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g+�«belhnok } ~F (z) = m~g = −mgẑ } kmd�xmq � b�x)ref-b?yzr	kmdCkml�¨�pwzr?sLbev-kmdCxmgzruy�k~f

U(z) = mg · (z − z0) ,i
bedCi
k
z0

k~fWq
d�y�q
��rul'��qCk	rulh�
g�vhl7rulhgzrunokmd�v-k�®Ckmnobpf�Gp�-rei
b|x~benob�kmy x~kml-b�i
k^yzrkmdCkmlh�pwzr	sLbev-kmdCxmgzruy �
g�g � a�run�sLbti
k|�£qCkmlh�1ref?i
k;q
d l-k~f-belhv-k } ~F (x) = −kxx̂ } kmd¬xmq � b�x)ref-btyzr�kmdCkmlh�pwzrsLbev-kmdCxmgzruy�k~f

U(x) =
1

2
kx2 .



���������
	��
����������������������������� ���!� ±��p²
aAq_rudCi
b!®_r � l-b�x~k } s_rulhv-k�¦£b v-b�iCr��?yzr kmdCkmlh�pwzr!kmd�vhl-km��reiCr ruy�fhgjfhv-kmn|r ¦�s=belonok~i�gjbi
kmySvhl7ru�_r3�hb�� } s
qCk~i
k|i�gjfhg�s_rul-f-kp� �Sfhv7r�kmdCkmlh�pwzr�f-kon|rud
g G_k~fhv7r�kmd!q
d ruq
nokmd�v-b�i
k�yzrv-kmn�sLkml7ruvhq
l7r�i
k/yzrefPfhq
sLkml G_xmgjk~f8��qCk/l-be�1rud�kmd�vhl-k^f-w ���Sd�k~fhv-k/x)ref-b } kmy¤vhl7ru�_r3�hb W

f-kvhl7rudCf��«belhn|r�kmd x)ruyjbel
Q
�

��� ��� �����
	 	��
�
������
�	 � � ��������	��

� y¥kmd�vhl-km��rulhyjk?r?q
d_r	s_rulhvhwjxmq
yzroq
d�vhl7ru�_r3��b
W } kmd�v-bedCx~k~f

W = (Kf − Ki) + (Uf − Ui) + Q ,
¦ ��� ± �

b|f-k)r } kmy x)run§�
gjb;i
k^yzr�kmdCkmlh�pwzr|xmg�dC©mvhgjx)r } n|�ef�kmy x)run§�
gjb{i
k^yzr�kmdCkmlh�pwzr|sLbev-kmdCxmgzruy } n|�ef8yzrkmdCkmlh�pwzroi�gjfhg�s_reiCr�x~benob|x)ruyjbelWk~fPg��pq_ruy ruy¤vhl7ru�_r3�hb�¦£kmdCkmlh�pwzr��8rus
y�gjx)rei
b{ruy�fhgjfhv-kmn|r��
$ r?k~xmq_rexmgj�ed i
k�x~bedCf-kmlh�prexmgj�ed i
k�yzrIkmdCkmlh�pwzrI®_r � ��qCkWn|rudCk��-rulhyzr	x~bed�s
l-k~x)ruqCxmgj�ed } s
qCk~fAdCbf-kSs
qCk~i
kAk~fhv7rul f-km�pq
l-b�i
k ��qCkSq
dCbW®_r � rWgji
kmd�vhg G_x)rei
b'v-b�iCref yzref¥sLbpfhg��
yjk~f��£belhn|ref i
k kmdCkmlh�pwzr��ª'k/®Ck~x7®Cb } r?nok~i�gjiCr	��qCkUr)�erudCx~kmnobpf�kmd�kmy¥k~f-vhqCi�gjb?i
k/yzr§�£wjfhgjx)r } kmd��erulhgzrefPbesLbelhvhq
d
gjiCrei
k~fdCbpf8��kml-kmnobpfP�«belh�1rei
bpfWr?l-kmg�d�v-kmlhs
l-kmv7rul'k~f7rok~xmq_rexmgj�ed�boru�pl-km��rulhyjk^v-©mlhn�g�dCbpf'rei�gjxmgjbed_ruyjk~f)�

$ r�k~xmq_rexmgj�ed�¦ ��� ± �cv7run§�
gj©md�f-k/s
qCk~i
kUl-k~k~f-xmlhg��
g�lWi
k^yzr	fhg��pq
gjkmd�v-k§n|rudCkml7r��
Kf + Uf = Ki + Ui + W − Q .� yzr�f-q
n|r

K + U
fhqCkmyjkUy�yzrun|rul-f-k '5)+'*,.-0/91 � '=2��C)�492 1 � i
kmdCbev7rul-f-k§x~bed�yzr�yjkmvhl7r E

�

4/5��/5 9;:=<8>?<A@CB N	<P:=<#Z?HOQ#B R/T Q#T-F$H�V�B F$H V_:LF$X \?T7Q#F$H?X_T-B8H?F$X
acbedCfhgji
kml-kmnobpforu®Cbel7r�q
d_r�s_rulhvhwjxmq
yzr�y�g��
l-k{i
k|n|ref7r

m
��qCk|f7kon§qCkm��k;kmd�kmyAk~fhs_rexmgjbvhlhgji�g�nokmdCfhgjbed_ruy � xmq � r§sLbpfhgjxmgj�ed � ��kmyjb�xmgjiCrei{kmd;kmy_g�dCfhv7rud�v-k t
f-bed

~r � ~v } l-k~fhsLk~xmvhg��erunokmd�v-kp�� s
y�gj��qCkmnobpf�f7be�
l-k§k~f7r	s_rulhvhwjxmq
yzr } i�q
l7rud�v-kIq
d�g�d�v-kmlh�eruyjb;i
kUvhgjkmn�sLbog�dHGCd
g�v-k~fhg�n|ruy dt } q
d_r��qCkmlh�1r ~F
�

ª'kIrexmqCkml-i
b|r?yzr�f-km�pq
dCiCr	yjk � i
k^¯'km°Pv-bed }
~F = m~a .ª�q
l7rud�v-k^kmyLg�d�v-kmlh�pruyjb�i
k'vhgjkmn�s=b	g�dHGCd
g�v-k~fhg�n|ruy

dt } yzrIs_rulhvhwjxmq
yzr�f-k'i
k~fhs
yzru�1r?q
d_r	i�gjfhv7rudCxmgzr
d~r = ~v dt .

� rexmgjkmdCi
b/kmy�s
l-b�i�qCxmv-b�s
q
d�v-b/i
kSyjbpf ��k~xmv-bel-k~fJ��qCk�rus_rul-k~x~kmd?kmd?yzref i
bpf %
y�vhg�n|refJk~xmq_rexmgjbedCk~f }f-kUbe�
vhgjkmdCk
~F · d~r = m~v · ~a dt .



���������
	��
����������������������������� ���!� ±����
�$�eruy�qCkmnobpf�yzr?��kmyjb�xmgjiCrei�ruy�xmq_rei�l7rei
bokmd�kmy¤g�dCf-v7rud�v-k

t + dt
�_��kUvhgjkmdCk

v2(t + dt) = ~v(t + dt) · ~v(t + dt)

= (~v(t) + ~a(t) dt) · (~v(t) + ~a(t) dt)
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gjxmgzruyAnokmdCbpf?yzr kmdCkmlh�pwzrti�gjfhg�s_reiCr s=bel?kmy l-b�x~kp� �Sf-v7r %
y�vhg�n|rtk~f

Q = µmg (cos α)L =
µmg h/ tan α

�=��kUvhgjkmdCk
1

2
mv2

f = mgh − µmgh/ tan α ,
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bof-k)r }

v2
f = 2gh

(

1 − µ

tanα

)

.

$ r^k~xmq_rexmgj�ed�rud�v-kmlhgjbel�k~fS�p�uy�gjiCrUfhg
µ ≤ µe ≤ tan α

����g_yzrUx~bedCi�gjxmgj�ed�rud�v-kmlhgjbelcdCb^f-kWxmq
n�s
yjkyzr	s_rulhvhwjxmq
yzr�dCb�l-k~f-�_ruyzr��+D��Cf-kmlh��k^x~�enob } kmd�kmy¥y�w�n�g�v-k α = 90◦ } yzr	��kmyjb�xmgjiCrei vf
vhgjkmdCi
k§ruyl-k~fhq
y�v7rei
b|i
k/yzr�x)ruwjiCr�y�g��
l-kp�

��� �	��
 
 ���

��q
s=bed
��r���qCk�yzr kmdCkmlh�pwzr sLbev-kmdCxmgzruy^i
k�q
d_r!s_rulhvhwjxmq
yzr�i
k�n|ref7r
m
��gjkmdCk�iCreiCr sLbel{yzrk¢¡�s
l-k~fhgj�ed

U(z) = a

[

1

3
z3 − b2 z

]

,

i
bedCi
k
a � b

f-bedtxmgjkmlhv7ref'x~bedCfhv7rud�v-k~f�sLbpfhg�vhg��eref1�C�$dCxmqCkmd�vhl-k	kmy x)run�s=b{i
k/��qCkmlh�1r
F (z)

��qCkiCr�belhg���kmdtr?v7ruy�kmdCkmlh�pwzr	sLbev-kmdCxmgzruy �
��k)r

F (z)
yzr{��qCkmlh�1r���qCk	kmySx)run�s=b�k��hkml-x~k�f-be�
l-k	yzr;s_rulhvhwjxmq
yzr�� �Jrul7r�y�yjkm�prulUyjkmd�v7runokmd�v-koyzrs_rulhvhwjxmq
yzr�i
k~f-i
k�kmySbelhg���kmd�ruy$s
q
d�v-b

z
i
km�=kml-kmnobpf§k���kml-x~kml^f-be�
l-k	yzr;s_rulhvhwjxmq
yzr�q
d_r{��qCkmlh�1ri
k�g��pq_ruy8n|ru�pd
g�vhqCi¬sLkml-b f-kmd�vhgji
b bes
qCk~fhv-b
� � bel|x~bedCfhg��pq
gjkmd�v-k } kmyPvhl7ru�_r3�hb ��qCk�i
km�=kmnobpfl-k)ruy�g��1rul�k~f

W (z) = −
∫ z

0

F (z) dz .

�Sfhv-kIvhl7ru�_r3��b;k~f8g��pq_ruy$r�yzr{i�g+�£kml-kmdCxmgzr{i
k^yzr{kmdCkmlh�pwzr|s=bev-kmdCxmgzruyJkmd�vhl-k?kmy belhg���kmd � kmy y�q
��rul
z } b§f7k)r } U(z)−U(0)

�
acbenob
U(0) = 0 } sLb�i
kmnobpfAg��pq_ruyzrul W (z)

x~bed
U(z) } be�
v-kmd
gj©mdCi
bpf7k

U(z) = −
∫ z

0

F (z) dz = a

[

1

3
z3 − b2 z

]

.

acbenob�kmy�s
l-b�x~k~f-b�i
kSg�d�v-km�pl7rexmgj�ed	k~f kmy0I g�d���kml-f-bFJci
kmy�s
l-b�x~k~f7bWi
k i
kmlhg��prexmgj�ed;¦���kml GC�pq
l7r ��� " � }f-k/vhgjkmdCk^��qCkUyzrI��qCkmlh�1roi
km�=kUf-kml � '*)+A���M 1��?'*,*4�� 1 �#1��?'&M 1 '5)+'*,.-0/91 �HA#8L'*) 254.10M } b�f-k)r }
F (z) = −dU(z)

dz
.

¦ ��� ² �
� f7rudCi
b?k~fhv7r^l-kmyzrexmgj�ed�f7kWkmdCxmqCkmd�vhl7r?��qCk8s_rul7rIkmy�s
l-k~f7kmd�v-k's
l-be�
yjkmn|r } kmy�x)run�sLbIi
k8��qCkmlh�1refk~f

F (z) = a
[

b2 − z2
]

.�Sf'g�n�s=belhv7rud�v-k�f-k5E_ruyzrulU��qCk?fhgjkmn�s
l-k M 1��?'*,*4 � 1
�#1��?' M 1 '5)+'*,.-0/91 �HAC8L'5) 254.10M�' ��� � '5) A���� M 1
� ��'*,�� 1�� ��' '*M 2:1 � �HA 2:AC) ��'*,�� 1C894�� A '6@ '*,=2 ' ��A?>*,:' M 1 �H10,589/92 ��M 1
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� d_r�s_rulhvhwjxmq
yzr�kmd q
d!x)run�sLb i
k	�£qCkmlh�1ref§f-ki�gjx~k ��qCk!f-k kmdCxmqCkmd�vhl7r '*) ' � ��46M 4.>*,*4.A fhg^yzr��qCkmlh�1r¬f7be�
l-k kmy�yzr�k~f�d�q
yzr�� �Jrul7r�q
d_r s_rul�¨vhwjxmq
yzr	xmq � r	kmdCkmlh�pwzr?s=bev-kmdCxmgzruy¥k~f^¦�yzrIn�gjfhn|ri
kmy�k���kmn�s
yjb{rud�v-kmlhgjbel �

U(z) = a

[

1

3
z3 − b2 z

]

,

yzr/�£qCkmlh�1r
F (z)

k~fSd�q
yzrIxmq_rudCi
b
z = ±b

��¯'bu¨v-k§��qCk^k~f-bpf8s
q
d�v-bpf/fhgjkmn�s
l-k§x~belhl-kmsLbedCi
kmd�rn|�3¡�g�nobpf bPn�w�d
g�nobpf i
k$yzr8kmdCkmlh�pwzr8s=bev-kmdCxmgzruy¦���kml GC�pq
l7r ��� � �¢���kUi�gjx~k'��qCk'q
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g�y�g��
lhgjb�k~f ' ���
8 1?>*M ''fhg ruy$ruyjk��hrulhyjb;yjkm��kmnokmd�v-k?i
kmy s
q
d�v-b�i
kk~��q
g�y�g��
lhgjb�yzro��qCkmlh�1r;��qCk�rus_rul-k~x~kIyjb�rex~kmyjkml7rd�qCkm�prunokmd�v-k^®_rexmgzr	i�gjx7®Cb�s
q
d�v-b
�_ª'k/yjb	x~bed�¨vhl7rulhgjb } kmy¥k~��q
g�y�g��
lhgjbok~fPg�dCk~fhv7ru�
yjkp�

� 4 -�� ,=1 � 	��

� rul7r	kmy¤x)ref-bInobpfhvhl7rei
b	kmd�yzr GC�pq
l7r���� � } yzr§s_rulhvhwjxmq
yzr	f-k�kmdCx~bed�vhl7rul7��kmd�k~��q
g�y�g��
lhgjb	k~fhv7ru�
yjkfhg¥k~fhv7��kmd�l-kmsLbpf-b�kmd�kmy¤y�q
��rul
z = b } k/g�dCk~f-v7ru�
yjk§fhg¥f-kUkmdCxmqCkmd�vhl7rokmd z = −b

���q
s=bed
��runobpf?��qCk	yzr�s_rulhvhwjxmq
yzr�i
k�n|ref7r
m
f7k�kmdCxmqCkmd�vhl7r kmd�kmy$s
q
d�v-b�i
k�k~��q
g�y�g��
lhgjbk~fhv7ru�
yjk � ��qCk^kmd xmgjkmlhv-b|g�dCfhv7rud�v-k^yzr�f7rex)runobpf8yjkm��kmnokmd�v-k§i
k^f-q�s
q
d�v-b|i
kUk~��q
g�y�g��
lhgjb } s_rul7ri
k��hrul§��qCk�y�qCkm��btf-k	n§qCkm�pr kmd!kmyAx)run�s=b i
k���qCkmlh�1r��¥ª/kmnobpfhvhl-kmnobpf?��qCk�yzr{��qCkmlh�1r���qCk�kmy

2:1 � �HAok��hkml-x~k�f-be�
l-k?yzr;s_rulhvhwjxmq
yzr�k~fUkmd�n|ru�pd
g�vhqCi s
l-besLbel-xmgjbed_ruyAruySi
k~fhs
yzru�1run�gjkmd�v-b�s=kml-bkmd;f-kmd�vhgji
b	bes
qCk~fhv-b
���$�£k~xmvhg��prunokmd�v-k } fhgLruyjk��hrunobpfcyzr^s_rulhvhwjxmq
yzr§q
d_rIi�gjfhv7rudCxmgzr +∆
i
k~f-i
kWkmys
q
d�v-b|i
kUk~��q
g�y�g��
lhgjb|k~f-v7ru�
yjk

z = b } ¦£x~bed ∆ � b
� } kmd�v-bedCx~k~f�yzrI�£qCkmlh�1r���qCk^rus_rul-k~x~k§k~f

F (b + ∆) = a
[

b2 − (b + ∆)2
]

= −a(2b∆ + ∆2) ' −2ab∆ .
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yzr|i
k/yzr?s=bpfhgjxmgj�ed i
kUk~��q
g�y�g��
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k~fhs
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� � yCf7bey�v7rulSyzr's_rulhvhwjxmq
yzr|¦£i
k~f-i
kWkmy
l-kms=bpf-b��kmd kmy=y�q
��rul

z = b + ∆ } yzr§s_rulhvhwjxmq
yzrobpf-xmg�yzrul7�	kmd�v-belhdCboruyLs
q
d�v-boi
k/k~��q
g�y�g��
lhgjb�g��pq_ruy¥x~benobfhg¤k~fhvhq
��gjkml7r�rei
bpf reiCr?r?q
d�l-k~f-belhv-kp�
�Sy=sLkmlhwjb�i
b�i
k'bpf7xmg�yzrexmgj�ed i
k�q
d_r?n|ref r?rei
bpf reiCr�r§q
dl-k~f-belhv-k/x~bed;x~bedCfhv7rud�v-k/i
kWl-k~fhvhg�vhqCxmgj�ed
k
k~f

T = (2π)
√

m/k
���Sd�kmy=s
l-k~f-kmd�v-k'k��hkmn�s
yjb } 2ab��qCkm��rIkmyLs_rus=kmyLi
kmy=x~b�k*G_xmgjkmd�v-kUi
k�l-k~fhvhg�vhqCxmgj�ed

k } y�qCkm��b	kmy=s=kmlhwjb�i
b?i
kWyzref�bpf-xmg�yzrexmgjbedCk~f�f-kml7�

T = 2π

√

m

2ab
.

4/5��§5 ��:=B8> �-FSQ#<WX
± � � d_rIn|ref7r?i
k ² � ��f-k�y�yjkm�er	i
k~f-i
k'q
d�s
q
d�v-b

A
ruyLs
q
d�v-b

B
� $ bpf���k~xmv-bel-k~fWi
k's=bpf-gjxmgj�ed i
kyjbpfPs
q
d�v-bpf

A � B
f-bed¥�

~xA = (x̂ + 3ẑ)
n

~xB = 5x̂
n

� b�i
bIkmy_fhgjfhv-kmn|rUk~f-v7�Ug�d
nokml-f-bIkmdoq
d{x)run�sLb�pl7r)��g�v7ruv-belhgjb�x~bedCfhv7rud�v-k −gẑ.
�$dCxmqCkmd�vhl-ktkmyvhl7ru�_r3�hbPl-k)ruy�g��1rei
b8sLbel¥yzr��pl7r)��k~iCreiIr�yjb8yzrulh��bi
kUx)reiCr	q
dCb�i
k^yjbpfPvhl-k~f8x)run�g�dCbpf8g�dCi�gjx)rei
bpfkmd�yzr GC�pq
l7r|reiu��q
d�v7r�� � 4 -���,=1��
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² � � d_ro�Lben§�_r{i
k�ru�pq_r|i
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k	ru�pq_r{s=bel�n�g�d�q
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k~f-i
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dtsLbe�)b }xmq � b�d
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�1rulhyzr x~bed q
d_r��kmyjb�xmgjiCrei{i
k
9
n � f1����q
sLbed
gjkmdCi
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2
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� � ��be�
l-k|q
d_r�s_rulhvhwjxmq
yzr�i
k|n|ref7r
m = 0,25

� � } ��qCkof-k�nIqCkm��k;r�yjb yzrulh��b�i
kmyAk���k x̂ }rexmv=%_r|q
d_r|��qCkmlh�1r ~F = F (x) x̂ } i
bedCi
k?yzron|ru�pd
g�vhqCi F (x)
i
kms=kmdCi
k?i
kIyzrosLbpfhgjxmgj�ed

x
i
kmy¤nob�i
b�g�dCi�gjx)rei
b{kmd�yzr GC�pq
l7r ��� ±�� �
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t = 0
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� �
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ẋ2 =

2g

L2
(h0 − y) y2 .



���������
	��
����������������������������� ���!� ± � �
$ r���kmyjb�xmgjiCrei i
k	yzr;s_rulhvhwjxmq
yzr ² i
kmsLkmdCi
koi
k

y
� D��Cf-kmlh��kmnobpfI��qCk?yzr�l7rus
gji
km�{x~bed ��qCk�f-kn§qCkm��k?yzr	s_rulhvhwjxmq
yzr ² k~f�d�q
yzr{xmq_rudCi
b

y = h0 � v7run§�
gj©md�xmq_rudCi
b y = 0 } y�qCkm��b;kmd�ruy��C%
dy�q
��rulWkmd�vhl-kmnok~i�gjb;i
km�=k/v-kmdCkmlWq
d n|�3¡�g�nob
��$dCx~bed�vhl-kmnobpf	kmy$�pruyjbel
y = h

s_rul7r�kmySxmq_ruy
ẋ
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d_r8�£qCkmlh�1rW®Cbelhg��)bed�v7ruyf-be�
l-k§kmy fhgjfhv-kmn|r ¦�yzref'i
bpf8n|ref7ref'x~bed�yzr��erulhg�y�yzr��8k~f8yzr�yzros_rul-k~i ��kmlhvhgjx)ruy � ­ gjkmd�vhl7ref

y > hyzr	s_rulhvhwjxmq
yzr ² rex~kmyjkml7rt¦�yzr	l7rus
gji
km�
ẋ
ruq
nokmd�v7r��Wkmd�yzr�i�g�l-k~x~xmgj�ed

+x̂ } y�qCkm��b�yzr	s_rul-k~i i
km�Lkk���kml-x~kmlSf-be�
l-k�kmy
fhg�v-kmn|r'q
d_r��£qCkmlh�1r'kmd	k~f r�i�g�l-k~x~xmgj�ed¥��aAq_rudCi
b
y < h

kmd�v-bedCx~k~fSyzr�s_rulhvhwjxmq
yzr² i
k~f rex~kmyjkml7r�¦
ẋ
��qCkmy���k�r|i�gjfhn�g�d�q
g�l �*B¤k~f-b{g�n�s
y�gjx)r{��qCk?yzros_rul-k~i�k��hkml-x~k?q
d_r��£qCkmlh�1r;kmdtyzri�g�l-k~x~xmgj�ed −x̂

f-be�
l-kPkmyCfhgjfhv-kmn|r } yjbU��qCkPr/fhq	��km�8f-�eyjbUk~fJsLbpfhg��
yjkPfhg
k¢¡�gjf-v-k8ruy��C%
d�nok~x)rud
gjfhnob��qCk � �*@ '58L'PrIyzrIs_rulhvhwjxmq
yzr ± r§yzrIs_rul-k~i���kmlhvhgjx)ruy ����gLv7ruyLnok~x)rud
gjfhnob�dCb	k¢¡�gjfhv-k } kmd�v-bedCx~k~fPyzrs_rulhvhwjxmq
yzr ± f-kUf-kms_rul7roi
kUyzr?s_rul-k~i¤�
��� 
���	��
�
� 	 
 
�� ��� 

�	� 	 ���

ª'kIrexmqCkml-i
b{r?yzr	yjk � i
kIacbeq
yjben§� } yzref8x)rulh��ref Q
i
k/yzr	g��)��q
gjkml-iCr � i
k^yzr�i
kml-k~x-®_r|k���kml-x~kmdf-be�
l-k

q
q
d_r?��qCkmlh�1r

~F1 =
qQ

(a + x)2
x̂

�
~F2 = − qQ

(a − x)2
x̂ ,

l-k~fhs=k~xmvhg��prunokmd�v-kp� $ r§��qCkmlh�1rIv-bev7ruy ~F (x)
��qCk'rexmv=%_r	f-be�
l7rIyzrIx)rulh��r

q
k~fcyzr?fhq
n|rI��k~xmv-belhgzruyi
kUyzref8i
bpf��£qCkmlh�1ref ~F1 � ~F2 } sLbelPyjb	v7rud�v-b }

~F (x) = ~F1 + ~F2 = qQ

[

1

(a + x)2
− 1

(a − x)2

]

x̂ .

� rul7r;kmdCx~bed�vhl7rul/yzr|kmdCkmlh�pwzrosLbev-kmdCxmgzruy�v7runI�
gj©md�sLb�i
kmnobpf�km�pruy�q_rulWs
lhg�nokml-b{yzr|kmdCkmlh�pwzr|sLbu¨v-kmdCxmgzruySi
k
q
x~bed�x)reiCr{q
d_r�i
kIyzrefUx)rulh��ref

Q
f-kms_rul7reiCrunokmd�v-k } s_rul7r;y�qCkm��b{®_rex~kml/yzr;fhq
n|r¦£k~f-x)ruyzrul �Ai
k'kmy�yzref1� $ r?kmdCkmlh�pwzrIsLbev-kmdCxmgzruy¥i
kWq
d_r?x)rulh��r

q
r§q
d_rIi�gjf-v7rudCxmgzr

r
i
k'bevhl7r?x)rulh��r

Q
��gjkmdCkPiCreiCr'sLbel8¦���kml$s
l-be�
yjkmn|r ± ���

U(r) = qQ/r
� � f7rudCi
b/k~fhv7r/k¢¡�s
l-k~f-gj�ed	f7kckmdCxmqCkmd�vhl7r��qCkUyzr	kmdCkmlh�pwzr�s=bev-kmdCxmgzruy i
k/yzr�x)rulh��r

q } xmq_rudCi
bo©~fhv7r�f-kUkmdCxmqCkmd�vhl7rokmd kmy¥y�q
��rul x } k~f)�
U(x) = U1(x) + U2(x) =

qQ

|a + x| +
qQ

|a − x| .



���������
	��
����������������������������� ���!� ± �
�
$ rokmdCkmlh�pwzros=bev-kmdCxmgzruy k~fWx~kml-boxmq_rudCi
b

x −→ ±∞ � $ r GC�pq
l7r ��� �p² nIqCk~fhvhl7r�q
d �pl7� G_x~b{i
kyzr?��q
dCxmgj�ed
U(x)

�

� 4 -�� , 1 � 	 ���

ª'kIyzr GC�pq
l7r;f-kIi
k~i�qCx~kI��qCk
x = 0

k~fWq
d�s
q
d�v-b;i
k?k~��q
g�y�g��
lhgjb�k~fhv7ru�
yjk?i
kmy fhgjf-v-kmn|r�� �Jrul7rs=k~��qCk5ECbpfWi
k~fhs
yzru�1run�gjkmd�v-bpf } b�f7k)r	s_rul7r |x| � a } f-k/vhgjkmdCk

U(x) = qQ

[

1

a + x
+

1

a − x

]

=
qQ

a

[

(

1 +
x

a

)

−1

+
(

1 − x

a

)

−1
]

' qQ

a

[(

1 − x

a
+

x2

a2

)

+

(

1 +
x

a
+

x2

a2

) ]

=
2qQ

a
+

2qQ

a3
x2 = U0 +

2qQ

a3
x2 .

ª'k?yzr{k~xmq_rexmgj�ed rud�v-kmlhgjbel^f-k?i
k~i�qCx~k	��qCk } s_rul7r{s=k~��qCk5ECbpf/i
k~fhs
yzru�1run�gjkmd�v-bpfIi
k q
i
k~f7i
kIkmybelhg���kmd } yzrIkmdCkmlh�pwzr?sLbev-kmdCxmgzruy¥k~f�xmq_rei�l7�uvhgjx)r ¦£k~f�i
k~xmg�l } fhg�n�g�yzrul8rIyzrIk¢¡�s
l-k~fhgj�ed ��qCk�f7k�v-kmd
wzrs_rul7r	q
d_r	n|ref7r�rei
bpf7reiCr{r?q
d�l-k~f-belhv-k1�¢�

$ r?�£qCkmlh�1r���qCk^rexmv=%_rof-be�
l-k
q
ruy¥i
k~fhs
yzru�1rulhyzr�yjkm��kmnokmd�v-k§i
k^fhq�sLbpfhgjxmgj�ed i
k^k~��q
g�y�g��
lhgjbok~f
F (x) = −dU(x)

dx
= −4qQ

a3
x .

�Sfhv7r��£qCkmlh�1r�k~f$rud_�uyjbe��rUr�yzr�yjk � i
k � b�b � kp�ek~f s
l-bes=bel-xmgjbed_ruy � rus
q
d�v7rUkmd�f-kmd�vhgji
bUx~bed�vhl7rulhgjbruyCi
k~fhs
yzru�1run�gjkmd�v-b
���Sy
s_rus=kmy
i
kcyzr'x~bedCfhv7rud�v-k8i
kcl-k~fhvhg�vhqCxmgj�ed
k
yjbc��qCkm��r

4qQ/a3
� $ qCkm��b } ruyi
k~fhs
yzru�1rul�yzr^x)rulh��r

q
yjkm��kmnokmd�v-k/i
k'fhq|s
q
d�v-b?i
k'k~��q
g�y�g��
lhgjb } ©~fhv7rIbpf-xmg�yzrul7� 10, ���C)�492 1 � '*)K8L'x~bed q
d sLkmlhwjb�i
b

T = 2π

√

ma3

4qQ
,

i
bedCi
k
m
k~fPyzr	n|ref7r	i
kUyzr	x)rulh��r

q
�
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$ r GC�pq
l7r reiu��q
d�v7r n§qCk~fhvhl7r kmy	�pl7� G_x~b i
kyzr kmdCkmlh�pwzr sLbev-kmdCxmgzruy � �Jrul7r
r > a

yzr�sLkmd�¨i�gjkmdCi
k�k~f�s=bpfhg�vhg��pr } s_rul7r r = a
k~f d�q
yzr }n�gjkmd�vhl7refo��qCk|s_rul7r

r < a
k~f?dCkm��ruvhg��pr�� $ r��qCkmlh�1r kmd�vhl-k yjbpfti
bpft�uv-benobpfti
k yzr�nobeyj©¢¨xmq
yzr k~f −dU(r)/dr

�^aAq_rudCi
b yzr i
kmlhg��ereiCrk~f{d�q
yzr ¦�s_rul7r
r = a

� } yzr �£qCkmlh�1r v7runI�
gj©mdk~f d�q
yzr } y�qCkm��b yzr f-kms_rul7rexmgj�ed r = a
x~bu¨lhl-k~fhs=bedCi
k�r q
d�s
q
d�v-b�i
k;k~��q
g�y�g��
lhgjb
� �Jrul7r

r > a } dU(r)/dr > 0 ��} s=bel|x~bedCf-g��pq
gjkmd�¨v-k } F (r) < 0
���Sd{s_ruyzru�
l7ref)��fhg�yzr§f7kms_rul7rexmgj�edi
kWyjbpfci
bpfc�uv-benobpf�i
k�yzr^nobeyj©~xmq
yzrIk~fAn|r � bel��qCk

a } kmd�v-bedCx~k~f�yzr���qCkmlh�1r�kmd�vhl-k�kmy�yzrefof-kml7�ruvhl7rexmvhg��er��
� 4 -�� , 1��
	�� �

$ b/x~bed�vhl7rulhgjb/b�xmq
lhl-kcs_rul7r
r < a

�1kmd�k~f-kAx)ref-b
dU(r)/dr < 0 � sLbelJx~bedCfhg��pgjkmd�v-k F (r) > 0 } bf-k)r } yzrc�£qCkmlh�1r8��qCkArus_rul-k~x~k vhl7ruv7rul7�Wi
kcruyjk��hrulJr�yjbpf�i
bpfJ�uv-benobpf�¦«ruq
nokmd�v7rul r

�¢� � k~fhq
n�gjkmdCi
b }x)reiCr���km�o��qCk	kmySfhgjf-v-kmn|r�f-k	i
k~fhs
yzru�1r�i
k�fhq�sLbpfhgjxmgj�ed i
k�k~��q
g�y�g��
lhgjb } rus_rul-k~x~k�q
d_r{��qCkmlh�1r��qCkcvhl7ruv7r/i
k�y�yjkm�prul$ruy
fhgjf-v-kmn|r'd�qCkm�prunokmd�v-kWr'fhq	sLbpfhgjxmgj�ed�i
kPk~��q
g�y�g��
lhgjb
�C¦£�SfJs
l-k~xmgjf runokmd�v-kk~fhv-b %
y�vhg�nob�yjb���qCk^x)rul7rexmv-kmlhg��1r|r?q
d�s
q
d�v-boi
k^k~��q
g�y�g��
lhgjbok~fhv7ru�
yjkp� �
��k)r ~F12

yzr'��qCkmlh�1r^��qCkWrexmv=%_r^f-be�
l-k8kmy��uv-benob± i
km�
gji
b!ruyW�uv-benob ² � ~F21

yzrt�£qCkmlh�1r ��qCkrexmv=%_r	f-be�
l-k�kmy¥�uv-benob ² i
km�
gji
b�ruy¤�uv-benob ± �
� belUfhq
s
qCk~fhv-b;��qCk } i
k	rexmqCkml-i
b�ruy�s
lhg�dCxmg�s
gjbi
k	rex~xmgj�ed � l-k)rex~xmgj�ed ¦�v-kml-x~kml7r;yjk � i
k	¯�km°�¨v-bed�� ~F12 = −~F21

�¥��k)r
O
q
d belhg���kmd � ~r1 �

~r2

yjbpf���k~xmv-bel-k~f8i
k/s=bpf-gjxmgj�ed�i
kUx)reiCr?q
dCb	i
kyjbpfW�uv-benobpfI¦���kml GC�pq
l7r ��� � ���¢�
$ refAk~xmq_rexmgjbedCk~f�i
kWnob)��g�n�gjkmd�v-b } i
k�rexmqCkml-i
br	yzr	f-km�pq
dCiCr	yjk � i
k^¯'km°Pv-bed } f-bed¥�

m0 ~̈r1 = ~F12

�
m0 ~̈r2 = ~F21 .

� 4 -�� , 1��
	�� �

� k~fhv7rudCi
b�q
d_roi
k/yzr�bevhl7r	f-kUbe�
vhgjkmdCk
m0 (~̈r2 − ~̈r1) = ~F21 − ~F12 = 2~F21 .

¦ ��� � �
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$ r?�£qCkmlh�1r���qCk^rexmv=%_rof-be�
l-kUyzr?s_rulhvhwjxmq
yzr ² i
km�
gjiCr{r?yzr?s_rulhvhwjxmq
yzr ± k~f

~F21 = −dU(r)

dr
r̂ ,

i
bedCi
k
r = |~r | = |~r2−~r1 |

��acbenobUk~fhv7runobpf$fhq
sLbed
gjkmdCi
bU��qCkAyzr�nobeyj©~xmq
yzr/dCb'l-bev7r } f-kcvhgjkmdCk��qCk	kmy$��k~xmv-belUq
d
g�v7rulhgjb
r̂ } ��qCk�rus
q
d�v7r r{yjb;yzrulh��b�i
k?yzr;y�w�dCk)r;��qCk?q
dCkor�run§�Lbpf§�uv-benobpf }dCb��erulhgzrul7�|r?nok~i�gjiCr���qCk^vhl7rudCf-xmq
lhl-k^kmy¥vhgjkmn�sLb
����k/vhgjkmdCk^kmd�v-bedCx~k~f���qCk

~r ≡ ~r2 − ~r1 = rr̂

�
~̈r = ~̈r2 − ~̈r1 = r̈ r̂ .��qCfhvhg�vhq � kmdCi
boyzr %
y�vhg�n|rok~xmq_rexmgj�edtkmd!¦ ��� � ��f-kUbe�
vhgjkmdCk

m0r̈ r̂ = 2 ~F21 .
¦ ��� ���

�$�eruy�qCkmnobpf ~F21

�_��kUvhgjkmdCkp�
~F21 = −dU(r)

dr
r̂

= 12
U0

a

[

(a

r

)6

− 1

]

(a

r

)7

r̂ .

�Sf-xmlhg��_runobpf
r
i
kcyzr8�£belhn|r

r = a+s
�1ª/k�k~fhv7rWn|rudCkml7r } s = 0

x~belhl-k~fhsLbedCi
kml7�Ur8yzr�nobeyj©~xmq
yzrkmd fhq�s=bpf-gjxmgj�ed i
kUk~��q
g�y�g��
lhgjb
�L��g¤yjbpf8�uv-benobpfWf-kUi
k~fhs
yzru�1rud f7�eyjb	yjkm��kmnokmd�v-k§i
k§fhq�s=bpfhgjxmgj�edi
k^k~��q
g�y�g��
lhgjb } kmd�v-bedCx~k~f |s| << a
�
�$d�k~fhv-kUx)ref-b

~F21 = 12
U0

a

[

(

a

a + s

)6

− 1

]

(

a

a + s

)7

r̂

= 12
U0

a

[

(

1 +
s

a

)

−6

− 1

]

(

1 +
s

a

)

−7

r̂

' 12
U0

a

[

1 − 6
s

a
− 1

] (

1 − 7
s

a

)

r̂

' −72
U0

a2
s r̂ + o(s2) .

¦ ��� ���
��q
vhg�vhq � kmdCi
b{k~fhv-k/l-k~f-q
y�v7rei
bokmd�¦ ��� ��� } f-kUbe�
vhgjkmdCk

m0r̈ r̂ = −72
U0

a
s r̂ .

a�rudCx~kmyzrudCi
b{rorunI�=bpfWyzrei
bpf
r̂ � qCf7rudCi
b�kmy¥®Ck~x7®Cbo��qCk r̈ = s̈ } f-k/vhgjkmdCk

s̈ + ω2
0s = 0 ,

¦ ��� ³ �
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x~bed

ω2
0 = 72

U0

a2m0

.

$ r|k~xmq_rexmgj�ed�i�g+�«kml-kmdCxmgzruy�¦ ��� ³ �8x~belhl-k~fhs=bedCi
k	r�yzr|i
k^q
d�bpf-xmg�yzrei
bel/rulhno�ed
gjx~b
� � r|f7ru�=kmnobpf��qCkAkmdIk~f-kAx)ref-b } yzrWn|ru�pd
g�vhqCi s
¦£kmy�ruyjk��hrun�gjkmd�v-b'i
k q
d?�uv-benob'i
k fhqIs=bpf-gjxmgj�edIi
k k~��q
g�y�g��
lhgjb��l-k)ruy�g��1rul7�obpf-xmg�yzrexmgjbedCk~f'rulhno�ed
gjx)ref } fhgjkmdCi
b�kmy�s=kmlhwjb�i
b�i
kUv7ruyjk~f8bpf-xmg�yzrexmgjbedCk~f

T =
2π

ω0

= π

√

a2m0

18U0

.

ª'k|yzr GC�pq
l7r���� ��� v7runI�
gj©md�f7koi
k~i�qCx~k{��qCk�s_rul7rti�gjf-b�xmgzrul?r�yzr nobeyj©~xmq
yzr } k~fIi
k~xmg�l } s_rul7rf-kms_rul7rulWyjbpf'�uv-benobpf'r	q
d_r|i�gjfhv7rudCxmgzr
r −→ ∞ } f-k§i
km�=kIkmd�vhl-km��rulUruy�fhgjfhv-kmn|roq
d_r�kmdCkmlh�pwzrruy¥nokmdCbpfPg��pq_ruy r

U0

�
��� 
���	��
�
� 	 
 
�� ��� 

�	� 	 � �

r�� ��gCyzr/n|ref r
m
s_rulhv-kWi
kPq
d_r§ruy�vhq
l7r

h } kmd�v-bedCx~k~fcfhq|kmdCkmlh�pwzr{¦«rud�v-k~fci
k8kmd�vhl7rul�r/yzrUl-km�pgj�edi
k^i
k~f7rex~kmyjkml7rexmgj�ed��Pk~f
E =

1

2
mv2 = mgh .� y^ruvhl7r~��km�1rul�v-b�iCr�yzr��)bed_r i
k�i
k~f rex~kmyjkml7rexmgj�ed } yzr kmdCkmlh�pwzr�i�gjfhg�s_reiCr�kmd x)ruyjbel k~f Q =

µcmg CD
� �Jrul7r���qCktyzr n|ref7r

m
��qCk~i
ktkmd l-kmsLbpf-b�kmd

D } v-b�iCr!fhq kmdCkmlh�pwzr i
km�=k�f-kmli�gjfhg�s_reiCr�x~benobox)ruyjbel } b�f-k)r }
mgh = µcmg CD .ª'k~f-s=k��-runobpf

h
�

h = µc CD = 0, 5 · 8
� n �

= 4
� n �

.x1� � ®Cbel7r
h = 8

� n � � $ rIn�g�v7rei�i
k�yzr§kmdCkmlh�pwzr?f-k'i�gjfhg�s_rul7�?i�q
l7rud�v-k/yzr§s
lhg�nokml7rIs_ref7reiCrIs=belyzr l-km�pgj�ed�i
k{i
k~f rex~kmyjkml7rexmgj�ed � kmy l-k~fhv-b�f-k|i�gjf-g�s_rul7�tkmd�yzr�f7km�pq
dCiCr s_ref7reiCr��J�$y�x)rulhl-b m��qCk~iCrul7� GCd_ruy�nokmd�v-kIkmd�l-kmsLbpf-bokmd kmy�s
q
d�v-b
C
����Pª/k~fhs
qC©~f'i
k^kmnokmlh��kml'i
k§yzr	l-km�pgj�ed�i
k^i
k~f7rex~kmyjkml7rexmgj�ed�s=belWs
lhg�nokml7ro��km� } yzrokmdCkmlh�pwzroi
kmyx)rulhl-b�f-kml7�

E1 = mgh/2
�¥�Sfhv7r{v-kmdCi�l7����qCk?f7kml'yzr;kmdCkmlh�pwzr;sLbev-kmdCxmgzruySi
kmyJl-k~f-belhv-k	xmq_rudCi
bk~fhv-©^x~ben�s
lhg�n�gji
b|x~bedtkmy¥x)rulhl-boi
kmv-kmd
gji
b
�

mgh

2
=

1

2
kx2

0 ,

i
bedCi
k
x0

k~f�yzr�x~ben�s
l-k~f-gj�ed n|�3¡�g�n|r i
kmy/l-k~f-belhv-kp�P�$yUx)rulhl-b¬f-k�i
kmv-kmdCi�l7��sLbel{s
lhg�nokml7r��km��r�q
d_r�i�gjf-v7rudCxmgzr
x0

r�yzrti
kml-k~x-®_r�i
kmycs
q
d�v-b
E
� ª/k~fhs=k��-rudCi
b

x0

f7k|kmdCxmqCkmd�vhl7r¬¦£x~bed
g = 10

� n � f
2
��� }

x0 =

√

mgh

k
=

√

500 · 10 · 8
6 · 104

� n �
= 0, 816

� n �
.



���������
	��
����������������������������� ���!� ± � �
i_� �Sy=vhl7ru�_r3�hb?l-k)ruy�g��1rei
b	s=bel�yzr^��qCkmlh�1r?kmyz�efhvhgjx)r	i
kmyLl-k~f-belhv-k's_rul7r?i
kmv-kmdCkml8kmyLx)rulhl-b�k~fAg��pq_ruyr	yzr	kmdCkmlh�pwzrox~bed ��qCk/g�dCxmgji�gj�|f-be�
l-kUkmy�l-k~f-belhv-k } mgh/2 = 500 · 10 · 8/2 ��
 � ��²�������� ��

� �
� run§�
gj©md�sLb�i
kmnobpf8kmdCx~bed�vhl7rulhyzr|km�pruy�q_rudCi
b�yzr?g�d�v-km�pl7ruy

W =

∫ x0

0

kx dx =
1

2
kx2

∣

∣

∣

∣

x0

0

=
1

2
kx2

0 =
1

2
6 · 104 · (0, 816)2 ��
 ] .

k1� $ r§�£qCkmlh�1r§��qCk'k���kml-x~k'kmy�l-k~f7belhv-k'xmq_rudCi
b	k~fhv7�Ix~ben�s
lhg�n�gji
b	k~f −kx0 x̂ } i
bedCi
k x̂
rus
q
d�v7r®_rexmgzr	yzr�i
kml-k~x-®_r�� $ rorex~kmyjkml7rexmgj�ed�i
kmy¥x)rulhl-b } sLbelPyjb	v7rud�v-b } f7kml7�

~a = −kx0

m
x̂ = −97, 92

� n � f
2
�
,

rus
l-b~¡�g�n|reiCrunokmd�v-k ±�� ��k~x~k~fPyzrorex~kmyjkml7rexmgj�ed�i
k/�pl7r~��k~iCrei¤�
��� 
���	��
�
� 	 
 
�� ��� 

�	� 	 � �

ª'k~f-s
qC©~f^i
k	x-®Cb�x)rul§kmy$®
g�yjb�x~bed kmySxmyzr~��b � ruy �«belhn|rulUq
d!�ud
�pq
yjb φ
x~bed yzr;®Cbelhg��)bed�v7ruy } yzrkmdCkmlh�pwzr sLbev-kmdCxmgzruyWi
k�x)reiCr�n|ref7r�®_ru�
l7� i�gjfhn�g�d�q
wji
b�kmd

mgL (1 + sinφ)
�$� fhv7r f-kml7��yzrkmdCkmlh�pwzroxmg�dC©mvhgjx)r���qCk/v-kmdCi�l7�ox)reiCr	n|ref r } k~f8i
k~xmg�l }

1

2
mv2 = mgL (1 + sinφ) .

�Sfhv7r	l-kmyzrexmgj�ed dCbpfWs=kmlhn�g�v-k§kmdCx~bed�vhl7rulWyzr?��kmyjb�xmgjiCrei
v = v(φ)

�
v2 = 2gL (1 + sinφ) .acbenob x)reiCr�n|ref rtk~f-v7��l-k~x~belhlhgjkmdCi
b q
d�xmw�l-xmq
yjb f ru�=kmnobpf	��qCk{yzr��£qCkmlh�1rtl7rei�gzruyPdCkmv7r ¦�yzr��qCkmlh�1r�x~kmd�vhlhw�s=kmv7r��8��qCkUf7kUk~fhv7��k��hkml-xmgjkmdCi
bof-be�
l-k^kmy�yzr	k~f

~F � ���
� = −mv2

L
r̂ = −2mg (1 + sinφ) r̂ .

$ ref�%
d
gjx)ref/�£qCkmlh�1ref�� ,:'=10M ' ���8��qCk	k~fhv7�ud f-gjkmdCi
b�k���kml-xmgjiCref^f7be�
l-k�x)reiCr;n|ref7r�f-bed�yzr{��qCkmlh�1ri
km�
gji
b{r?yzr?v-kmdCfhgj�ed�i
kmy�®
g�yjb � yzrI�£qCkmlh�1r�i
k/�pl7r)��k~iCrei¤�
~F � � � � = −τ r̂ − mg ẑ .
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