k���kml-x~kmdf-be�l-k

q
qd_r?��qCkmlh�1r

~F1 =
qQ

(a + x)2
x̂

�
~F2 = − qQ

(a − x)2
x̂ ,

l-k~fhs=k~xmvhg��prunokmd�v-kp� $ r§��qCkmlh�1rIv-bev7ruy ~F (x)
��qCk'rexmv=%_r	f-be�l7rIyzrIx)rulh��r

q
k~fcyzr?fhqn|rI��k~xmv-belhgzruyikUyzref8ibpf��£qCkmlh�1ref ~F1 � ~F2 } sLbelPyjb	v7rud�v-b }

~F (x) = ~F1 + ~F2 = qQ

[

1

(a + x)2
− 1

(a − x)2

]

x̂ .

� rul7r;kmdCx~bed�vhl7rul/yzr|kmdCkmlh�pwzrosLbev-kmdCxmgzruy�v7runI�gj©md�sLb�ikmnobpf�km�pruy�q_rulWslhg�nokml-b{yzr|kmdCkmlh�pwzr|sLbu¨v-kmdCxmgzruySik
q
x~bed�x)reiCr{qd_r�ikIyzrefUx)rulh��ref

Q
f-kms_rul7reiCrunokmd�v-k } s_rul7r;y�qCkm��b{®_rex~kml/yzr;fhqn|r¦£k~f-x)ruyzrul �Aik'kmy�yzref1� $ r?kmdCkmlh�pwzrIsLbev-kmdCxmgzruy¥ikWqd_r?x)rulh��r

q
r§qd_rIi�gjf-v7rudCxmgzr

r
ik'bevhl7r?x)rulh��r

Q
��gjkmdCkPiCreiCr'sLbel8¦���kml$sl-be�yjkmn|r ± ���

U(r) = qQ/r
� � f7rudCib/k~fhv7r/k¢¡�sl-k~f-gj�ed	f7kckmdCxmqCkmd�vhl7r��qCkUyzr	kmdCkmlh�pwzr�s=bev-kmdCxmgzruy ik/yzr�x)rulh��r

q } xmq_rudCibo©~fhv7r�f-kUkmdCxmqCkmd�vhl7rokmd kmy¥y�q��rul x } k~f)�
U(x) = U1(x) + U2(x) =

qQ

|a + x| +
qQ

|a − x| .



���������
	������������������������������� ���!� ± ��
$ rokmdCkmlh�pwzros=bev-kmdCxmgzruy k~fWx~kml-boxmq_rudCib

x −→ ±∞ � $ r GC�pql7r ��� �p² nIqCk~fhvhl7r�qd �pl7� G_x~b{ikyzr?��qdCxmgj�ed
U(x)

�

� 4 -�� , 1 � 	 ���

ª'kIyzr GC�pql7r;f-kIik~i�qCx~kI��qCk
x = 0

k~fWqd�sqd�v-b;ik?k~��qg�y�g��lhgjb�k~fhv7ru�yjk?ikmy fhgjf-v-kmn|r�� �Jrul7rs=k~��qCk5ECbpfWik~fhsyzru�1run�gjkmd�v-bpf } b�f7k)r	s_rul7r |x| � a } f-k/vhgjkmdCk

U(x) = qQ

[

1

a + x
+

1

a − x

]

=
qQ

a

[

(

1 +
x

a

)

−1

+
(

1 − x

a

)

−1
]

' qQ

a

[(

1 − x

a
+

x2

a2

)

+

(

1 +
x

a
+

x2

a2

) ]

=
2qQ

a
+

2qQ

a3
x2 = U0 +

2qQ

a3
x2 .

ª'k?yzr{k~xmq_rexmgj�ed rud�v-kmlhgjbel^f-k?ik~i�qCx~k	��qCk } s_rul7r{s=k~��qCk5ECbpf/ik~fhsyzru�1run�gjkmd�v-bpfIik q
ik~f7ikIkmybelhg���kmd } yzrIkmdCkmlh�pwzr?sLbev-kmdCxmgzruy¥k~f�xmq_rei�l7�uvhgjx)r ¦£k~f�ik~xmg�l } fhg�n�g�yzrul8rIyzrIk¢¡�sl-k~fhgj�ed ��qCk�f7k�v-kmdwzrs_rul7r	qd_r	n|ref7r�reibpf7reiCr{r?qd�l-k~f-belhv-k1�¢�

$ r?�£qCkmlh�1r���qCk^rexmv=%_rof-be�l-k
q
ruy¥ik~fhsyzru�1rulhyzr�yjkm��kmnokmd�v-k§ik^fhq�sLbpfhgjxmgj�ed ik^k~��qg�y�g��lhgjbok~f
F (x) = −dU(x)

dx
= −4qQ

a3
x .

�Sfhv7r��£qCkmlh�1r�k~f$rud_�uyjbe��rUr�yzr�yjk � ik � b�b � kp�ek~f sl-bes=bel-xmgjbed_ruy � rusqd�v7rUkmd�f-kmd�vhgjibUx~bed�vhl7rulhgjbruyCik~fhsyzru�1run�gjkmd�v-b���Sys_rus=kmyikcyzr'x~bedCfhv7rud�v-k8ikcl-k~fhvhg�vhqCxmgj�ed
k
yjbc��qCkm��r

4qQ/a3
� $ qCkm��b } ruyik~fhsyzru�1rul�yzr^x)rulh��r

q
yjkm��kmnokmd�v-k/ik'fhq|sqd�v-b?ik'k~��qg�y�g��lhgjb } ©~fhv7rIbpf-xmg�yzrul7� 10, ���C)�492 1 � '*)K8L'x~bed qd sLkmlhwjb�ib

T = 2π

√

ma3

4qQ
,

ibedCik
m
k~fPyzr	n|ref7r	ikUyzr	x)rulh��r

q
�



���������
	������������������������������� ���!� ± ���
��� ���	��
�� 	  
�� ��� 
�	� 	 ���

$ r GC�pql7r reiu��qd�v7r n§qCk~fhvhl7r kmy	�pl7� G_x~b ikyzr kmdCkmlh�pwzr sLbev-kmdCxmgzruy � �Jrul7r
r > a

yzr�sLkmd�¨i�gjkmdCik�k~f�s=bpfhg�vhg��pr } s_rul7r r = a
k~f d�qyzr }n�gjkmd�vhl7refo��qCk|s_rul7r

r < a
k~f?dCkm��ruvhg��pr�� $ r��qCkmlh�1r kmd�vhl-k yjbpftibpft�uv-benobpftik yzr�nobeyj©¢¨xmqyzr k~f −dU(r)/dr

�^aAq_rudCib yzr ikmlhg��ereiCrk~f{d�qyzr ¦�s_rul7r
r = a

� } yzr �£qCkmlh�1r v7runI�gj©mdk~f d�qyzr } y�qCkm��b yzr f-kms_rul7rexmgj�ed r = a
x~bu¨lhl-k~fhs=bedCik�r qd�sqd�v-b�ik;k~��qg�y�g��lhgjb� �Jrul7r

r > a } dU(r)/dr > 0 ��} s=bel|x~bedCf-g��pqgjkmd�¨v-k } F (r) < 0
���Sd{s_ruyzru�l7ref)��fhg�yzr§f7kms_rul7rexmgj�edikWyjbpfcibpfc�uv-benobpf�ik�yzr^nobeyj©~xmqyzrIk~fAn|r � bel��qCk

a } kmd�v-bedCx~k~f�yzr���qCkmlh�1r�kmd�vhl-k�kmy�yzrefof-kml7�ruvhl7rexmvhg��er��
� 4 -�� , 1��
	�� �

$ b/x~bed�vhl7rulhgjb/b�xmqlhl-kcs_rul7r
r < a

�1kmd�k~f-kAx)ref-b
dU(r)/dr < 0 � sLbelJx~bedCfhg��pgjkmd�v-k F (r) > 0 } bf-k)r } yzrc�£qCkmlh�1r8��qCkArus_rul-k~x~k vhl7ruv7rul7�Wikcruyjk��hrulJr�yjbpf�ibpfJ�uv-benobpf�¦«ruqnokmd�v7rul r

�¢� � k~fhqn�gjkmdCib }x)reiCr���km�o��qCk	kmySfhgjf-v-kmn|r�f-k	ik~fhsyzru�1r�ik�fhq�sLbpfhgjxmgj�ed ik�k~��qg�y�g��lhgjb } rus_rul-k~x~k�qd_r{��qCkmlh�1r��qCkcvhl7ruv7r/ik�y�yjkm�prul$ruyfhgjf-v-kmn|r'd�qCkm�prunokmd�v-kWr'fhq	sLbpfhgjxmgj�ed�ikPk~��qg�y�g��lhgjb�C¦£�SfJsl-k~xmgjf runokmd�v-kk~fhv-b %y�vhg�nob�yjb���qCk^x)rul7rexmv-kmlhg��1r|r?qd�sqd�v-boik^k~��qg�y�g��lhgjbok~fhv7ru�yjkp� �
��k)r ~F12

yzr'��qCkmlh�1r^��qCkWrexmv=%_r^f-be�l-k8kmy��uv-benob± ikm�gjib!ruyW�uv-benob ² � ~F21

yzrt�£qCkmlh�1r ��qCkrexmv=%_r	f-be�l-k�kmy¥�uv-benob ² ikm�gjib�ruy¤�uv-benob ± �
� belUfhqsqCk~fhv-b;��qCk } ik	rexmqCkml-ib�ruy�slhg�dCxmg�sgjbik	rex~xmgj�ed � l-k)rex~xmgj�ed ¦�v-kml-x~kml7r;yjk � ik	¯�km°�¨v-bed�� ~F12 = −~F21

�¥��k)r
O
qd belhg���kmd � ~r1 �

~r2

yjbpf���k~xmv-bel-k~f8ik/s=bpf-gjxmgj�ed�ikUx)reiCr?qdCb	ikyjbpfW�uv-benobpfI¦���kml GC�pql7r ��� � ���¢�
$ refAk~xmq_rexmgjbedCk~f�ikWnob)��g�n�gjkmd�v-b } ik�rexmqCkml-ibr	yzr	f-km�pqdCiCr	yjk � ik^¯'km°Pv-bed } f-bed¥�

m0 ~̈r1 = ~F12

�
m0 ~̈r2 = ~F21 .

� 4 -�� , 1��
	�� �

� k~fhv7rudCib�qd_roik/yzr�bevhl7r	f-kUbe�vhgjkmdCk
m0 (~̈r2 − ~̈r1) = ~F21 − ~F12 = 2~F21 .

¦ ��� � �
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$ r?�£qCkmlh�1r���qCk^rexmv=%_rof-be�l-kUyzr?s_rulhvhwjxmqyzr ² ikm�gjiCr{r?yzr?s_rulhvhwjxmqyzr ± k~f

~F21 = −dU(r)

dr
r̂ ,

ibedCik
r = |~r | = |~r2−~r1 |

��acbenobUk~fhv7runobpf$fhqsLbedgjkmdCibU��qCkAyzr�nobeyj©~xmqyzr/dCb'l-bev7r } f-kcvhgjkmdCk��qCk	kmy$��k~xmv-belUqdg�v7rulhgjb
r̂ } ��qCk�rusqd�v7r r{yjb;yzrulh��b�ik?yzr;y�w�dCk)r;��qCk?qdCkor�run§�Lbpf§�uv-benobpf }dCb��erulhgzrul7�|r?nok~i�gjiCr���qCk^vhl7rudCf-xmqlhl-k^kmy¥vhgjkmn�sLb����k/vhgjkmdCk^kmd�v-bedCx~k~f���qCk

~r ≡ ~r2 − ~r1 = rr̂

�
~̈r = ~̈r2 − ~̈r1 = r̈ r̂ .��qCfhvhg�vhq � kmdCiboyzr %y�vhg�n|rok~xmq_rexmgj�edtkmd!¦ ��� � ��f-kUbe�vhgjkmdCk

m0r̈ r̂ = 2 ~F21 .
¦ ��� ���

�$�eruy�qCkmnobpf ~F21

�_��kUvhgjkmdCkp�
~F21 = −dU(r)

dr
r̂

= 12
U0

a

[

(a

r

)6

− 1

]

(a

r

)7

r̂ .

�Sf-xmlhg��_runobpf
r
ikcyzr8�£belhn|r

r = a+s
�1ª/k�k~fhv7rWn|rudCkml7r } s = 0

x~belhl-k~fhsLbedCikml7�Ur8yzr�nobeyj©~xmqyzrkmd fhq�s=bpf-gjxmgj�ed ikUk~��qg�y�g��lhgjb�L��g¤yjbpf8�uv-benobpfWf-kUik~fhsyzru�1rud f7�eyjb	yjkm��kmnokmd�v-k§ik§fhq�s=bpfhgjxmgj�edik^k~��qg�y�g��lhgjb } kmd�v-bedCx~k~f |s| << a
��$d�k~fhv-kUx)ref-b

~F21 = 12
U0

a

[

(

a

a + s

)6

− 1

]

(

a

a + s

)7

r̂

= 12
U0

a

[

(

1 +
s

a

)

−6

− 1

]

(

1 +
s

a

)

−7

r̂

' 12
U0

a

[

1 − 6
s

a
− 1

] (

1 − 7
s

a

)

r̂

' −72
U0

a2
s r̂ + o(s2) .

¦ ��� ���
��qvhg�vhq � kmdCib{k~fhv-k/l-k~f-qy�v7reibokmd�¦ ��� ��� } f-kUbe�vhgjkmdCk

m0r̈ r̂ = −72
U0

a
s r̂ .

a�rudCx~kmyzrudCib{rorunI�=bpfWyzreibpf
r̂ � qCf7rudCib�kmy¥®Ck~x7®Cbo��qCk r̈ = s̈ } f-k/vhgjkmdCk

s̈ + ω2
0s = 0 ,

¦ ��� ³ �
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x~bed

ω2
0 = 72

U0

a2m0

.

$ r|k~xmq_rexmgj�ed�i�g+�«kml-kmdCxmgzruy�¦ ��� ³ �8x~belhl-k~fhs=bedCik	r�yzr|ik^qd�bpf-xmg�yzreibel/rulhno�edgjx~b� � r|f7ru�=kmnobpf��qCkAkmdIk~f-kAx)ref-b } yzrWn|ru�pdg�vhqCi s
¦£kmy�ruyjk��hrun�gjkmd�v-b'ik qd?�uv-benob'ik fhqIs=bpf-gjxmgj�edIik k~��qg�y�g��lhgjb��l-k)ruy�g��1rul7�obpf-xmg�yzrexmgjbedCk~f'rulhno�edgjx)ref } fhgjkmdCib�kmy�s=kmlhwjb�ib�ikUv7ruyjk~f8bpf-xmg�yzrexmgjbedCk~f

T =
2π

ω0

= π

√

a2m0

18U0

.

ª'k|yzr GC�pql7r���� ��� v7runI�gj©md�f7koik~i�qCx~k{��qCk�s_rul7rti�gjf-b�xmgzrul?r�yzr nobeyj©~xmqyzr } k~fIik~xmg�l } s_rul7rf-kms_rul7rulWyjbpf'�uv-benobpf'r	qd_r|i�gjfhv7rudCxmgzr
r −→ ∞ } f-k§ikm�=kIkmd�vhl-km��rulUruy�fhgjfhv-kmn|roqd_r�kmdCkmlh�pwzrruy¥nokmdCbpfPg��pq_ruy r

U0

�
��� ���	��
�� 	  
�� ��� 
�	� 	 � �

r�� ��gCyzr/n|ref r
m
s_rulhv-kWikPqd_r§ruy�vhql7r

h } kmd�v-bedCx~k~fcfhq|kmdCkmlh�pwzr{¦«rud�v-k~fcik8kmd�vhl7rul�r/yzrUl-km�pgj�edik^ik~f7rex~kmyjkml7rexmgj�ed��Pk~f
E =

1

2
mv2 = mgh .� y^ruvhl7r~��km�1rul�v-b�iCr�yzr��)bed_r ik�ik~f rex~kmyjkml7rexmgj�ed } yzr kmdCkmlh�pwzr�i�gjfhg�s_reiCr�kmd x)ruyjbel k~f Q =

µcmg CD
� �Jrul7r���qCktyzr n|ref7r

m
��qCk~iktkmd l-kmsLbpf-b�kmd

D } v-b�iCr!fhq kmdCkmlh�pwzr ikm�=k�f-kmli�gjfhg�s_reiCr�x~benobox)ruyjbel } b�f-k)r }
mgh = µcmg CD .ª'k~f-s=k��-runobpf

h
�

h = µc CD = 0, 5 · 8
� n �

= 4
� n �

.x1� � ®Cbel7r
h = 8

� n � � $ rIn�g�v7rei�ik�yzr§kmdCkmlh�pwzr?f-k'i�gjfhg�s_rul7�?i�ql7rud�v-k/yzr§slhg�nokml7rIs_ref7reiCrIs=belyzr l-km�pgj�ed�ik{ik~f rex~kmyjkml7rexmgj�ed � kmy l-k~fhv-b�f-k|i�gjf-g�s_rul7�tkmd�yzr�f7km�pqdCiCr s_ref7reiCr��J�$y�x)rulhl-b m��qCk~iCrul7� GCd_ruy�nokmd�v-kIkmd�l-kmsLbpf-bokmd kmy�sqd�v-b
C
����Pª/k~fhsqC©~f'ik^kmnokmlh��kml'ik§yzr	l-km�pgj�ed�ik^ik~f7rex~kmyjkml7rexmgj�ed�s=belWslhg�nokml7ro��km� } yzrokmdCkmlh�pwzroikmyx)rulhl-b�f-kml7�

E1 = mgh/2
�¥�Sfhv7r{v-kmdCi�l7����qCk?f7kml'yzr;kmdCkmlh�pwzr;sLbev-kmdCxmgzruySikmyJl-k~f-belhv-k	xmq_rudCibk~fhv-©^x~ben�slhg�n�gjib|x~bedtkmy¥x)rulhl-boikmv-kmdgjib�

mgh

2
=

1

2
kx2

0 ,

ibedCik
x0

k~f�yzr�x~ben�sl-k~f-gj�ed n|�3¡�g�n|r ikmy/l-k~f-belhv-kp�P�$yUx)rulhl-b¬f-k�ikmv-kmdCi�l7��sLbel{slhg�nokml7r��km��r�qd_r�i�gjf-v7rudCxmgzr
x0

r�yzrtikml-k~x-®_r�ikmycsqd�v-b
E
� ª/k~fhs=k��-rudCib

x0

f7k|kmdCxmqCkmd�vhl7r¬¦£x~bed
g = 10

� n � f
2
��� }

x0 =

√

mgh

k
=

√

500 · 10 · 8
6 · 104

� n �
= 0, 816

� n �
.
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i_� �Sy=vhl7ru�_r3�hb?l-k)ruy�g��1reib	s=bel�yzr^��qCkmlh�1r?kmyz�efhvhgjx)r	ikmyLl-k~f-belhv-k's_rul7r?ikmv-kmdCkml8kmyLx)rulhl-b�k~fAg��pq_ruyr	yzr	kmdCkmlh�pwzrox~bed ��qCk/g�dCxmgji�gj�|f-be�l-kUkmy�l-k~f-belhv-k } mgh/2 = 500 · 10 · 8/2 ��
 � ��²�������� ��
� �
� run§�gj©md�sLb�ikmnobpf8kmdCx~bed�vhl7rulhyzr|km�pruy�q_rudCib�yzr?g�d�v-km�pl7ruy

W =

∫ x0

0

kx dx =
1

2
kx2

∣

∣

∣

∣

x0

0

=
1

2
kx2

0 =
1

2
6 · 104 · (0, 816)2 ��
 ] .

k1� $ r§�£qCkmlh�1r§��qCk'k���kml-x~k'kmy�l-k~f7belhv-k'xmq_rudCib	k~fhv7�Ix~ben�slhg�n�gjib	k~f −kx0 x̂ } ibedCik x̂
rusqd�v7r®_rexmgzr	yzr�ikml-k~x-®_r�� $ rorex~kmyjkml7rexmgj�ed�ikmy¥x)rulhl-b } sLbelPyjb	v7rud�v-b } f7kml7�

~a = −kx0

m
x̂ = −97, 92

� n � f
2
�
,

rusl-b~¡�g�n|reiCrunokmd�v-k ±�� ��k~x~k~fPyzrorex~kmyjkml7rexmgj�ed�ik/�pl7r~��k~iCrei¤�
��� ���	��
�� 	  
�� ��� 
�	� 	 � �

ª'k~f-sqC©~f^ik	x-®Cb�x)rul§kmy$®g�yjb�x~bed kmySxmyzr~��b � ruy �«belhn|rulUqd!�ud�pqyjb φ
x~bed yzr;®Cbelhg��)bed�v7ruy } yzrkmdCkmlh�pwzr sLbev-kmdCxmgzruyWik�x)reiCr�n|ref7r�®_ru�l7� i�gjfhn�g�d�qwjib�kmd

mgL (1 + sinφ)
�$� fhv7r f-kml7��yzrkmdCkmlh�pwzroxmg�dC©mvhgjx)r���qCk/v-kmdCi�l7�ox)reiCr	n|ref r } k~f8ik~xmg�l }

1

2
mv2 = mgL (1 + sinφ) .

�Sfhv7r	l-kmyzrexmgj�ed dCbpfWs=kmlhn�g�v-k§kmdCx~bed�vhl7rulWyzr?��kmyjb�xmgjiCrei
v = v(φ)

�
v2 = 2gL (1 + sinφ) .acbenob x)reiCr�n|ref rtk~f-v7��l-k~x~belhlhgjkmdCib qd�xmw�l-xmqyjb f ru�=kmnobpf	��qCk{yzr��£qCkmlh�1rtl7rei�gzruyPdCkmv7r ¦�yzr��qCkmlh�1r�x~kmd�vhlhw�s=kmv7r��8��qCkUf7kUk~fhv7��k��hkml-xmgjkmdCibof-be�l-k^kmy�yzr	k~f

~F � ���� = −mv2

L
r̂ = −2mg (1 + sinφ) r̂ .

$ ref�%dgjx)ref/�£qCkmlh�1ref�� ,:'=10M ' ���8��qCk	k~fhv7�ud f-gjkmdCib�k���kml-xmgjiCref^f7be�l-k�x)reiCr;n|ref7r�f-bed�yzr{��qCkmlh�1rikm�gjib{r?yzr?v-kmdCfhgj�ed�ikmy�®g�yjb � yzrI�£qCkmlh�1r�ik/�pl7r)��k~iCrei¤�
~F � � � � = −τ r̂ − mg ẑ .

$ r'x~ben�s=bedCkmd�v-k�l7rei�gzruy�ik�k~fhv7r8�£qCkmlh�1r�k~f −τ +mg sinφ
�u�Sfhv7r'ikm�LkAx~beg�dCxmgji�g�lSx~bed	yzr8��qCkmlh�1rx~kmd�vhlhw�sLkmv7r } bof-k)r }

−τ + mg sinφ = −2mg (1 + sinφ) .�$y ®g�yjbtf-k|x~belhv7r�fhg kmyc�ud�pqyjb
φ
k~f§v7ruyA��qCk

τ = 7mg/2
� $ yzrun|rudCib

φ0

r k~f7k|�ud�pqyjbtf7kvhgjkmdCk
−7

2
mg + mg sinφ0 = −2mg (1 + sinφ0) .� s_rulhvhg�lWik§k~fhv7r?l-kmyzrexmgj�edtf-kUkmdCxmqCkmd�vhl7ro��qCk

sinφ0 = 0, 5 } bof-k)r } φ0 = 30◦
�


