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132547698;:=<=<?>@3ACBDA E�FHGJILKLMONPG�QDR.MSNPGTFVU9WDX
Y[Z]\CZ_^a`_bdcfehg9ikjlcfelmonfeqpqeqgriksCZ]tu`lgviknwsr\9`�xycfpzik\{cn|ZJnwcfez}lZ~`��Vez\CZ�pzia��n�eznwsr\9e3x`lg�}oeqpzs9`�\9eqg5m^k^�Z]t�Z�xfZL�P�r�5����q�����]�r�5�����������f`��P�r�5����q�����q���o�q����o�.� �¢¡w�¢£P��¤¥ e5Z]n ~A ¦ ~B

x`lgv}oeqpzs9`�\9eqg5��§.nws9`�nfpqeqgTxe©¨fniktu`lg{ez^|}oeqpzs9`�\ ~C
mdbwcfeªeqgvez^P�\9`dxycfpzs9`�}oeqpzs9`�\ri�Z]^xe ~A ¦ ~B

my�H`�\5«
~C = ~A × ~B ≡ | ~A| | ~B| sin γ Ĉ , ¬� �k®=¯x`�nfxe

γ
eqgJez^.°]njlc^a` ¬ t�°�g;�Veqbdcfez±f`w¯hezndsr\9e	^a`lgJx`lg;}oeqpzs9`�\9eqg ~A ¦ ~B

m ¦ Ĉ
eqg3cn(}oeqpzs9`�\cniksCZ]\ria`u�Vez\r�Heznfxyiapzc^�Z]\ªZ]^S�^�Z]nf`ueznjoeznfxy\CZ�x`u�V`�\T^a`lgT}oeqpzs9`�\9eqg ~A ¦ ~B

�²3Z ¦ x`lg;}oeqpzs9`�\9eqgJcniksCZ]\ria`lgJbdcfe	g9`�n³�Hez\r�Veznfxyiapzc^�Z]\9eqg_Z]^0�^�Z]nf`�eznjoeznfxy\CZ�x`��V`�\3^a`lg}oeqpzs9`�\9eqg ~A ¦ ~B
� Y `�\Lpq`�nw}oeznfpzia��n�xez´Heµcfg�Z]\9g9euez^vbdcfeug9e�`�´sriaeznfeucfgCZ]nfx`�^�Z¶�r��·��7�(�d�u�k�¸ �l¹P�º�d�©�r�9�©»��l�¼º�d½P¾¢¿ÁÀ ��¾Â¿ÁÃ"¿f�SÄÅÀ[�wÆ]�w¡�Ç ¿È«H§Étµ�c±feµ^�Zºt�Z]nf` ¦ eqgrsrik\9e	ez^.xeqx`��c^kjwZ]\5�SÊª\riaeznws9eµ^a`lgxeqx`lgheztµ�c±|Z�x`lghxe~t�Z]nfez\CZµbwcfe�Z]�cnws9eznËZL^a`	^�Z]\rjo`ºxez^S°]njlc^a`

γ ¬ xeqgCxe ~A Ì Z�pzi�Z ~B
¯©Íeznws9`�nfpqeqg3ez^È�c^kjwZ]\hiknfxyiap5Z	^�Z	xyik\9eqpqpzia��n ¦ g9ezndsriax`uxez^O}oeqpzs9`�\ Ĉ

�Î;eª^�ZLxe©¨fniapzia��n�g9e;xeqgr�\9eznfxe;bdcfe;ez^H�\9`�xycfpzs9`	pz\rcÏ~xe;x`lgv}oeqpzs9`�\9eqgheqgÐ`�sr\9`L}oeqpzs9`�\5�Ñª`�s9eztu`lgÒbwcfe³^�ZÁxe©¨fniapzia��nÓxez^~}oeqpzs9`�\ ~C
eqg�iknfxez�Veznfxyiaeznws9e�xe¶pzc|Z]^abdciaez\Ôgriagrs9ezt�Z�xepq`d`�\9xezn|Z�xfZ�g5�P§ÉgTikntueqxyi�Z]s9`ºbwcfe

x̂ × x̂ = ŷ × ŷ = ẑ × ẑ = 0 ,

x̂ × ŷ = −ŷ × x̂ = ẑ ,

ŷ × ẑ = −ẑ × ŷ = x̂

¦
ẑ × x̂ = −x̂ × ẑ = ŷ .

®5Õ 
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0hn|Z	p5Z]\CZ�pzs9ez\21agrsriap5Zuiktµ�H`�\rsCZ]nds9e~xez^O�\9`�xycfpzs9`µpz\rcÏ_eqgTbdcfe;nf`µeqgDpq`�nt_csCZ]srik}o`mPgriknf`uZ]nwsri43pq`�nt_csCZ]srik}o`ÍHeznÔe65 eqpzs9`m|xe;^�Zµxe©¨fniapzia��nÔg9eJ`�´fg9ez\r}lZ	ikntueqxyi�Z]sCZ]tueznds9e�bdcfel«

~A × ~B = − ~B × ~A§.^O�\9`�xycfpzs9`upz\rcÏ_eqgDxyiagrsr\rik´csrik}o`�\9eqgr�Veqpzs9`uZ	^�Z	grct�Zµxe;}oeqpzs9`�\9eqg5«
~A × ( ~B + ~C) = ~A × ~B + ~A × ~C .

¦
( ~A + ~B) × ~C = ~A × ~C + ~B × ~C .§.}�Z]^kcfeztu`lg;ez^ �\9`dxycfpzs9`ºpz\rcÏLezndsr\9e_^a`lgªx`lgh}oeqpzs9`�\9eqg ~A ¦ ~B

eznÒs87z\rtµiknf`lg;xe_grcfgªpq`d`�\9xe63n|Z�xfZ�g5� ¥ e5Z]n ~A ¦ ~B
x`lgD}oeqpzs9`�\9eqg

~A = (Ax, Ay, Az) = Axx̂ + Ayŷ + Az ẑ

~B = (Bx, By, Bz) = Bxx̂ + By ŷ + Bzẑ,eznws9`�nfpqeqg3g9e;sriaeznfe
~A × ~B = (Axx̂ + Ay ŷ + Az ẑ) × (Bxx̂ + Byŷ + Bz ẑ)

= AxBxx̂ × x̂ + AxByx̂ × ŷ + AxBzx̂ × ẑ + AyBxŷ × x̂ + AyByŷ × ŷ +

+AyBz ŷ × ẑ + AzBxẑ × x̂ + AzBy ẑ × ŷ + AzBz ẑ × ẑ

= (AxBy − AyBx)ẑ + (AyBz − AzBy)x̂ + (AzBx − AxBz)ŷ

9 `�nfgriaxez\9e ez^Á�|Z]\CZ]^aez^a��jl\CZ]tu` eznjoeznfxy\CZ�x`�H`�\�x`lg�}oeqpzs9`�\9eqg ~A ¦ ~B ¬ }oez\u¨fjlc\CZ  �k®=¯©�§.^;°]\9e5Z�xeÒsCZ]^ª�|Z]\CZ]^aez^a��jl\CZ]tu` }�iaeznfeÒxfZ�x`�H`�\ : \9e5Z
= | ~A × ~B| .

;��7·l�d�r�$<>=@?
A ^kcfgrsr\9eztu`lgªez^Ècfg9`µxez^O�\9`�xycfpzs9`upz\rcÏ_pq`�nÔx`lgD�\9`�´^aezt�Z�g5�
B~Æ?ÄDC[¾¢��Ã¶¿FE|¤ ¥ e5Z]n

P1 = ¬HG mk®lmJIo¯©m P2 = ¬ Iym G m Õo¯ ¦ P3 = ¬LK m Õym G ¯�^�Z�gµpq`�`�\9xezn|Z�xfZ�guxe�^a`lg}M7z\rsriapqeqghxeJcn�sr\ri�°]njlc^a`� 9 Z]^apzc^ae_grcÔ°]\9e5Zy�
N ÄH¾LO ¡w�¢£P��¤V§.^O}oeqpzs9`�\hbdcfe;cnfeJ^a`lgT�cnds9`lg

P1 ¦ P2

eqg
~A = 3x̂ + ŷ + 3ẑ ,tµiaeznwsr\CZ�g3bwcfeJez^O}oeqpzs9`�\ªbwcfe;cnfeJ^a`lgD�cnws9`lg

P1 ¦ P3

eqg
~B = 2x̂ + 7ŷ − 3ẑ .
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� Ì `�\CZµ`�´fgCez\r}oeJbwcfeJez^Ètu��xyc^a`uxez^È�\9`�xycfpzs9`µ}oeqpzs9`�\ri�Z]^Sxe;^a`lgT}oeqpzs9`�\9eqg ~A ¦ ~B

eqgTikjlc|Z]^SZ]^x`�´^ae~xe_°]\9e5Zµxez^Èsr\ri�°]njlc^a`m|�H`�\D^a`	sCZ]nds9`: \9e5Z	xez^ 4 =
1

2
| ~A × ~B|

=
1

2
| − 24x̂ + 15ŷ + 19ẑ| ' 17, 04

B~Æ?ÄDC[¾¢��Ã¶¿��V¤ ¥ e5Z]n ~A ¦ ~B
x`lg�}oeqpzs9`�\9eqgcniksCZ]\ria`lg�ezn ez^3�^�Z]nf`

x, y
mÐbdcfe 5�`�\rt�Z]n°]njlc^a`lg −α ¦ β

pq`�nÅez^De�� e
x̂
m[\9eqgr�Veqpzsrik}lZ>3tueznws9e ¬ }oez\_¨fjlc\CZ  � G ¯©�[§.}�Z]^��fe�ez^Ð�\9`dxycfp63s9`�pz\rcÏµxe	eqgrs9`lg;}oeqpzs9`�\9eqgJxe	x`lg;t�Z]nfez\CZ�g5mcn|Zu}oezÏ�cfgCZ]nfx`�^�Z�xe©¨fniapzia��n ¦ ^�Zug9ezjlcnfxfZ}oezÏhcfgCZ]nfx`_^�ZJe
	��\9eqg9ia��nºeznus87z\rtµiknf`lgÐxeD^�Z�gpq`d`�\9xezn|Z�xfZ�gvp5Z]\rs9eqgri�Z]n|Z�g5m ¦ xeTeqgrsCZ;t�Z]nfez\CZeznfpzcfeznwsr\9e�cn|Z	e
	��\9eqgria��nÔ�|Z]\CZ
sin(α + β)

� ;��7·l�d�r�$<>=��
N ÄH¾LO ¡w�¢£P��¤V§.^ °]njlc^a`uezndsr\9e~^a`lgT}oeqpzs9`�\9eqg ~A ¦ ~B

eqg
α + β

mf^kcfezjo`
| ~A × ~B| = | ~A| | ~B| | sin(α + β)| = sin(α + β) .Y `�\3`�sr\CZ	�|Z]\rs9e

| ~A × ~B| = |(cos α x̂ − sinα ŷ) × (cos β x̂ + sinβ ŷ|
= |(cos α sinβ + sinα cos β) ẑ| = cos α sinβ + sinα cos β .

A jlc|Z]^�Z]nfx`�^�Z�gDx`lgDe
	y�\9eqgria`�nfeqgªZ]nds9ez\ria`�\9eqghpq`�nfpz^kciktu`lg3bwcfe
sin(α + β) = cosα sinβ + sinα cos β .

��q�wÆ]¡w�¢¡w�¢Ä��l¤
®l� §.nfpzcfezndsr\9e�cn�}oeqpzs9`�\µcniksCZ]\ria`

Â
bdcfe�g9e5ZËgrikt_c^ksC°]nfe5Z]tueznds9e��Vez\r�Heznfxyiapzc^�Z]\ºZÒ^a`lg}oeqpzs9`�\9eqg

~u = 2x̂ + ŷ − ẑ ¦ ~v = x̂ − ŷ + ẑ
��� 9 c|°]nds9`lg_}oeqpzs9`�\9eqg_cniksCZ]\ria`lg

Âe
	yiagrs9ezn�pq`�nÔeqgrsCZL�\9`��iaeqxfZ�x��
G � ¥ e5Z ~A = x̂+3ẑ−2ŷ

��§.nfpzcfezndsr\9eTcnµ}oeqpzs9`�\Éeznµez^��^�Z]nf`
x̂, ŷ

bwcfe{g9e5Zª�Vez\r�Heznfxyiapzc^�Z]\Z ~A
�

� ���Éez\ri7¨|bdcfeJ^�Z	e
	y�|Z]nfgria��nÔxez^O�\9`�xycfpzs9`µ}oeqpzs9`�\ri�Z]^Ssr\rik�^ael«
~A × ( ~B × ~C) = ~B ( ~A · ~C) − ~C ( ~A · ~B)�V`�\De
	��|Z]nfg9ia��nÔxyik\9eqpzsCZµeznÔpq`�`�\9xezn|Z�xfZ�ghp5Z]\rs9eqgri�Z]n|Z�g=�
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K � 9 `�nfgriaxez\9e~^a`lgT}oeqpzs9`�\9eqg ~A = x̂ + ŷ

m ~B = ŷ + ẑ ¦ ~C = x̂ − ẑ
�

�y¯ §.}lZ]^��fe~ez^È�\9`�xycfpzs9`ueqg9p5Z]^�Z]\Dsr\rik�^ae ~A · ( ~B × ~C)
�

� ¯ §.}lZ]^��fe ~A × ( ~B × ~C)
�

Iy� §.nfpzcfezndsr\9e�cnÁ}oeqpzs9`�\�bdcfe�g9e5ZË�Vez\r�Veznfxyiapzc^�Z]\ºZ]^T�^�Z]nf`¶bdcfe��|Z�gCZË�H`�\�^a`lg	�cnws9`lg
P1 = (1, 1, 1)

m
P2 = (1, 2, 3) ¦ P3 = (2, 3, 1)

�
�ªeqgr�cfeqgrsCZy« ~C = α (−4x̂ = 2ŷ − ẑ)

pq`�n
α
cn�n �tuez\9`�\9e5Z]^Onf`	nwc^a`�

� � §.nfpzcfezndsr\9eDcn	}oeqpzs9`�\�bdcfeTZ]�cnws9eªZª^a`;^�Z]\rjo`Jxe{^�Z3iknds9ez\9g9eqpqpzia��n�xe{^a`lg0�^�Z]nf`lg�eznjoezn 3xy\CZ�x`lgv�H`�\�^a`lgÉ}oeqpzs9`�\9eqg ~A = x̂+2ŷ
m ~B = x̂−3ŷ ¦ ~C = ẑ +2x̂− ŷ

m ~D = ŷ+2ẑ
m\9eqgr�Veqpzsrik}lZ]tueznws9el�

@3A��;A ��GTF	�3KLR
9 `�nfgriaxez\9eTcn�`�´ �rezs9` ¬ �H`�\Ée��reztµ�^a`mlcn|Z3´|Z>3\r\CZo¯Ébdcfehezn�pziaez\rs9`_iknfgrsCZ]nds9e;g9eDeznfpzcfeznwsr\CZLezn\9ez�H`lg9`��
ªcfe�^�Z 5¢cfez\rÏ=Z�s9`�sCZ]^.g9`�´\9eL^�Zu´|Z]\r\CZg9e5ZDndc^�Zym ¦ �H`�\[^a`hsCZ]nds9` ¬ cfgCZ]nfx`h^�Zªg9ezjlcnfxfZ^ae ¦ xeDÑªe�Ts9`�nP¯ÉgrcºZ�pqez^aez\CZ�pzia��n�g9e5Z;ndc^�Zymonf`grikjlni7¨|p5Zµbdcfe�7qgrsCZLnf`ueztµ�VezÏ=Z]\C°uZLtu`5}oez\9gCel�
0hn|Z"griksrc|Z�pzia��n xeËeqg9e�srik�V` g9e�t_cfeqg9sr\CZ"ezn^�Z�¨fjlc\CZ  � � ���SZ 5¢cfez\rÏ=Z�s9`�sCZ]^ ¬ eqgLxeqpzik\5mS^�Zgrct�Z	}oeqpzs9`�\ri�Z]^ xe~^�Zµx`lg�5 cfez\rÏ=Z�gªZ]�^kiap5Z�xfZ�gg9`�´\9eL^�Z�´|Z]\r\CZo¯ªeqg;ndc^�Z ¦ e65 eqpzsrik}lZ]tueznws9eµ^�Z´|Z]\r\CZ�pq`�tu`Òcn¶s9`dx`Ônf`�g9eµsr\CZ�g9^�Z�xfZ]\C°yÍ griknezt_´|Z]\rjo`mT^�Z�g�x`lg 5¢cfez\rÏ=Z�g��|Z]c^�Z]srikn|Z]tueznds9e
Ì Z]\C°]nÔbwcfe~^�ZL´|Z]\r\CZ	\9`�s9el�

;��7·l�d�r�$<>=��

9 `�nfgriaxez\9eztu`lguZ Ì `�\CZÒ^�Z��|Z]^�Z]nfp5ZÒtu`lgrsr\CZ�xfZeznµ^�Zª¨fjlc\CZ  � K � A jlnf`�\9eztu`lgÉ�H`�\.cnµtu`�tuezn 3s9`�ez^É�Veqg9`�xeµ^�Z��|Z]^�Z]nfp5Zy� ��
ªc 7 5 cfez\rÏ=Z�xe63´Heztu`lg Ì Z�pqez\ª�|Z]\CZ	t�Z]nds9eznfez\;^�Z	�|Z]^�Z]nfp5Zuezneqbwcik^kik´\ria` ���vZ�ezn�^�Z_Z]nwsrikj��feqxfZ�x�^a`lgvjl\riaezjo`lgpq`�nf`dp/1�Z]n�^�Zµ\9eqgr�cfeqgrsCZy«
F = Mg

x

L
.

;��7·l�d�r�$<>=��
�SZ�^ae ¦ bdcfe	xeqg9pz\rik´He	^a`lg;\9eqg9c^ksCZ�x`lg~eztµ� 1k\riapq`lg~xeµeqgrs9eLsrik�V`�xeµg9iksrc|Z�pzia`�nfeqg5mV^k^�Z]t�Z�xfZË�k���w�_�7���{����7�l¹P�9���zmfg9e;�cfeqxe~ezndcnfpzi�Z]\ 5�°�pzik^ktueznws9e_g9iOg9e;iknwsr\9`�xycfpqe_ez^Opq`�nfpqez�s9`ºxeJs9`�\9bwcfel�
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~τ
bdcfe;joeznfez\CZµcn|Z�5 cfez\rÏ=Z ~F

\9eqgr�Veqpzs9`�ZLcn��cnds9`
P
eqg

~τ ≡ ~r × ~F ,

x`�nfxe
~r
eqg.ez^}oeqpzs9`�\Ébdcfev}lZ3xeqg9xeTez^�cnws9`

P Ì Z�grsCZ;ez^^kcjwZ]\Éx`�nfxeTgCe{Z]�^kiap5Z3^�Z�5 cfez\rÏ=Z ~F
�

§.^�s9`�\9bwcfeÐeqgO^�Zht�Z]jlniksrcfx_\9eqg9�H`�nfgCZ]´^aeÐxe Ì Z�pqez\[jlik\CZ]\.ZT^a`lg[`�´ � ezs9`lg5�]§.^ds9`�\9bwcfe{Z]�cnwsCZezn�^�ZLxyik\9eqpqpzia��n�xez^Ve�� e;xe3jlik\9` ¦ ezn�ez^VgCeznwsriax`µxfZ�x`L�H`�\Ð^�Z�\9ezjl^�ZLxeª^�Z_t�Z]nf`µxez\9eqp Ì Z ¬ g9i^a`lg�xeqx`lgLeztµ�c±|Z�x`lg_iknfxyiap5Z]n�ez^vgCeznwsriax`Ôxe�^�Z�\9`�sCZ�pzia��n eznws9`�nfpqeqg	ez^��c^kjwZ]\Le
	�s9eznfxyiax`Z]�cnwsCZ�ZL^a`u^�Z]\rjo`uxez^Se��reJxe;jlik\9`w¯©�Ñª`�s9eÒbwcfeÔez^hs9`�\9bdcfeÔbdcfe�e�� ez\9pqeÔcn|Z 5 cfez\rÏ=Z(xez�VeznfxeÔxe�^�Z¶�H`lg9iapzia��n xez^h�cnds9`
Qx`�nfxe
7qg9sCZ_g9e3Z]�^kiap5Z ¦ xez^ P \9eqgr�Heqpzs9`	Z]^Vpzc|Z]^Veqg9sCZ]tu`lgvez}lZ]^kc|Z]nfx`	ez^Ps9`�\9bdcfel� 0ªn|Z�5¢cfez\rÏ=Z

~F
m\9eqgr�Veqpzs9`uZ	�cnws9`lgªxyiagrsriknws9`lg5m|e�� ez\9pqeJs9`�\9bdcfeqgDxyiagrsriknds9`lg5�

§.n"ez^�`�´ �rezs9`�tu`lgrsr\CZ�x`�ezn"^�Z�¨fjlc\CZ  �JI�g9eZ]�^kiap5Z�cn|Z 5 cfez\rÏ=Z�ezn³ez^S�cnds9`
Q
� �SZ�t�Z]j 3niksrcfxµxez^s9`�\9bwcfe{g9eÐ�cfeqxeTez}lZ]^kc|Z]\.t_c^ksrik�^ki43p5Z]nfx`Lez^HsCZ]t�Z]±f`	xeh^�Z 5 cfez\rÏ=Z~�V`�\{ez^P´\CZ]Ï5`�§.^P´\CZ]Ï5`LeqgÉ^�Z�xyiagrsCZ]nfpzi�Z_eznwsr\9e;ez^|�cnds9`

P ¦\9eqpzsCZµbwcfe3iknfxyiap5Z	^�Z	xyik\9eqpqpzia��nÒxe ~F
bwcfe3�|Z>3gCZu�V`�\;ez^[�cnds9`

Q
� 9 `�nÒ\9eqgr�Veqpzs9`�Z]^ �cnds9`

P1

ez^ tu��xyc^a`�xez^ s9`�\9bdcfeL�\9`dxycfpziax`��V`�\ª^�Z
5¢cfez\rÏ=Z ~F

eqg
Fa
mSx`�nfxe

F = | ~F | ¦ a
eqg_ez^´\CZ]Ï5`�o§.^}oeqpzs9`�\

~τ
Z]�cnwsCZ;nf`�\rt�Z]^HZ3^�Z Ì ` �rZxe~�|Z]�Vez^[eznËxyik\9eqpqpzia��nËxez^ ^aeqpzs9`�\5� �ªeqgr�Heqpzs9`Z]^f�cnws9`

P2

ez^s9`�\9bdcfeTjoeznfez\CZ�x`J�V`�\.^�Z
5¢cfez\ 3Ï=Z ~F
eqgTnwc^a`m ¦ Z	bwcfeJez^S´\CZ]Ï5`ueqgTnwc^a`�

;��7·l�d�r�$<>=��

§.^Èpq`�nf`dpziktµiaeznds9`ueztµ� 1k\riapq`µbdcfeªg9eªsriaeznfe;g9`�´\9e3�|Z]^�Z]nfp5Z�g5m ¦ ezn�joeznfez\CZ]^�mg9`�´\9e3`�´ � ezs9`lgezn�eqbwcik^kik´\ria` ¬ eqgÉxeqpzik\5mw`�´ �rezs9`lgÉbdcfe{nf`_Z�pqez^aez\CZ]n�nifpq`�tµiaeznÏ=Z]n�Z3\9`�sCZ]\�¯0�Vez\rtµiks9eDeznwcnfpzi�Z]\^�Zµgrikjlciaeznws9e~^ae ¦(¬ bdcfeJpq`�tµ�^aeztueznwsCZ�ZL^�Z	�\riktuez\CZ	^ae ¦ xe~Ñ3e�Ts9`�nP¯©«
� ���©�O���l���z�f��¹H�z�������5�©�r�z� �w�J����~�k���	���f�©�9�5���
�z�f�L�o�q�����¹ �z� � �9�_�d¹(�z�f�©� �y����9� �����9�q�����¶�d¹¶�P��¹|���

P
_� ��¹f�d�k��_�©¹|����¹H�C� �Ò�©�h�z�f�©� �y�¶¹H�"�9� ¸ � ������� �©� � �©���o�w��r�l���o�z����¹P�l��� � �5�r�� �©�É¹P��� �z��� � ���r�l����¹P�w���©¹(������¹H���

P
v¹P���9� ¸ �©¹��=�����Ô��� ����������z¹Ë�����©¹P����� �q�T�P��¹|��� � ����� �©��� � ��� �o����¹P�o���9��¹¶�z���©�z�������©�7�=�z� �w�o����¹d·����k����

�5��·����Â����� �o����¹P�o���9��¹³�k� ¸ � � ¸ �µ���©�7�=�z� �w�o����¹d·l�d�k����� =
��q�wÆ]¡w�¢¡w�¢ÄO¤PÎ;ezt�cfeqgrsr\9eJbwcfe3�|Z]\CZ�^�ZLgriksrc|Z�pzia��n�tu`lgrsr\CZ�xfZ	ezn�^�ZJ¨fjlc\CZ  � K myez^Vs9`�\9bdcfeªnfezs9`meznºs9`�\rnf`µZ]^H�cnws9`

0
m�e��rez\9pziax`��H`�\Ð^�Z�gÐsr\9eqg 5 cfez\rÏ=Z�g{bwcfe3Z�pzs �|Z]n�g9`�´\9eh^�Z��|Z]^�Z]nfp5Zymyeqgvnwc^a`�

¬ A jlnf`�\9e~ez^S�Heqg9`µxe;^�Zµ�|Z]^�Z]nfp5Zy� ¯
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@3A��~A � R��ªN|FHG!ILR���W��|W	�
�SZJez}lZ]^kc|Z�pzia��nºxez^fs9`�\9bdcfeDxez´iax`�Z]^�Veqg9`Jxecn¶`�´ � ezs9`�g9e	griktµ�^ki7¨|p5Z�pq`�nfgriaxez\CZ]´^aeztueznds9egri~g9e³iknwsr\9`�xycfpqe"ez^~pq`�nfpqez�s9` xe �C�©¹P� � � �w�¸ � �z���zmSbdcfe ¦ Z�tueznfpzia`�n|Z�x`³ezn ez^vp5Z]� 1ksrc^a`Z]nws9ez\ria`�\5�
9 `�nfgriaxez\9eztu`lghx`lg{t�Z�gCZ�g

m1 ¦ m2

m�cniaxfZ�g�H`�\;cn|Z�´|Z]\r\CZºxeLt�Z�gCZºxeqgr�\9eqpzi�Z]´^aelmÈxezn 3sr\9`(xeºcnÅp5Z]tµ�V`Ëjl\CZq}�iksCZ�pzia`�n|Z]^
~g = −gẑ

�§.}�Z]^kcfeztu`lgºez^Ts9`�\9bwcfe�nfezs9`(xez´iax`�Z]^T�Heqg9`xeJ^�Z�gTt�Z�gCZ�gDeznÔs9`�\rnf`�Z]^È�cnws9`
P
� ;��7·l�d�r�$<>=�


�Seznfeztu`lg5«
~τ = ~r1 × (−m1gẑ) + ~r2 × (−m2gẑ)

=
(m1~r1 + m2~r2)

M
× (−Mgẑ)

¥ e5Z
M = m1 + m2 ¦ xe©¨fn|Z]tu`lg

~r �� =
1

M
(m1~r1 + m2~r2) ,

eznws9`�nfpqeqg
~τ = ~r �� × (−Mgẑ) .Ê g9e5Zymvcn|Z"}oezÏËpq`�nf`�pziax`�ez^ª}oeqpzs9`�\�xeÒ�H`lgriapzia��n xez^;pqeznwsr\9`�xeÔt�Z�g�Z�g

~r ��
m��V`dxeztu`lgez}�Z]^kc|Z]\µez^{s9`�\9bwcfe�xez´iax`(ZÒ^�Z 5 cfez\rÏ=ZËxe�jl\CZq}oeqxfZ�xÁgrc�V`�niaeznfx`³bwcfe�^�ZÔt�Z�gCZÒs9`�sCZ]^{xez^`�´ � ezs9`ugCeJeznfpzcfeznwsr\CZueznÒeqg9e;^kcjwZ]\5�

§.^.pq`�nfpqez�s9`(�C�©¹|� �r�Ò�d� ¸ ���z��� Ì Z�Z]�Vez\9eqpziax`�ezn³}lZ]\ri�Z�g;`��H`�\rsrcniaxfZ�xeqg5�VÎ;e©¨fn|°]tu`lgr^a`¦ Z]n|Z]^kiapqeztu`lg;Z]^kjlcn|Z�ghxeJgrcfgD�\9`��iaeqxfZ�xeqg5«Y[Z]\CZ
N
t�Z�gCZ�g0xyiag9pz\9ezsCZ�g {mj}j

ezn�^a`lg[^kcjwZ]\9eqg {~rj}j

m?^�ZD�V`lgriapzia��n	xez^�pqezndsr\9`Jxe�t�Z�gCZ�g}diaeznfe~xfZ�xfZµ�H`�\
~r �� =

1

M

N
∑

j=1

mj ~rj ,

pq`�n
M = m1 + m2 + · · · + mN

�HY[Z]\CZ�ez^.p5Z�g9`�xeLcn|Zº^�°]tµikn|Z ¬ ezn³ez^[�^�Z]nf` x, y
mPpq`�n(ez^`�\rikjoezn¶eznËeqg9e�tµiagrtu`��^�Z]nf`w¯ªxe	xeznfgriaxfZ�x³grc�Hez\ ¨|pzi�Z]^

σ(x, y)
mV^�Zu�V`lgriapzia��n(xez^[pqezndsr\9`�xet�Z�gCZ�gT}�iaeznfe~xfZ�xfZ	�V`�\

~r �� =
1

M

∫

��� �������
(xx̂ + yŷ) σ(x, y) dx dy .
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Y[Z]\CZËcn�pzcfez\r�H`³g9��^kiax`Ëxe�xeznfgriaxfZ�x

ρ(x, y, z)
m0^�ZÔ�V`lgriapzia��n xez^Tpqezndsr\9`Ëxeºt�Z�gCZ�gL}�iaeznfexfZ�xfZ	�H`�\

~r �� =
1

M

∫

����������
~r ρ(x, y, z) dx dy dz .

�O`lg_g9ikjlciaeznws9eqg_gCeziagJe�� ez\9pziapzia`lg�g9eL\9e©¨|ez\9ezn Z�iktµ�V`�\rsCZ]nws9eqg~�\9`��iaeqxfZ�xeqg�xez^ª�C�©¹P� � �³�w�¸ � �z���z�
��q�wÆ]¡w�¢¡w�¢Ä��l¤
®l� � �Heqg�Z]\~xeubwcfe�ez^.}oeqpzs9`�\��C�©¹P� � �(�w� ¸ ���q��� ~r ��

xez�HeznfxfZ�xez^v`�\rikjoezn"bwcfe�g9eµez^ki �rZ�|Z]\CZ�ez}lZ]^kc|Z]\r^a`mV^�Z��V`lgriapzia��n(xez^Épqeznwsr\9`�xeLt�Z�gCZ�gJeqg;iknfxez�Veznfxyiaeznws9e�xe�^�Z�ez^aeqpqpzia��nxez^O`�\rikjoeznO�
¥ e5Z

~r ��
ez^ª}oeqpzs9`�\��V`lgriapzia��n xez^;pqeznwsr\9` xet�Z�gCZ�g�xeÒcn `�´ �rezs9`�ez}�Z]^kc|Z�x`�cfgCZ]nfx` cngriag9s9ezt�ZÒxe�\9e65�ez\9eznfpzi�Z³pzc ¦ `(`�\rikjoeznÅeqg O ¦

~r′��
ez^µ\9eqgrc^ksCZ�x` bwcfeÁg9eÁ`�´sriaeznfe�cfg�Z]nfx``�sr\9`¶g9iagrs9ezt�Z(xe�pq`�`�\9xezn|Z�xfZ�gºpzc ¦ `"`�\rikjoezneqg

O′
�Î;ezt�cfeqgrsr\9e_bdcfe

~r 	�
 = ~r ′
	�
 + ~a ′ ,

x`�nfxe
~a
eqg{ez^P}oeqpzs9`�\Tbdcfehcnfeª^a`lg{x`lgÐ`�\21kjoe63nfeqg5� ;��k·���� �$<>= <

G � 9 `�nfgriaxez\9eªsr\9eqgÐt�Z�gCZ�g m1 = m0

m
m2 = 3m0 ¦ m3 = 6m0

moc´iap5Z�xfZ�gTezn�^a`lg�^kcjwZ]\9eqg
~r1 = x̂ + 3ŷ , ~r2 = −x̂ + 2ẑ ¦ ~r3 = 5x̂ + 3ŷ − 2ẑ ,

\9eqgr�Veqpzsrik}lZ]tueznws9el�f§.nfpzcfezndsr\9eJ^�ZL�V`lgriapzia��n�xez^Opqeznwsr\9`µxe;t�Z�gCZ�g{cfgCZ]nfx`	^a`lgTx`lg{�\9` 3pqeqxyiktµiaeznds9`lgªgrikjlciaeznds9eqg5«
�y¯ 03gCZ]nfx`	^�Z 5���\rt_c^�Z

~rcm =

∑

i mi~ri
∑

j mj

.

� ¯ §.nfpq`�ndsr\CZ]nfx`³�\riktuez\9`Òez^{pqeznwsr\9`Ëxeºt�Z�gCZ�g�xez^{grc´fgriag9s9ezt�Z 5�`�\rt�Z�x`Ô�V`�\�^�Z�g�|Z]\rs21apzc^�Z�g�® ¦ G g9`�^�Z]tueznws9e ¦ ^kcfezjo`ueznfpq`�ndsr\CZ]nfx`�ez^Opqeznwsr\9`�xe~t�Z�gCZ�ghxeJeqgrs9egrc´fg9iagrs9ezt�Z	pq`�n�^�ZL�|Z]\rs21apzc^�Z� � �
�=¯��f`�\rt�c^ae_ezn��|Z]^�Z]´\CZ�gªcn|ZLjoeznfez\CZ]^kikÏ=Z�pzia��n ¬ iktµ�V`�\rsCZ]nws9e=¯Dxe~eqgrs9e;\9eqgrc^ksCZ�x`�
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� � 9 `�nd}M7znÏ=Z�g9e(xe³bwcfe³gri;cn�`�´ � ezs9` sriaeznfe³e��reqg ¦ �^�Z]nf`lg�xe³griktuezsr\21�ZymTeznws9`�nfpqeqg�ez^pqezndsr\9`�xe~t�Z�g�Z�ghg9eJc´iap5Z�eznÔsCZ]^aeqgª�^�Z]nf`lg ¦ e��reqg5�fY[`�\3e��reztµ�^a`m|xeLZ�pzcfez\9x`ºZµeqgrs9e\9eqgrc^ksCZ�x`myezn�cn|ZLeqg 5�ez\CZymdcn�pzik^kiknfxy\9`	\9eqpzs9`myezs9pl�kmez^Hpqezndsr\9`µxe3t�Z�gCZ�g{g9e3c´iap5Z]\C°LZ]^pqezndsr\9`uxeJsCZ]^aeqgD`�´ �rezs9`lg5�
K � 9 `�nfgriaxez\9e3cn�pzcfez\r�V`	pq`�tµ�cfeqgrs9`µxe N

t�Z�gCZ�g
mj

m�griksrc|Z�x`lgDezn�^a`lgÐ^kcjwZ]\9eqg
~rj

m�pq`�n
j = 1, 2, 3, . . . , N

�ÐÎ3ezt�cfeqgrsr\9e³bwcfeÔ^�Z¶eznfez\rj 1�Z��V`�s9eznfpzi�Z]^3xeÒsCZ]^3pzcfez\r�V`mÐezn cnp5Z]tµ�V`ujl\CZ5}diksCZ�pzia`�n|Z]^Épq`�nfgrsCZ]nds9elmVg9e~�cfeqxeLez}�Z]^kc|Z]\;grc�V`�niaeznfx`ºbdcfe�s9`dxfZ�grcÔt�Z�gCZ
M = m1 + m2 + · · · + mN

eqgrsC°µpq`�nfpqezndsr\CZ�xfZueznÔg9c�pqeznwsr\9`�xe;t�Z�g�Z�g5�
Iy� 9 `�nfgriaxez\9e3cn�pzcfez\r�V`	pq`�tµ�cfeqgrs9`µxe

N
t�Z�gCZ�g

mj

m�griksrc|Z�x`lgDezn�^a`lgÐ^kcjwZ]\9eqg
~rj

m�pq`�n
j = 1, 2, 3, . . . , N

�[Î;ezt�cfeqgrsr\9e�bwcfe��|Z]\CZËez}lZ]^kc|Z]\uez^Ðs9`�\9bdcfe�s9`�sCZ]^{\9eqgr�Heqpzs9`(ZÒcn�cnds9`
P
xez´iax`�Z	^�Z 5 cfez\rÏ=Z	xeJjl\CZq}oeqxfZ�x ¬ pq`�nfgrsCZ]nws9e=¯©m|´|Z�grsCZµgrc�V`�nfez\Dbdcfe;s9`dxfZL^�Zt�Z�gCZ	xez^ pzcfez\r�H`ueqg9sC°	pq`�nfpqeznwsr\CZ�xfZºezn�ez^Spqeznwsr\9`uxe~t�Z�gCZ�g5�

� � 9 `�nfgriaxez\9eDcnugriagrs9ezt�Z;bdcfeTpq`�nfgriagrs9eTxeTx`lg.t�Z�gCZ�g
m ¦ M

�cndsrc|Z]^aeqg�g9ez�|Z]\CZ�xfZ�g��H`�\cn|Z�xyiagrsCZ]nfpzi�Z
a
�HÎ;ezt�cfeqgrsr\9eµbwcfeL^�Zº�V`lgriapzia��n¶xez^.pqeznwsr\9`�xe	t�Z�gCZ�g;xez^Égriagrs9ezt�Z�g9ec´iap5ZµgC`�´\9e;^�Z	\9eqpzsCZµbdcfe;^�Z�gTcnfelmfeznfpq`�nwsr\C°]nfx`lgCe_t�°�gDpqez\9p5Z]nf`ºZ	^�ZLt�Z�gCZ	t�Z ¦ `�\5�

@3A��_A �(QvWhX9K�WhM U��	� �;K ���0FHU9M[W ILR.XÁM R��ªN|FVG ILR ��W	�|W�� ILR K � �PR��
��U9M
	rFHM[KLX9G

B~Æ?ÄDC[¾¢��Ã¶¿È«y§.nfpq`�nwsr\CZ]\hnwct 7z\riap5Z]tueznws9eLez^Èpqeznwsr\9`µxe3t�Z�gCZ�gTxe;cn|Z�^�°]tµikn|Z	g9eztµiapzik\9pzc^�Z]\xeJ\CZ�xyia`
R ¦ xeznfg9iaxfZ�x�grc�Vez\ ¨|pzi�Z]^Ocni45 `�\rtue σ0

�
N ÄH¾LO ¡w�¢£P��¤fÎ3ik}diaxfZ]tu`lg{ez^Vg9eztµiap/1k\9pzc^a`Lezn

N
5 \CZ]n �rZ�gÐxe3Z]nfp Ì ` dz = R/N ¦ ^kcfezjo`LZ]�\9` 	�i43tueztu`lgª^�Z�g�5 \CZ]n �rZ�gª�V`�\ª\9eqpzsC°]njlc^a`lg ¬ }oez\ª¨fjlc\CZ  � Õo¯©�V§.^0pqeznwsr\9`�xe�t�Z�gCZºxez^ \9eqpzsC°]njlc^a`

j
g9eJeznfpq`�ndsr\CZ]\C°�ezn�ez^O^kcjwZ]\

~rj =

(

j dz − 1

2
dz

)

ẑ =
R (j − 1/2)

N
ẑ j = 1, . . . , N .

§.^ °]\9e5Zµxez^O\9eqpzsC°]njlc^a`
j
}�iaeznfe~xfZ�xfZ	�V`�\

Aj = (ancho) · (largo)

= dz 2xj

= 2 · R

N
·
√

R2 − R2(j − 1)2/N2

= 2

(

R

N

)2
√

N2 − (j − 1)2
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;��k·��d�r� <>=��§.nfpq`�nwsr\9eztu`lgÉZ Ì `�\CZªez^wpqeznwsr\9`3xeÉt�Z�g�Z�gSxeÉ^a`lg[pqeznwsr\9`lg[xeÉt�Z�g�Z�g xe.s9`�x`lg ^a`lgO\9eqpzsC°]njlc^a`lg5�¥ eJsriaeznfel«
~Rcm =

∑

j ~rj · (
t�Z�gCZuxe;\9eqpzsC°]njlc^a`

j)¬ t�Z�gCZ	xez^Sg9eztµiap/1k\9pzc^a`w¯
=

∑

j

(

R(j − 1/2)

N
ẑ σ0 2

(

R

N

)2
√

N2 − (j − 1)2

)

1

σ0
1

2
π R2

=
4R

πN3

N
∑

j=1

(

√

N2 − (j − 1)2 (j − 1/2)
)

ẑ

= f(N)Rẑ ,x`�nfxe
f(N) ≡ 4

πN3

N
∑

j=1

(

√

N2 − (j − 1)2 (j − 1/2)
)

.

§.^O}lZ]^a`�\he
	Z�pzs9`	�|Z]\CZ ~Rcm

g9eJ`�´sriaeznfeJ�|Z]\CZµ}�Z]^a`�\9eqgTjl\CZ]nfxeqgªxe
N
�Y[Z]\CZ�}lZ]^a`�\9eqgJxe

N
nf`�xezt�Z�gri�Z�x`�jl\CZ]nfxeqg;�H`�xeztu`lg;ez}�Z]^kc|Z]\

f(N)
pq`�n³cn|Z�p5Z]^apzc 3^�Z�x`�\CZ ¬¢Ì °]jwZ]^a`u�|Z]\CZ N = 1 ¦ N = 2 ¦ pq`�tµ�|Z]\9e_grc�\9eqg9c^ksCZ�x`�pq`�nÔez^Sxe~^�ZLsCZ]´^�Zo¯©�|Y0Z]\CZ}�Z]^a`�\9eqgTjl\CZ]nfxeqghxe

N
xez´Veztu`lg Ì Z�pqez\Tcn��Heqbdcfez±f`	�\9`�jl\CZ]t�Z ¦ cfgCZ]\Tcn|Z	pq`�tµ�csCZ�x`�\CZy�0hn��Veqbwcfez±f`u�\9`�jl\CZ]t�Zuezn�� � ¥ A 9 bdcfeJ�Hez\rtµiks9e_ez}�Z]^kc|Z]\

f(N) ¬ �|Z]\CZ N = 500
¯{eqg5«

�����
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���������
� ���
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�
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�)B�CD'E#
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N f(N)

§.\r\9`�\D\9ez^�Z]srik}o`��® � � ������� I �
G � �JIlÕ G � � I
� � �JI � K K G �I � � K �  G ® ® � � � K � K G �y� K
G � � � K K I � Iy� �
I � � � K ��� K G �k®® ��� � � K � � � ®l�k®
G ��� � � K G � Õ � �JI �I ��� � � K G I K � � G K® ����� � � K G K � � � �k® G§ 	fZ�pzs9` � � K G K K ;��7·l�d�r�$<>=��

�O`lgu\9eqgrc^ksCZ�x`lgºbwcfe�Z]\r\9` �9Z³eqgrs9e��\9`�jl\CZ]t�Z(�|Z]\CZ(xyiagrsriknws9`lg�}�Z]^a`�\9eqg�xe
N
m.g9e��\9eqgCeznwsCZ]neznÔ^�Z	sCZ]´^�ZºZ�x � cndsCZy� �heqpzc\r\riaeznfx`�Z]^Sp5°]^apzc^a`ºiknws9ezjl\CZ]^�m|eqgh�H`lg9ik´^ae~eznfpq`�nwsr\CZ]\;ez^S\9eqgrc^ksCZ�x`e
	Z�pzs9`m�eqg{xeqpzik\5mdez^H}�Z]^a`�\{xe

f(∞)
Í 7qgrs9eª\9eqgrc^ksCZ_gCez\

4/(3π) = 0,4244 . . .
§.n�^�Z~¨fjlc\CZ  � �g9eµt_cfeqg9sr\CZ�cn¶jl\C°?¨|pq`�xez^vez\r\9`�\_\9ez^�Z]srik}o`Ôezndsr\9e�ez^É}lZ]^a`�\Jn �tuez\riapq` ¦ ez^É}�Z]^a`�\�e
	Z�pzs9`�ezn5¢cnfpzia��nÔxe

N
� � �|Z]\rsrik\hxe

N = 100
ez^Sez\r\9`�\heqgTtueznf`�\hbdcfe;cn"®����

Ñª`�sCZy«Ð§.^;t 7zs9`dx`�nwct 7z\riapq`Áeztµ�^ae5Z�x`ÁZ�bdc 1ª�|Z]\CZ"\9eqg9`�^k}oez\�ez^3�\9`�´^aezt�Z"nf` eqg�ez^ht�°�ge©¨|pziaeznws9el� �SZL´H`�nfxfZ�xÔxez^Ot 7zs9`dx`�eztµ�^ae5Z�x`u\CZ�xyiap5Zµezn�grc�g9iktµ�^aezÏ=Zy�
��q�wÆ]¡w�¢¡w�¢ÄO¤ 03g9e�cn��\9`�pqeqxyiktµiaeznws9`~Z]n|°]^a`�jo`3�|Z]\CZ3p5Z]^apzc^�Z]\0^�ZD�V`lgriapzia��n	xez^�pqezndsr\9`Jxe�t�Z�gCZ�gxeJcn|Zµg9eztµiaeqg 5�ez\CZ	xeJ\CZ�xyia`

R ¦ xeznfgriaxfZ�x�xeJt�Z�gCZ ¬ cni45 `�\rtue=¯ ρ0

�

@3A��;A � �;K�UCX9U��LFHU9G
0hn�pzcfez\r�H` ¬ `�´ � ezs9`Ò`�griagrs9ezt�Zo¯©m bwcfeuezn�pziaez\rs9`�iknfgrsCZ]nds9eºeqgrsC°�ezn¶\9ez�H`lgC`mSg9ezjlcik\C°�ezn\9ez�H`lg9`ºgriÈ^�Z 5 cfez\rÏ=Z	nfezsCZ�bwcfe_Z�pzs �|Z]n³g9`�´\9e�7z^[eqgTnwc^�Z ¦ Z�xezt�°�ghez^ s9`�\9bwcfeJnfezs9`ºxe_eqgrsCZ�g5¢cfez\rÏ=Z�g ¬ \9eqgr�Veqpzs9`�Z�pzc|Z]^abwciaez\3�cnws9`w¯©mHsCZ]t�´i 7zn³eqg3ndc^a`�D0ªnÒpzcfez\r�V`ºbdcfe_eqg9sC°�eznË\9ez�H`lgC`¦ pq`�ndsrikn �|Zºezn�eqg9eJeqgrsCZ�x`ug9eJxyiapqe_bwcfeJeqgrsC°uezn����z���Â� � � �����l�
	���
P� �uÀ[�Ô��-O[� ¾ �@C[Æ��ÂÄS¤
Y0Z]\CZ bwcfeÒcn pzcfez\r�V` eqgrs87Òezn eqbdcik^kik´\ria` eqg�nfeqpqeqgCZ]\ria`�bdcfeÒgCeÔpzctµ�^�Z]n ^�Z�ggrikjlciaeznds9eqghx`lgDpq`�nfxyiapzia`�nfeqg=«
iÂ¯ �SZ 5 cfez\rÏ=Z	nfezsCZµgC`�´\9e~ez^O`�´ � ezs9`�xez´HeJg9ez\Tndc^�Zy�
ikiÂ¯�§.^Ès9`�\9bdcfeJnfezs9`ugC`�´\9e~ez^O`�´ � ezs9`�xez´HeJg9ez\Tndc^a`�
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9 `�nfgriaxez\9eztu`lg"cn�`�´ � ezs9` ¬ pzcfez\r�V`�\21kjliax`w¯5 `�\rt�Z�x`(�V`�\

N
t�Z�gCZ�g {mj}

c´iap5Z�xfZ�guezn^a`lg�^kcjwZ]\9eqg {~rj} ¬ \9eqg9�Heqpzs9` Z cn `�\rikjoezn
O
¯ ¦ cniaxfZ�g_�V`�\~´|Z]\r\CZ�g�\21kjliaxfZ�g�g9ikn¶t�Z�gCZ�g¬ }oez\D¨fjlc\CZ  �k® � ¯©� ¥ e5Z ~Fj

^�Z 5¢cfez\rÏ=Z�e
	�s9ez\rn|ZbwcfeTZ�pzs �|Z;g9`�´\9eTp5Z�xfZªcn|Z;xeÐ^�Z�g0t�Z�gCZ�g
mj

�
� pq`�ndsriknwc|Z�pzia��nOm?cfgCZ]nfx`heqg9sCZv¨fjlc\CZym=xeztu`lg 3sr\CZ]\9eztu`lghx`lgD\9eqg9c^ksCZ�x`lgDiktµ�V`�\rsCZ]nws9eqg5«

;��k·���� �$<>=L?��
� �.�k� �©��©�9�5��¹V�z��� �z� � �r�L��¹"�z�f�©� �y�Ô� �L���©� �Ò�©¹|����¹P��� �µ�©�[�������z��	¹H�z����� �_�¢¹P�w� ���z¹P�����©¹|� ���w�©���P��¹|�����r� � ��r�q�����d�©�S�z����	�q�L�©�?��� �� =��Ð¹u�y���z� � �z���k���� �����©�È�������z��� �{¹f���7�~�r� ��r�q���	�J��¹J�H�d¹|����È��� ¸ � ���©¹º�7� �q�©���_�r� � ��r�q���	���z�y�l� �z�����©�ª�l� �r�Ð�P��¹|��� =

Î3eztu`lg9sr\CZ�pzia��nO«
¥ e5Z]n {~rj} ¦ {~rj}

^a`lgv}oeqpzs9`�\9eqgTxeª�V`lgriapzia��n�xeh^�Z�gÐt�Z�gCZ�g {mj}
\9eqgr�Veqpzs9`	Z~cn�`�\rikjoezn

O ¦
O
my\9eqgr�Veqpzsrik}�Z]tueznds9el� ¥ e5ZuZ�xezt�°�g ~R

ez^È}oeqpzs9`�\ªbdcfe;cnfeJ^a`lgT�cnws9`lg
O ¦ O

�§.nds9`�nfpqeqg
~τ =

∑

j

~rj × ~Fj

=
∑

j

(~R +~rj) × ~Fj

=
∑

j

~R × ~Fj +
∑

j

~rj × ~Fj

= ~R ×
∑

j

~Fj + ~τ = ~R ×~0 + ~τ = ~τ .

§.^S`�sr\9`µ\9eqgrc^ksCZ�x`uiktµ�H`�\rsCZ]nds9e_eqgDez^Sg9ikjlciaeznws9el«
� �Ð�k� ���f�©�9�5�Ô¹H�z��� ~F ���	�

�z�f�º�o�q���� �z� � �r�u��¹ �z�f�©� �y�³�w� ¸ ���q� M
¹H�Ô� �	¹f�d�k���©¹P����¹P�C� �L�z�y�P��¹|�����w�©� �z�f�©� �y� �z�f�µ� ���o�C�z�k�©�r�o�o�Ô�w�L�o�z�f�©� �w�����k� �q��·���¹P�o���a� ��w��
_��É����¹"� �L�©�S�C�©¹P� � ���w� ¸ ���q����=�� �5�r�� �5��� ���©¹V�
�z�f���

~F ���	� = M~̈r ��� .

Î3eztu`lg9sr\CZ�pzia��nO«
§.nº�\riktuez\{^kcjwZ]\Ðnf`�s9eztu`lg{bwcfeh^�Z�gv´|Z]\r\CZ�gÐbdcfehcnfezn�^�Z�gvxyiag9sriknwsCZ�gÐt�Z�gCZ�gÐeznº^�Z~¨fjlc\CZ  �k® �sr\CZ]nfgrtµiks9ezn 5¢cfez\rÏ=Z�g=� ¥ e5Z ~Fij

^�Z'5 cfez\rÏ=ZLbwcfe3e�� ez\9pqe3^�Z_t�Z�gCZ
mj

g9`�´\9eª^�Z_t�Z�g�Z
mi

�yÎ3ez´iax`Z]^O�\riknfpzik�ia`uxe_Z�pqpzia��n ¦ \9e5Z�pqpzia��n ~Fji = −~Fij

�
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�SZ!5 cfez\rÏ=Z~bdcfehe��rez\9pqezn�s9`�xfZ�gÉ^�Z�gÐxezt�°�gÉ�|Z]\rs21apzc^�Z�g{g9`�´\9eh^�ZJt�Z�gCZ

mi

}diaeznfeDxfZ�xfZ_�V`�\
∑

j
~Fij

�Y[`�\h^a`	sCZ]nws9`m|^�Z	eqpzc|Z�pzia��nÒxe;tu`=}diktµiaeznds9`��|Z]\CZ	^�ZL�|Z]\rs21apzc^�Z
i
}�iaeznfeJxfZ�xfZ	�H`�\

mi ~̈ri = ~Fi +
∑

j

~Fij .

¥ ct�Z]nfx`us9`�xfZ�gT^�Z�gDeqpzc|Z�pzia`�nfeqg ¬ `µg9e5Zymgrct�Z]nfx`�gC`�´\9e i
¯{g9eJ`�´sriaeznfe

∑

i

mi~̈ri =
∑

i

~Fi +
∑

ij

~Fij .

Î3ez´iax`ºZ]^O�\riknfpzik�ia`�xe~Z�pqpzia��n ¦ \9e5Z�pqpzia��nOmf^�Z �^ksrikt�Z�grct�Z ¬ g9`�´\9e i ¦ j
¯TeqgTnwc^�Zym|^kcfezjo`

M

∑

i mi~̈ri

M
=
∑

i

~Fi = ~F � � � .

Y ez\9`
∑

i mi~̈ri

M
= ~̈r 	�
 ,^kcfezjo`

~F ����� = M~̈r 	�
 .Î3ez´iax`�Zº^�Zºiktµ�V`�\rsCZ]nfpzi�Z�xe	eqgrs9eL\9eqgrc^ksCZ�x`�^a`�\9eziks9ez\CZ]tu`lg~ezn³�|Z]^�Z]´\CZ�g5« �SZ 5 cfez\rÏ=Z�nfezsCZbwcfe�Z�pzs �|Z�g9`�´\9e	cn"`�´ �rezs9`ÔZ�pqez^aez\CZ�Z]^�`�´ �rezs9`�pq`�tu`�cn¶s9`�x`�O§.^.^kcjwZ]\~joeq`�t 7zsr\riapq`Ëbdcfepzctµ�^aeµpq`�nË^�Z�g9ezjlcnfxfZ�^ae ¦ xeLÑ3e�Ts9`�n(eqgJez^.pqeznwsr\9`�xeLt�Z�gCZ�g5�OÊ g9e5ZymH�|Z]\CZ�Z]n|Z]^kikÏ=Z]\~ez^tu`5}�iktµiaeznws9`µsr\CZ�gr^�Z�pzia`�n|Z]^�mys9`�xfZ_^�Z_t�Z�g�Z_g9eª�cfeqxe;�VeznfgCZ]\Ðpq`�tu`	griVeqgrsrc}�iaeqg9e3pq`�nfpqeznwsr\CZ�xfZeznÔez^Opqeznwsr\9`ºxeJt�Z�gCZ�g5mgriaeznfx` 7qg9e;sCZ]t_´i 7znËez^È^kcjwZ]\heznÔbdcfeJg9e~Z]�^kiap5Z	^�Z�5 cfez\rÏ=ZLnfezsCZy�
9 `�\9`�^�Z]\ria`« ¥ i ^�Z�5 cfez\rÏ=ZµnfezsCZºbdcfe�Z�pzs �|Zºg9`�´\9e_cnËpzcfez\r�H`�eqgªnwc^�ZymHeznws9`�nfpqeqg;ez^[pqezndsr\9`ºxet�Z�gCZ�gDxez^Spzcfez\r�V`ug9e;sr\CZ�gr^�Z�xfZupq`�n�}oez^a`dpziaxfZ�x�cni45 `�\rtue ¬ `unwc^�Zo¯©�
Êª´fg9ez\r}oe_bdcfe;nf`ueqgTnfeqpqeqgCZ]\ria`ºeqgr�Veqpzi7¨|p5Z]\hez^È�cnws9`�\9eqgr�Heqpzs9`ºZ]^Spzc|Z]^Sg9eJeqgrsC°uez}�Z]^kc|Z]nfx`uez^s9`�\9bwcfe;nfezs9`m ¦ Z	bdcfelmyxe~Z�pzcfez\9x`�ZL^a`lg{\9eqgrc^ksCZ�x`lgDe
	y�cfeqgrs9`lghZ]nds9ez\ria`�\rtueznws9elmHgriV^�Z 5¢cfez\rÏ=ZnfezsCZºeqgªnwc^�Z ¦ ez^[s9`�\9bwcfeLeqg3nwc^a`�\9eqgr�Veqpzs9`�Z�cnË�cnws9`mHsCZ]t_´i 7zn³^a`�g9ez\C°�pq`�nË\9eqgr�Veqpzs9`�Zpzc|Z]^abwciaez\3`�sr\9`	�cnws9`�
A ^kcfgrsr\9eztu`lgªez^Ècfg9`µxeJ^�Z�gT^ae ¦ eqgªxez^Oeqbwcik^kik´\ria`�\9eqg9`�^k}�iaeznfx`µcn��\9`�´^aezt�Zy�
B~Æ?ÄDC[¾¢��Ã¶¿V¤
0hn|Z�eqg9p5Z]^aez\CZLxe3t�Z�gCZ

m ¦ ^�Z]\rjo` L
g9eªeznfpzcfezndsr\CZµZ]�H` ¦ Z�xfZ	pq`�nwsr\CZ�cn|Z��|Z]\9eqx�^kiagCZ ¬ `Lg9e5Zymnf` Ì Z ¦ \9`�pqehezndsr\9eD^�Z_eqg9p5Z]^aez\CZ ¦ ^�Z;�|Z]\9eqx|¯©m 5�`�\rt�Z]nfx`~cn�°]njlc^a` α

pq`�nºez^k^�Zy� 0hn|Z;�Vez\9g9`�n|Zxe�t�Z�gCZ
M

g9e�eznfpzcfezndsr\CZ"g9`�´\9e�^�Z(eqg9p5Z]^aez\CZy� � 9 c|°]^heqg�ez^ht�1kniktu`"pq`�e©¨|pziaeznws9eÔxe�\9`dpqeeqgrsC°]sriapq`�bdcfeLxez´Veµe
	yiagrsrik\~eznwsr\9euez^Ég9cfez^a` ¦ ^�Z�eqg9p5Z]^aez\CZ��|Z]\CZ�bdcfeL^�Z�eqg9p5Z]^aez\CZ�nf`�\9eqgr´|Z]^aelmiknfxez�Heznfxyiaeznds9eztueznws9e	xeJ^�ZµZ]^ksrc\CZ�ZL^�Z	bdcfe~g9eJeznfpzcfezndsr\CZµ^�ZL�Vez\9g9`�n|Z �
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A ndsr\9`dxycÏ5p5Z]tu`lg;ez^Sgriag9s9ezt�Zuxe~pq`�`�\9xezn|Z�xfZ�ghtu`lg9sr\CZ�x`�eznÔ^�Z	¨fjlc\CZ�Z�x � cnwsCZy�HY[Z]\CZ�bwcfe~ez^griagrs9ezt�ZLg9e3eznfpzcfeznwsr\9e~ezn�eqbdcik^kik´\ria`my^�Z'5 cfez\rÏ=Z�s9`�sCZ]^Og9`�´\9eh^�ZLeqg9p5Z]^aez\CZ	xez´Ve3g9ez\{nwc^�Zy�²;Z ¦pzc|Z]sr\9`�5 cfez\rÏ=Z�ghZ�pzsrc|Z]nfx`�g9`�´\9e;^�Zueqg9p5Z]^aez\CZy«
iÂ¯�§.^_�Heqg9`Áxe¶^�ZÁeqg9p5Z]^aez\CZ −mgẑ

ÍheqgrsCZ
5 cfez\rÏ=ZDg9eÐZ]�^kiap5Zhezn	ez^dpqezndsr\9`ªxevt�Z�gCZ�gxe;^�ZµeqgCp5Z]^aez\CZy�

ikiÂ¯�§.^È�Veqg9`µxeJ^�ZL�Vez\9g9`�n|Z −Mgẑ
�

ikikiÂ¯ �SZª\9e5Z�pqpzia��n�bdcfe{e�� ez\9pqeÐ^�Z3�|Z]\9eqx	g9`�´\9e^�Zªeqg9p5Z]^aez\CZy� 9 `�tu`3^�Zª�|Z]\9eqxLeqg0^kiag�Z ¬ nf`Ì Z ¦ \9`�pqe=¯[sCZ]^ 5 cfez\rÏ=ZJeqg0�Hez\r�Veznfxyiapzc^�Z]\ZL^�ZL�|Z]\9eqxÈ« ~Fp = −Fpx̂
�

ik}f¯ �SZ�\9e5Z�pqpzia��nÁxez^Ðgrcfez^a`Òg9`�´\9eº^�ZÔeqg9p5Z>3^aez\CZy�O§�grsCZ�eqg ~Fs = FN ẑ + frx̂
mOx`�n 3xe

FN

eqgD^�Z�5¢cfez\rÏ=Zµnf`�\rt�Z]^ ¦ fr

eqgD^�Z
5 cfez\rÏ=Z	xeJ\9`�pqel�

;��k·���� �$<>=L?M?
�SZµpq`�nfxyiapzia��nÒxeJbdcfeJ^�Z 5 cfez\rÏ=Z	s9`�sCZ]^Sg9e5ZLndc^�Z	nf`lghxfZL^�Zµ\9ez^�Z�pzia��nO«

−mgẑ − Mgẑ − Fpx̂ + FN ẑ + frx̂ = ~0 .Î3e�Z�bwc 1Og9eJxeqxycfpqeznÒ^�Z	eqpzc|Z�pzia`�nfeqg
FN = (m + M)g ¬� � G ¯

¦
fr = Fp . ¬� � � ¯§.}�Z]^kcfeztu`lg_ez^.s9`�\9bwcfeLs9`�sCZ]^Éezn(s9`�\rnf`�Z]^.`�\rikjoeznO� 9 `�tu`�^�Z�eqg9p5Z]^aez\CZ�eqgrsC°�ezn(eqbwcik^kik´\ria`mÈez^s9`�\9bwcfeJnfezs9`�xez´HeJg9ez\hnwc^a`� ¥ eJsriaeznfel«

Mgx ŷ + mg
L

2
sinα ŷ − FpL cos α ŷ = ~0 ,`ug9e5Zym

Fp =
g(Mx + mL

2
sinα)

L cos α
. ¬� � K ¯Î3e~^�Z�gDeqpzc|Z�pzia`�nfeqg ¬� � � ¯ ¦(¬� � K ¯{g9eJeznfpzcfezndsr\CZubdcfeJ^�Z 5 cfez\rÏ=Zµxe;\9`dpqe~}diaeznfeJxfZ�xfZ	�V`�\

fr =
g(2Mx + mL sinα)

2L cos α
.§.^|}lZ]^a`�\�t�° 	yiktu`_xeh^�Z!5 cfez\rÏ=Z~xeD\9`�pqehgCeD`�´sriaeznfeªpzc|Z]nfx`_^�ZJ�Vez\9g9`�n|Z~g9c´He Ì Z�g9sCZJ^�ZJ�|Z]\rs9et�°�gªZ]^ksCZ	xeJ^�Z	eqg9p5Z]^aez\CZ ¬ x = L sinα

¯©�§.nÔeqgCeJp5Z�g9`µ^�Z 5 cfez\rÏ=ZµxeJ\9`�pqeJeqg
fr = g

(

M +
m

2

)

tanα .
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�SZ 5 cfez\rÏ=Z�xe	\9`dpqe

fr

xez´Veug9ez\Jtueznf`�\_bdcfeµez^Ét�° 	yiktu`��H`lg9ik´^aelmÈbwcfeueqg
µeFN

mÈ`�g9e5ZymÈgCexez´He~pzctµ�^kik\h^�Z	\9ez^�Z�pzia��n
g
(

M +
m

2

)

tan α ≤ µeFN = µe(M + m)g .

Î3eJZ�bdc 1Èg9e;xeqxycfpqeJbwcfe;ez^Vtueznf`�\T}�Z]^a`�\{�V`lgrik´^ae;bwcfeª�cfeqxe;s9eznfez\
µe

�|Z]\CZ	bdcfeª^�ZLeqg9p5Z]^aez\CZnf`µ\9eqgr´|Z]^ae~eqg
µ

����
e =

2M + m

2(M + m)
tanα .

@3A��~A E�FHG �LX9R ��W	�
®l� � ^ftu`5}oez\9gCeDcn|Z~p5Z]\rjwZ

q
pq`�nu}oez^a`dpziaxfZ�x

~v
ezn��\9eqg9eznfpzi�Z_xeDcnºp5Z]tµ�V`Jt�Z]jln 7zsriapq` ~B

mZ�pzs �|ZÔg9`�´\9eµ^�Z��|Z]\rs21apzc^�ZÔcn|Z 5 cfez\rÏ=Z ¬ ^�ZÒZ�g21É^k^�Z]t�Z�xfZ�� ;V�f�©�9�5�(�w�	�S���r�z¹|����
�¯JxfZ�xfZ�V`�\
~F = q (~v × ~B) .¥ c�V`�njwZ]tu`lg{bwcfeª�|Z]\CZLxezs9ez\rtµikn|Z]\Ð^�Z�xyik\9eqpqpzia��n ¦ t�Z]jlniksrcfx�xehcn�p5Z]tµ�V`_t�Z]jln 763sriapq`µpq`�nfgrsCZ]nds9elmcn�iknw}oeqg9srikjwZ�x`�\h\9e5Z]^kikÏ=Z	x`lgDe
	y�Hez\riktueznds9`lg5mtµiaxyiaeznfx`uezn�p5Z�xfZLcnf`xeJez^k^a`lgh^�Z 5¢cfez\rÏ=Zµbdcfe~Z�pzs �|Zµg9`�´\9e~cn|Z	p5Z]\rjwZy«

�y¯ Y.\riktuez\9` Ì Z�pqe3�|Z�gCZ]\{^�Z�p5Z]\rjwZ q
Z~sr\CZ5}M7qgDxez^Hp5Z]tµ�V`Lt�Z]jln 7zsriapq`µpq`�n�}oez^a`dpziaxfZ�x

~v = v0 x̂
�§.^Oiknd}oeqgrsrikjwZ�x`�\htµiaxeJcn|Z 5¢cfez\rÏ=Z ~F = F0 · (2ẑ − 4ŷ)

�
� ¯ �Ècfezjo` Ì Z�pqe	�|Z�g�Z]\3^�Z�p5Z]\rjwZ q

pq`�n³}oez^a`dpziaxfZ�x
~v = v0 ẑ

mVtµiaxyiaeznfx`�cn|Z 5¢cfez\rÏ=Z
~F = F0 · (ŷ − 2x̂)

�
� �|Z]\rsrik\Txe3eqgrs9`lgÐ\9eqgrc^ksCZ�x`lg{eznfpzcfeznwsr\9eJez^Èp5Z]tµ�H`�t�Z]jln 7zsriapq` ~B ¬ ezn 5¢cnfpzia��n�xe v0

m
F0 ¦ q

¯©�
�ªeqgr�cfeqgrsCZy«

~B =
F0

qv0

(x̂ + 2ŷ + 4ẑ) .

G � 9 `�nfgriaxez\9e;cn|Z��|Z]\rs21apzc^�Zµpzc ¦ ZLp5Z]\rjwZ	ez^ 7qpzsr\riap5Z ¦ t�Z�gCZ	eqg q ¦ m
m�\9eqgr�Veqpzsrik}lZ]tueznws9el�

�SZ��|Z]\rs21apzc^�Z�g9eut_cfez}oe�ezn"cn�p5Z]tµ�V`�t�Z]jln 7zsriapq` Ì `�tu`�jM7znfeq` ~B = B0ẑ
� ¥ ivezn"ez^iknfgrsCZ]nds9e

t = 0
^�Zº�|Z]\rs21apzc^�Z�g9e	eznfpzcfeznwsr\CZ�ezn(ez^É`�\rikjoezn ¬ ~r(0) = ~0

¯ ¦ grc³}oez^a`dpziaxfZ�xezn eqg9euiknfgrsCZ]nds9eºeqg
~v(0) = v0x̂

m eznfpzcfeznwsr\9e�ez^�}oeqpzs9`�\	xeu�V`lgriapzia��n
~r(t)

ezn 5 cnfpzia��nxez^.sriaeztµ�V`� ¬ �SZ 5 cfez\rÏ=Z�bdcfeµez^Ép5Z]tµ�H`�t�Z]jln 7zsriapq`Òe�� ez\9pqeµg9`�´\9eu^�Z��|Z]\rs21apzc^�Z�}diaeznfexfZ�xfZº�V`�\ª^�Z �©��©�9�5�Ò�w���S���r�z¹|���	ÍH}oez\ª�\9`�´^aezt�Z�Z]nds9ez\ria`�\5� ¯!A nfxyiap5Z�pzia��nO«V\9eqpzcfez\9xe�^a`bdcfeJgCZ]´VeJg9`�´\9eJez^Otu`5}�iktµiaeznws9`ºpzik\9pzc^�Z]\hcni45�`�\rtuel�
� � Î;ezt_cfeqg9sr\9eËbdcfe�^�Z"�V`lgriapzia��n xez^;pqeznwsr\9`�xeÒt�Z�gCZ�g�xeÔcn|Z"^�°]tµikn|Z�sr\ri�Z]njlc^�Z]\�xexeznfgriaxfZ�x�cni45�`�\rtueJg9e3c´iap5Z	ezn�ez^È^kcjwZ]\Dx`�nfxeJg9e;pq`�\rsCZ]n�^�Z�g{sr\9eqg{sr\CZ]nfgr}oez\9gCZ]^aeqgDxejl\CZ5}oeqxfZ�xÔxez^Èsr\ri�°]njlc^a`�
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K � §.n	pziknfpq`3xe�^a`lg0g9eziag }M7z\rsriapqeqg0xe�cn Ì e
	°]jo`�nf`3\9ezjlc^�Z]\ Ì Z ¦ cn|ZDt�Z�gCZ m0

�?§Énfpzcfeznwsr\9e^�ZL�V`lgriapzia��nÔxez^Opqezndsr\9`�xeJt�Z�gCZ�g=�
Iy� §.nfpzcfezndsr\9e~^�Z��V`lgriapzia��n�xez^Opqeznwsr\9`uxe;t�Z�g�Z�gxeªcn|Z�^�°]tµikn|Z�xe3xeznfgriaxfZ�x ¬ xe3t�Z�gCZo¯Écni435�`�\rtue

σ0 ¦ bwcfe;sriaeznfe~^�Z 5 `�\rt�Z	iknfxyiap5Z�xfZ�ezn^�Z�¨fjlc\CZuZ�x � cnwsCZy�
;��7·����r� < =@? �

� � §.nfpzcfezndsr\9e~^�Z��V`lgriapzia��n�xez^Opqeznwsr\9`uxe;t�Z�g�Z�gxe�cn xyiag9pq`"xeÒxeznfgriaxfZ�x g9c�Hez\ ¨|pzi�Z]^
σ0 ¦bdcfeµsriaeznfeucn Z]jlc � ez\9`Òpzik\9pzc^�Z]\�pq`�tu`ÔgCeµikn 3xyiap5Z	ezn�^�Z�¨fjlc\CZºZ�x � cndsCZy�

�ªeqgr�cfeqgrsCZy«_§É^�pqezndsr\9`�xeÅt�Z�gCZ�g�xez^�xyiag 3pq`(pq`�n Z]jlc �rez\9`¶bdcfeqxfZ¶Z]^D^�Z�x`¶`��cfeqg9s9`¶xe^�Z��Vez\ 5 `�\CZ�pzia��n ¦ Z cn|Z xyiagrsCZ]nfpzi�Z
a =

r2d/(R2−r2)
xez^|pqezndsr\9`�xez^Hxyiag9pq`_xeT\CZ�xyia`

R
�

;��7·����r� < =@? �

 � �SZ�¨fjlc\CZ�t_cfeqgrsr\CZ�cn¶^aezsr\9ez\9`�^kctµiknf`lg9`Òxet�Z�gCZ
m
bdcfeLpzcfez^kjwZºxeLcn|Zº´|Z]\r\CZ ¬ xe_t�Z>3gCZºxeqgr�\9eqpzi�Z]´^ae=¯ªbdcfeLgCe_t�Z]ndsriaeznfe Ì `�\rikÏ5`�n 3sCZ]^Vpq`�nº^�ZLZ ¦ cfxfZLxehcn|ZLpzcfez\9xfZy� 9 Z]^apzc^ae3^�Zs9eznfgria��n xe�^�Z¶pzcfez\9xfZ ¦ ^�Z$5 cfez\rÏ=Z¶e��rez\9pziaxfZ�V`�\T^�ZL´|Z]\r\CZµpq`�nwsr\CZu^�Z	�|Z]\9eqxÈ�

;��7·����r� < =@? �
Õy� 9 `�nfgriaxez\9ehcn|Z~eqgrsr\rcfpzsrc\CZ'5 `�\rt�Z�xfZ~�H`�\vx`lg´|Z]\r\CZ�g�cni45 `�\rtueqgºxe�^�Z]\rjo`lg

a ¦ b
m.cniaxfZ�gxe(tu`�x` bdcfe 5�`�\rt�Z]n cnÓ°]njlc^a` \9eqpzs9` ¦bdcfe�pzcfez^kjwZÔpq`�n Ì ik^a`Òxeqg9xeºez^Ðpziaez^a` ¬ }oez\�¨ 3jlc\CZ³Z�x � cnwsCZo¯©�.Î;ezs9ez\rtµiknfe�ez^{°]njlc^a`

α
xe^�Z�eqg9sr\rcfpzsrc\CZ�pzc|Z]nfx`Ôez^k^�Z�gCeueznfpzcfeznwsr\CZÒezneqbdcik^kik´\ria`� ;��7·����r� < =@?�

�y� Î;eqg9pz\rik´|Z	cn��\9`�pqeqxyiktµiaeznws9`�bdcfe;�Hez\rtµiksCZ�xezs9ez\rtµikn|Z]\ªe
	y�Hez\riktuezndsCZ]^ktueznws9e�^�Z	�H`lg9i43pzia��n	xez^�pqezndsr\9`Jxe�t�Z�g�Z�g xevcn|Zª^�°]tµikn|Zh�^�Z]n|Zhik\r\9ezjlc^�Z]\Épq`�n	xeznfgriaxfZ�x	xeqg9pq`�nf`dpziaxfZ
¬¢¦ nf`	nfeqpqeqgCZ]\ri�Z]tueznws9e�cni45�`�\rtue=¯©�
¬ Êª´fg9ez\r}oe�bwcfe�Z]^vpq`�^kjwZ]\_cn"pzcfez\r�V`Ôxeµcn"�cnws9` P ¦ eqgrsCZ]\ 7qgrs9euezn"eqbdcik^kik´\ria`mSez^pqezndsr\9`uxeJt�Z�gCZ�gDg9iaeztµ�\9e~xez´HeJeqg9sCZ]\hg9`�´\9e;^�Z	nf`�\rt�Z]^SbdcfeJ�|Z�gCZL�V`�\

P
� ¯
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® � � 0ªn|Z�´|Z]\r\CZympzc ¦ Z	t�Z�gCZLeqgTxeµ® ��� j ¦ sriaeznfe;sr\9eqg{tuezsr\9`lgDxe;^�Z]\rjo`mgCe3x`�´^�Zuezn 45◦Z

1
t�xeLcnf`�xeL^a`lgJe
	�sr\9eztu`lg ¦ g9eLpzcfez^kjwZ�pq`�tu`�g9e_iknfxyiap5Z�ezn³^�Z�¨fjlc\CZ�Z�x � cnwsCZy��SZ�eqgrsr\rcfpzsrc\CZLg9e3eznfpzcfeznwsr\CZ	ezn�eqbdcik^kik´\ria`�jl\CZ�pzi�Z�gTZ�cn|Z_t�Z�gCZ

M
bdcfe3g9eªpzcfez^kjwZLezncnf`µxeJ^a`lghe
	�sr\9eztu`lg5�

��¯ §.nfpzcfeznwsr\9e�^�ZLs9eznfgria��n
T ¦ ez^È}�Z]^a`�\ªxe

M
� �=§.^feqbwcik^kik´\ria`�eqgÉeqgrsCZ]´^aeT`;iknfeqgrsCZ>3´^ae �

� ¯ 9 `�nws9eqgrs9e nwcfez}lZ]tueznws9e ^�Z�g'tµiag9t�Z�g�\9ezjlcnwsCZ�g�xe�^�ZË�|Z]\rs9e�Zo¯©m[�Vez\9`¶Z�grc 3tµiaeznfx`ÅZ Ì `�\CZ�bwcfeË^�Z�´|Z]\r\CZÁZ]^;^�Z�x`ikÏ5bwciaez\9x`mHeznÔ^kcjwZ]\3xe_eqgrsCZ]\3x`�´^�Z�xfZ
Ì Z�pzi�Z�Z]´|Z �r`�ezn 45◦

mdeqg9sC°~x`�´^�Z�xfZ Ì Z>3pzi�ZuZ]\r\rik´|Zµezn
45◦

� ;��7·����r� < =@? 

®l®l� 9 `�nfgriaxez\9evcn|Zh^�°]tµikn|ZDsr\ri�Z]njlc^�Z]\0cni45�`�\rtuelmxe;t�Z�gCZ

M = 5
� jfmbwcfeJeqg9sC°	grc � ezsCZµZLcn|Z�|Z]\9eqx�pq`�n�cn|Z³Z]\rsriapzc^�Z�pzia��n ¦ pq`�^kjwZ�xfZ³xez^pziaez^a`µpq`�n�cn|Z	pzcfez\9xfZymfsCZ]^Opq`�tu`ug9e;t_cfeqg9sr\CZezn�^�Zµ¨fjlc\CZ�Z�x � cnwsCZy�H§.nfpzcfeznwsr\9eL^�Z	s9eznfg9ia��n

T
xeJ^�Z	pzcfez\9xfZy�

;��7·����r� < =@? <
® G � §.nfpzcfezndsr\9e;^�Z~�V`lgriapzia��n�xe3eqbwcik^kik´\ria`	xe3cn|Z}lZ]\rik^k^�Z³xe�^�Z]\rjo`

L
pq`�^a`�p5Z�xfZ(xeznwsr\9`�xe�cn�V`dpzik^k^a`� 9 `�nfgriaxez\9e	Z]^S�V`dpzik^k^a`ºpq`�tu`�cn|Z�g9e63tµiaeqg 5�ez\CZªxe�\CZ�xyia`

R ¦ Z�grct�Zªbdcfevezndsr\9e�7qg9s9e¦ ^�Z	}�Z]\rik^k^�Zµnf` Ì Z ¦ \9`dpqel� ;��7·����r� < =@?G�
® � � � ¥ eT�V`dxy\C°'5 `�t�Z]\vcn|ZJs9`�\r\9ehpq`�nº^�Z�xy\rik^k^a`lg

¬ grcfez^ks9`lg©¯©mwcnf`	eznfpzikt�ZLxe;`�sr\9` ¬ }oez\Ð¨fjlc 3\CZo¯©mÉxeÔt�Z]nfez\CZ¶bdcfe�ez^D^�Z�xy\rik^k^a`�xe�t�°�gZ]\r\rik´|Z³eqgrs87�xeqg9�^�Z]Ï=Z�x`¶eznÁt�°�guxe�cn|ZcniaxfZ�xÅpq`�n \9eqgr�Veqpzs9`"Z]^hxe�t�°�g�Z]´|Z �r`mgrikn�bdcfe;^�ZLs9`�\r\9e~g9eJxeqg9�^a`�tue �
A nfxyiap5Z�pzia��nO« 9 `�tµiaeznfpqe3ez^PZ]n|°]^kiagriagvpq`�n�^a`lg^�Z�xy\rik^k^a`lgªgrc�Hez\ria`�\9eqg=� ;��7·l�d�r�$<>=@? �
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® K � �S\9eqg�sCZ]t_´V`�\9eqgÔxez^~tµiag9tu`Á\CZ�xyia`ÅeqgrsC°]nZ]\r\rct�´|Z�x`lgLpq`�tu`Òg9e	iknfxyiap5Z�ezn�^�Z�¨fjlc 3\CZºZ�x � cndsCZy�P§.nfpzcfezndsr\9e	ez^St�1kniktu`�pq`de©¨ 3pziaeznds9e_xeJ\9`�pqe_eqgrsC°]sriapq`ºbwcfe_xez´He~e
	yiagrsrik\ezndsr\9e�^a`lg3sCZ]t�´H`�\9eqg ¦ sCZ]t�´i 7zn¶eznwsr\9eL^a`lgsCZ]t�´H`�\9eqg ¦ ez^Dgrcfez^a`(xe�t�Z]nfez\CZ¶bwcfe�ez^griag9s9ezt�ZLnf`ug9eJxez\r\rct_´Vel� ;��7·l�d�r�$<>=�� �
® Iy� 0ªn_sr\ri�°]njlc^a`Jeqbdcik^�°]s9ez\9`m�xev^�Z�x`

a = 10
pzt ¦ t�Z�gCZ M = 10 � j3g9eÐgrc �rezsCZhezn 5�`�\rt�Z\21kjliaxfZ�Z�cn|Z��V`�^ae5Z�xeu\CZ�xyia`

R = 4
pzt�� §.^Ésr\ri�°]njlc^a`³Z�pzs �|Z�xe�pq`�ndsr\CZ]�HeqgC`��|Z]\CZt�Z]nds9eznfez\Dezn�eqbdcik^kik´\ria`µZ�cn|Z_t�Z�g�Z

m = 1 � jµbwcfe3pzcfez^kjwZ	xehcn Ì ik^a`	ezn\9`�^k^�Z�x`µezn^�ZL�V`�^ae5Z ¬ }oez\{¨fjlc\CZ  �k®5Õo¯��¯ §.nfpzcfeznwsr\9e¶ez^3}lZ]^a`�\�xez^J°]njlc^a`
βbwcfeLt�Z]nwsriaeznfe�ez^0g9iagrs9ezt�Z�ezn¶eqbwci43^kik´\ria`� ¬ β eqg ez^y°]njlc^a`3ezndsr\9e�^�ZDnf`�\ 3t�Z]^ ¦ ^�ZuZ]^ksrc\CZuxez^Osr\ri�°]njlc^a`� ¯

� ¯ � 9 c|°]^Jeqg�ez^;t�° 	�iktu` }lZ]^a`�\�xe
m�|Z]\CZ;ez^|pzc|Z]^fez^fgriagrs9ezt�Z;g9e{t�Z]nds9ezn 3xy\C°µezn�eqbwcik^kik´\ria` � ;��7·l�d�r�$<>=�� ?

® � � Î;e cn|Z*�iaezÏ=Z*tuezsC°]^kiap5Z�pzc|Z�xy\CZ�xfZymuxexeznfgriaxfZ�x�grc�Vez\ ¨|pzi�Z]^Vcni45 `�\rtue
σ0

mdg9e3\9e63pq`�\rsCZ�cn(sr\ri�°]njlc^a`�iagC�lg9pqez^aeqg~xe	t�Z]nfez\CZsCZ]^hbdcfe�^�Z¶^�°]tµikn|Z(\9eqgrc^ksCZ]nds9eÒbdcfeqxeÔezneqbdcik^kik´\ria`Jeznµpzc|Z]^abwciaez\É�V`lgriapzia��nµgrig9e{grc 3
�rezsCZTxeqg9xevez^o�cnws9`

P
� � 9 c|°]^weqgO^�ZªZ]^ksrc\CZxez^Èsr\ri�°]njlc^a` � ;��7·l�d�r�$<>=�� �

®  � 0ªn|ZD´|Z]\r\CZ3xevt�Z�gCZ M ¦ ^�Z]\rjo` L
m]bwcfe�cfeqxeº�ik}o`�s9e5Z]\	^kik´\9eztueznws9e�ezn�s9`�\rnf`Z"ÊLm�g9e�t�Z]nwsriaeznfe³ezn eqbdcik^kik´\ria`"pq`�ncn|Z¶t�Z�gCZ

m ¦ cn|Z¶pzcfez\9xfZymvsCZ]^hpq` 3tu`ºg9e~t�cfeqgrsr\CZ�eznÒ^�Zµ¨fjlc\CZºZ�x � cnwsCZy�§.nfpzcfezndsr\9e�ez^Ð°]njlc^a`
α
�|Z]\CZÒez^Ðp5Z�g9`ezn�bwcfe

m/M = 0,5
� �=§.^Peqbdcik^kik´\ria`LeqgeqgrsCZ]´^aeJ`uiknfeqgrsCZ]´^ae � ;��k·���� �$<>= � �
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®5Õy� 9 `�nfgriaxez\9eºcn �cfeznws9e�pzc ¦ `ËZ]\rt�Z]Ï5��npq`�nfgriag9s9e�xe¶® K g9`��V`�\rs9eqg�xe�^�Z]\rjo` a

�
¬ §.nL^�ZD¨fjlc\CZªgCe�`�´fg9ez\r}lZ]n�^a`lg  g9`��V`�\ 3s9eqg{xe3cnf`	xeª^a`lg{^�Z�x`lg=� ¯ � grct�ZLbdcfe^a`lg;g9`��V`�\rs9eqg;g9��^a`�sr\CZ]nfgrtµiks9ezn 5¢cfez\rÏ=Z�gZ�^a`�^�Z]\rjo`Åxe(ez^k^a`lg5mT`�g9e5ZymTezn p5Z�xfZcnia��n g9��^a`�g9eËsr\CZ]nfgrtµiks9ezn 5 cfez\rÏ=Z�g ¦nf`Ts9`�\9bdcfeqg5�5§Énfpzcfeznwsr\9ev^�ZTs9eznfgria��n�Z�xyi43pzia`�n|Z]^ ¬ Z]^hjoeznfez\CZ�x`(�H`�\ºez^T�Heqg9`(xez^�cfeznds9e=¯Jbdcfeµxez´Heµg9`��V`�\rsCZ]\_p5Z�xfZ�gC` 3�V`�\rs9e�griw�H`�\Sez^�pqeznwsr\9`3xez^w�cfeznds9ev�|Z�g�Zcn�p5Z]tµia��nËxe;�Heqg9`

W
�

;��k·���� �$<>= � �

§Ég9�Heqpzi7¨|bdcfeJeznÔp5Z�xfZµp5Z�g9`µg9iÈ^�Z	s9eznfgria��nÔeqgDxeJpq`�tµ�\9eqg9ia��nÒ`µxeJsr\CZ�pqpzia��nO�
® �y� 0ªn|Z(p5Z�xezn|Z¶xeÔt�Z�gCZ

M ¦ ^�Z]\rjo` Lg9eTeznfpzcfezndsr\CZ_Z]�V` ¦ Z�xfZ ¬ ezn�eqbwcik^kik´\ria`w¯g9`�´\9e3cn�pq`�nf`L\9eqpzs9`	pzc ¦ `u°]njlc^a`Lezn 3sr\9e�^�Z�nf`�\rt�Z]^ ¦ ez^�t�Z]nds9`Ëeqg α
�[§.n 3pzcfezndsr\9e~^�ZLs9eznfgria��nÔxe;^�Zup5Z�xezn|Zy�

A nfxyiap5Z�pzia��nO« � �^kiabwcfe�^�Z�gO^ae ¦ eqg xe�eqbdci43^kik´\ria`	ZJcn��Heqbdcfez±f`~sr\9`�Ï5` ¬ ikny¨fniks9eqgri43t�Z]^Â¯{xeJp5Z�xezn|Zy� ;��k·���� �$<>= � �
G � � 0ªn�`�´ � ezs9` 5�`�\rt�Z�x` �H`�\(sr\9eqg³^�°]tµi43n|Z�g�pzc|Z�xy\CZ�xfZ�gËxe(^�Z�xfZ

a
m Ì `�tu`�jM763nfe5Z�g ¦ xe�ikjlc|Z]^3xeznfgriaxfZ�xÈmÉxeqg9p5Z]nfgCZg9`�´\9e_cn|Z�g9c�Hez\ ¨|pziae Ì `�\rikÏ5`�nwsCZ]^�Z]�V` 3¦ Z�x`�ezn�x`lgv�ik}o`�s9eqg{pq`�^a`dp5Z�x`lgÐeznº^a`lg}M7z\rsriapqeqgÉxez^fpzc|Z�xy\CZ�x`_ikn 5 ez\ria`�\ ¬ }oez\É¨ 3jlc\CZ  � G � ¯©���¯ §.nfpzcfeznwsr\9e�^�Z	�V`lgriapzia��nÒxez^Spqezn 3sr\9`uxe;t�Z�gCZ�g5�

� ¯ 9 Z]^apzc^aeu^�Z�\CZ]Ï5��n xeµ^�Z�t�Z]jlni43srcfx(xe	^�Z�g
5¢cfez\rÏ=Z�g~xeL\9e5Z�pqpzia��nxeJp5Z�xfZ	�ik}o`�s9el�

;��k·���� �$<>= � 


G ®l� 0ªn|Z�\9ezjl^�Z�� ���xe;t�Z�gCZ M
my^�Z]\rjo`

a ¦ ´|Z]\r\CZsr\CZ]nfgr}oez\9g�Z]^
b
�V`lgCZ~gC`�´\9ehcnº�^�Z]nf` Ì `�\rikÏ5`�n 3sCZ]^y�c^kiax`~pq`�tu`Jg9e{iknfxyiap5Zy� 9 Z]^apzc^aeD^�Z�g0\9e5Z�p63pzia`�nfeqg0nf`�\rt�Z]^aeqg.eznµp5Z�xfZª�cnws9`Jxe{pq`�nwsCZ�pzs9`pq`�n�ez^Sg9cfez^a`� ;��7·����r� < =�� <
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G G � 9 `�nfgriaxez\9e cn|Z�g9eztµiaeqg 5�ez\CZ Ì `�tu`�jM763nfe5ZÁxe¶\CZ�xyia`
R
�DÎ;ezt_cfeqgrsr\9e�bwcfe¶ez^pqezndsr\9`�xeÓt�Z�gCZ�g xe ^�Z�g9eztµiaeqg 5�ez\CZeqgrs � Z¶c´iap5Z�x`�g9`�´\9eÔez^;e�� eÒxeÒg9iktue63sr\21�Z ¦ Z�cn|Z�xyiagrsCZ]nfpzi�Z b = 3R/8

xe^�ZL´|Z�g9el� ;��k·���� �$<>= ���
G � � 9 `�nfgriaxez\9e cn|Z�g9eztµiaeqg 5�ez\CZ Ì `�tu`�jM763nfe5Zµxe~\CZ�xyia`

R
bdcfe~g9e~eznfpzcfezndsr\9e�g9` 3´\9evcn��^�Z]nf`3iknfpz^kikn|Z�x`�l§ 	yiagrs9evcn�\9` 3pqe{eqgrsC°]sriapq`Jbdcfe{ez}diksCZ;bdcfeÐ^�Z;g9eztµiaeqg 5�e63\CZ�g9eµxeqg9^kikÏ=Z��H`�\~ez^É�^�Z]nf`�SÎ3ezs9ez\rtµi43nfeµez^.t�° 	yiktu`Ô°]njlc^a`�xe	iknfpz^kikn|Z�pzia��n

β
bwcfeª�cfeqxe3s9eznfez\Tez^P�^�Z]nf`L�|Z]\CZLbwcfe^�Z	g9eztµiaeqg25 ez\CZLnf`ugCe � xeJ}dcfez^ksCZ��C� ;��k·���� �$<>= ��

G K � 9 `�nfgriaxez\9e cn|Z g9eztµiaeqg 5�ez\CZ xe�\CZ�xyia`
R
m Ì eqp Ì Z�xeÒcn t�Z]s9ez\ri�Z]^~xeËxeznfgri43xfZ�x

ρ0

m=bdcfeÉg9eveznfpzcfeznwsr\CZªpq`�n_^�ZT�|Z]\rs9epzc\r}lZ³g9`�´\9e�cn|Z(g9c�Hez\ ¨|pziae Ì `�\rikÏ5`�n 3sCZ]^ ¬ }oez\0¨fjlc\CZ~Z�x � cnwsCZo¯©�w§.^fpqeznwsr\9`�xet�Z�gCZ�gvxehcn|Z_g9eztµiaeqg 5�ez\CZ Ì `�tu`�jM7znfe5ZbdcfeqxfZ	g9`�´\9e;ez^Oe�� eJxe;griktuezsr\21�Z�Z_cn|ZxyiagrsCZ]nfpzi�Z
b = 3R/8

xeJ^�ZL´|Z�gCel� ;É�k·���� �$<>= � �
Zo¯�§.nfpzcfezndsr\9eJ^�Z�t�Z]jlniksrcfx ¦ xyik\9eqpqpzia��n�xez^Vs9`�\9bdcfelmy\9eqgr�Heqpzs9`µZ]^V�cnws9`µxe~Z]�V` ¦ `me��rez\9pziax`"�V`�\�^�Z 5 cfez\rÏ=Z"xeÒjl\CZq}oeqxfZ�x�pzc|Z]nfx` ^�Z�g9eztµiaeqg 5�ez\CZ"gCeÔ^�Z�xe5Z�ezn cn°]njlc^a`

β
�ÐÊª´fg9ez\r}oeÔbdcfe�ez^Ds9`�\9bdcfe�bwcfeÒZ]�|Z]\9eqpqe�sr\CZ]sCZ(xe Ì Z�pqez\º}o`�^k}oez\�ZË^�Zg9eztµiaeqg25 ez\CZ³ZËgrc �H`lgriapzia��nÁxe�eqbdcik^kik´\ria` ¬ `(g9e5ZymS^�ZË�V`lgriapzia��nÁxe�eqbwcik^kik´\ria`(eqgeqgrsCZ]´^ae=¯©�

´P¯ 9 `�^a`�bwcfeztu`lg	Z Ì `�\CZÔcn�pzik^kiknfxy\9` Ì `�tu`�jM7znfeq` Ì eqp Ì `³xez^�tµiagrtu`Òt�Z]s9ez\ri�Z]^�m xez^tµiagrtu`h\CZ�xyia`
R ¦ Z]^ksrc\CZ h

m=g9`�´\9evez^�pzik^kiknfxy\9`�]Î;ezs9ez\rtµiknfev^�ZD�H`lg9iapzia��nLxez^�pqeznwsr\9`xe;t�Z�gCZ�ghxez^Sgriagrs9ezt�Z	pq`�tµ�cfeqgrs9`�
p=¯�Î;eqg9pz\rik´|ZJeznº�|Z]^�Z]´\CZ�g�^�Z~pq`�nfxyiapzia��n�bdcfeDxez´VeDgCZ]sriag 5�Z�pqez\�^�Z;�V`lgriapzia��n�xez^Hpqeznwsr\9`xeÔt�Z�gCZ�g��|Z]\CZ"bwcfeÔ^�Z(�V`lgriapzia��n xeÔeqbdcik^kik´\ria`�xez^3griagrs9ezt�Z¶pq`�tµ�cfeqg9s9`�grikjwZgriaeznfx`µeqg9sCZ]´^ael�
x|¯�§.nfpzcfezndsr\9e�^�ZÒZ]^ksrc\CZ�^ 1ktµiks9eºxez^vpzik^kiknfxy\9`Ò�|Z]\CZ�^�ZÔpzc|Z]^vez^vg9iagrs9ezt�Z�pq`�tµ�cfeqgrs9`�iaez\9xe~g9c�eqgrsCZ]´ik^kiaxfZ�xÈ�
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G Iy� 9 `�nfgriaxez\9eucn|Z�g9eztµiaeqg 5�ez\CZ�xeµ\CZ�xyia` R
m Ì e63p Ì Zµxe;cn�t�Z]s9ez\ri�Z]^Sxe~xeznfg9iaxfZ�x ρ0

mbdcfeJg9eeznfpzcfezndsr\CZ³g9`�´\9e�cn|ZÒg9c�Hez\ ¨|pziae Ì `�\rikÏ5`�nwsCZ]^¦ Z]�H` ¦ Z�xfZ(pq`�nwsr\CZ³cn|ZË�|Z]\9eqxÅsCZ]^Dpq`�tu`(g9et�cfeqgrsr\CZ	ezn�^�Z�¨fjlc\CZµZ�x � cndsCZy�f§.^Opqezndsr\9`uxet�Z�gCZ�g[xeÉcn|Zªg9eztµiaeqg 5�ez\CZ Ì `�tu`�jM7znfe5Z3bdcfeqxfZg9`�´\9e	ez^Ée��reµxeµgriktuezsr\21�Z ¦ Z�cn|Z�xyiag9sCZ]nfpzi�Z
b = 3R/8

xev^�Zh´|Z�g9el� ¥ c�V`�njwZ3bwcfelm]eznwsr\9eÐ^�Zg9eztµiaeqg25 ez\CZ ¦ ez^Sg9cfez^a`�ez^Spq`�e©¨|pziaeznws9eLxe~\9`�pqeeqgrsC°]sriapq`³eqg
µ = 3/16

m0tµiaeznwsr\CZ�gubdcfe�eznwsr\9e^�ZL�|Z]\9eqx ¦ ^�Z	g9eztµiaeqg 5�ez\CZµez^È\9`�pqe~eqgTndc^a`� ;��7·����r� < =�� ?
Zo¯�²;Z]jwZLcnÔxyi�Z]jl\CZ]t�Zµxe~pzcfez\r�V`µ^kik´\9eJ�|Z]\CZµ^�Z	g9eztµiaeqg 5�ez\CZy�
´P¯�§.nfpzcfezndsr\9e_^�Zµt�Z]jlniksrcfx ¦ xyik\9eqpqpzia��n³xez^Os9`�\9bwcfelm|\9eqgr�Veqpzs9`�Z]^S�cnds9`�xe�Z]�V` ¦ `

P
m�e�� ez\9pziax`L�V`�\{^�Z�5 cfez\rÏ=ZLxehjl\CZ5}oeqxfZ�x�pzc|Z]nfx`L^�ZLg9eztµiaeqg 5�ez\CZ�eqg9sC°_^�Z�xe5Z�xfZLezncnÔ°]njlc^a`

β
�

p=¯�§.nfpzcfezndsr\9e~^�Z�5 cfez\rÏ=Z	xeJ\9`�pqeJeznwsr\9e_^�Z	g9eztµiaeqg 5�ez\CZ ¦ ez^Og9cfez^a`�x|¯�§.nfpzcfezndsr\9e;ez^H°]njlc^a`_xeªiknfpz^kikn|Z�pzia��n�t�° 	�iktu`
β 
����

�H`lg9ik´^aeD�|Z]\CZ~bdcfeD^�Z_eqg 5�ez\CZnf`	\9eqgr´|Z]^ael�
e=¯ 9 `�^a`�bwcfeztu`lg~Z Ì `�\CZ�cn¶pzik^kiknfxy\9` Ì `�tu`�jM7znfeq`m Ì eqp Ì `�xez^.tµiagrtu`�t�Z]s9ez\ri�Z]^�mOxez^tµiagrtu`�\CZ�xyia`

R ¦ xeºZ]^ksrc\CZ h
g9`�´\9euez^vpzik^kiknfxy\9`� Î;ezs9ez\rtµiknfeu^�Z��V`lgriapzia��n"xez^pqezndsr\9`uxeJt�Z�gCZ�gDxez^ griagrs9ezt�Z	pq`�tµ�cfeqgrs9`� ¬ ®;�cnws9`w¯5©¯�§.nfpzcfezndsr\9eµ^�Z�Z]^ksrc\CZ�^ 1ktµiks9e

h 
����
xez^.pzik^kiknfxy\9`�Zº�|Z]\rsrik\;xeL^�Z�pzc|Z]^�mH�|Z]\CZ

h >
h 
����

mez^Sgriag9s9ezt�Z	pq`�tµ�cfeqgrs9`�g9eJxfZL}�cfez^ksCZ ¬ eqgDxeqpzik\5mf�iaez\9xe~grc�eqgrsCZ]´ik^kiaxfZ�x|¯©�

G � � 0ªn|Z�g9eztµiaeqg 5�ez\CZ Ì `�tu`�jM7znfe5ZÒxeµt�Z�gCZ M ¦\CZ�xyia`
R
g9e Ì Z�pq`�\rsCZ�x`�ezn¶x`lg;tµiksCZ�xeqg5�O§É^griag9s9ezt�ZªgCevxyiagr�V`�nfe{pq`�n	^�Z�g.x`lg0tµiksCZ�xeqg5mlp5Z>3\CZ;Z3p5Z]\CZym ¦ pq`�nµ^�Z3grc�Vez\ ¨|pziaeTxe{pq`�\rs9e{}oez\rsri43p5Z]^�� � ¨fnµxe{bdcfev^�Z�g0tµiksCZ�xeqgÉnf`3gCeÐgCez�|Z]\9eznOmcn|Z;pzcfez\9xfZ;griknµ\9`�pqe ¦ pq`�nµt�Z�gCZ�gÉikjlc|Z]^aeqgÉezngrcfgªe
	�sr\9eztu`lg=mPeqgªxyiagr�cfeqgrsCZºpq`�tu`�g9e_iknfxyiap5Zeznu^�Z;¨fjlc\CZy�dÎ;ezs9ez\rtµiknfeD^�Z�g�t�Z�gCZ�gÉt�1knikt�Z�gZÒZ]sCZ]\Lezn ^a`lg�e
	ysr\9eztu`lg	xe�^�ZÒpzcfez\9xfZÔ�|Z]\CZbdcfe;^�Z�gTtµiksCZ�xeqgD�Vez\rt�Z]nfezÏ5p5Z]n � cnwsCZ�g=�

;��7·����r� < =����
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Go � §.n	^a`lg0e
	ysr\9eztu`lg.xe�cn|Zª´|Z]\r\CZ;xevt�Z�gCZ3xeqg 3�\9eqpzi�Z]´^aeÉgCeÉZ�x Ì iaez\9ezn_´V`�^�Z�gOxe.t�Z�g m ¦ 2m

m\9eqgr�Veqpzsrik}lZ]tueznws9el��§.^Pgriag9s9ezt�ZJ�V`lgCZ~g9`�´\9ehcnsriaeqgrs9`Lxe�5�`�nfx`Leqg 5 7z\riapq`�\9eqgr´|Z]^a`lg9`m�xeª\CZ�xyia`ikjlc|Z]^Z]^d^�Z]\rjo`;xev^�ZD´|Z]\r\CZy� 9 Z]^apzc^ae{ez^°]njlc^a`bdcfe;^�ZL´|Z]\r\CZ�5�`�\rt�Zµpq`�n�^�ZL}oez\rsriap5Z]^�� ;��7·����r� < =�� �
G Õy� 0ªn�}�Z�g9`Lpzik^ 1knfxy\riapq` ¬ Z]´iaez\rs9`	�V`�\DZ]\r\rik´|Zo¯©mfxe\CZ�xyia`3´|Z�gCZ]^

a ¦ Z]^ksrc\CZ b
m Ì eqp Ì `~xeÐcnLt�Z]s9e63\ri�Z]^HxehxeznfgriaxfZ�xºgrc�Hez\ ¨|pzi�Z]^Hcni45�`�\rtuelmo�V`lgCZg9`�´\9eªcn��^�Z]nf`	iknfpz^kikn|Z�x` ¦ nf`�\9eqgr´|Z]^�Z�jl\CZ>3pzi�Z�g3Z	cnÔs9`��VeJ¨��r`ueznÒez^S�^�Z]nf`�PÎ;ezt_cfeqg9sr\9ebdcfe~ez^Spqezndsr\9`ºxe_t�Z�gCZ�ghg9e~c´iap5Z�Zµ^a`u^�Z]\rjo`xez^Oe��re ¦ ZLcn|ZuxyiagrsCZ]nfpzi�Z b2/(a + 2b)

xeJ^�Z´|Z�g9el�vÎ;ezs9ez\rtµiknfeÒez^;°]njlc^a`"xe�iknfpz^kikn|Z�pzia��nt�° 	yiktu`	xez^È�^�Z]nf`µxeªtu`�x`µbdcfe3ez^V}lZ�g9`Lnf`}�cfez^abwcfel� ;��7·����r� < =�� �

G �y� §.nº^�ZJ¨fjlc\CZ�g9eht_cfeqgrsr\CZ�cnºpzik^kiknfxy\9`	xeht�Z>3gCZ
M ¦ \CZ�xyia` R

mdez^|pzc|Z]^PgCehZ]sCZ_Z~^�Z;t_c\CZ]^k^�Ztueqxyi�Z]nds9eªcn|ZLpzcfez\9xfZy� � ^k\9eqxeqx`�\{xeªcn�p5Z>3^�Z�x`TbdcfeÉg9e0^ae Ì Z Ì eqp Ì `hZ]^wpzik^kiknfxy\9`DgCe.ezn\9`�^k^�Zcn|ZLpzcfez\9xfZLiaxe5Z]^��fÎ;e3^�ZLpzcfez\9xfZ	pzcfez^kjwZ	cn|Zt�Z�gCZ
m
�H`�\µxezs9ez\rtµikn|Z]\5� ¥ iDez^Tpq`�e©¨|pziaeznws9exeÔ\9`dpqe�ezndsr\9e³ez^hgrcfez^a` ¦ ez^3pzik^kiknfxy\9`�eqg µ

mxezs9ez\rtµiknfeº^�Z�t�Z�gCZ�t�° 	�ikt�ZÒZ�pq`�^kjwZ]\��|Z]\CZbdcfeJez^Opzik^kiknfxy\9`unf`	\9`�s9el� ;��7·����r� < =�� �
��� � 0ªn gCeztµiapzik^kiknfxy\9`(xe�\CZ�xyia`

R ¦ �HeqgC` W
gCeeznfpzcfezndsr\CZ¶ezn eqbdcik^kik´\ria`¶eqgrsC°]sriapq`¶gC`�´\9e�cn�^�Z]nf` Ì `�\rikÏ5`�nwsCZ]^�mvpq`�n�cnÁ�Heqbdcfez±f`Ë´^a`dbdcfexe	�Veqg9`

Q
g9`�´\9e�7z^��S§.^É´^a`�bwcfeµeqgrsC°�^kikjwZ�x`tueqxyiaeznds9eJcn�\9eqg9`�\rs9e;iaxe5Z]^Oxe3^�Z]\rjo`	n|Z]src\CZ]^

`0 = R ¦ pq`�nfgrsCZ]nws9e�ez^�°�grsriap5Z k
Zºcn³�cnws9`

A
eznµez^y´V`�\9xe ¬ }oez\ ¨fjlc\CZo¯©� ¥ c�H`�njwZ;bdcfeÐnf`Ì Z ¦ \9`dpqeÐeznwsr\9eÐ^�Zªgrc�Vez\ ¨|pziaevxez^ypzik^kiknfxy\9` ¦ ^�Zt�Z�gCZ~xeT�HeqgC`

Q
�oÎ;ezs9ez\rtµiknfehez^P°]njlc^a`

α
xeeqbdcik^kik´\ria`� 9 `�nfgriaxez\9e3pq`�nf`�pziaxfZJ^�Z~xyiag9sCZ]nfpzi�Z

D
ZJ^�Z;bwcfeTg9eTeznfpzcfezndsr\CZ_ez^fpqezndsr\9`_xe{t�Z�gCZ�gxez^��cnws9`

O
� � n|Z]^kiapqeÐpq`�nµpzciaxfZ�x`Jbdcfe��|Z�g�Zpzc|Z]nfx`

Q
eqgT�Heqbdcfez±f`�

;��7·����r� < =���
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N ÄH¾LO ¡w�¢£P� ¿f¾�� Æ]Ä C0¾¢�dÃ¶¿ E �
§.^ki �rZ]tu`lgÐez^f`�\rikjoezn ¦ ^a`lgÉe��reqgÉsCZ]^|pq`�tu`_g9et_cfeqgrsr\CZÔezn¶^�Z�¨fjlc\CZ�Z�x � cnwsCZy� ¥ e5Z

α
ez^°]njlc^a`µbwcfe3^�Z�}�Z]\rik^k^�Z 5�`�\rt�ZLpq`�n�^�Z Ì `�\ri43Ï5`�nwsCZ]^�m|`�g9e5Zymez^S°]njlc^a`

ABO
eqg

α
�Y[`�\g9ez\

AOB
cn	sr\ri�°]njlc^a`;iag9�lgCpqez^aeqg5m?gCe�sriaeznfebwcfe~ez^S°]njlc^a`

AOB
sCZ]t_´i 7znËeqg

α
� ;��7·����r� < =�� <

9 `�tu`3nf` Ì Z ¦ \9`dpqeÐeznwsr\9eÐ^�Z�g[grc�Hez\ ¨|pziaeqg0xevpq`�nwsCZ�pzs9`m�^�Z�g 5¢cfez\rÏ=Z�g0xeÉ\9e5Z�pqpzia��nµxez´VevgCez\�Hez\r�Veznfxyiapzc^�Z]\9eqghZ�^�Z�gTgrc�Vez\ ¨|pziaeqgTxe3pq`�ndsCZ�pzs9`�f§.n�`�sr\CZ�g{�|Z]^�Z]´\CZ�g5«y^�Z 5 cfez\rÏ=Z�xe3\9e5Z�pqpzia��n
~F1

ezn
O
g9ez\C°�Zº^a`�^�Z]\rjo`�xez^ � \CZ�xyia` �

OA
mHtµiaezndsr\CZ�g_bdcfe�^�Z 5 cfez\rÏ=Z�xe	\9e5Z�pqpzia��n ~F2

ezn
Bg9ez\C°L�Hez\r�Veznfxyiapzc^�Z]\3ZL^�ZL}lZ]\rik^k^�Zy� 
ªcfeJ^�Z 5 cfez\rÏ=Z	s9`�sCZ]^ Ì `�\rikÏ5`�ndsCZ]^[g9`�´\9e;^�ZL}lZ]\rik^k^�Zµg9e5Z	pqez\9`nf`lghxfZL^�Z	\9ez^�Z�pzia��n

F1 cos(2α) = F2 sinα . ¬� �JIo¯
�SZ	\9ez^�Z�pzia��nÒpq`�\r\9eqg9�H`�nfxyiaeznds9e~�|Z]\CZ	^�Z	pq`�tµ�V`�nfeznws9e�}oez\rsriap5Z]^Seqg

Mg = F2 cos α + F1 sin(2α) . ¬� � � ¯Y[Z]\CZ�bdcfe~^�Zµ}lZ]\rik^k^�Zueqg9s87_eznÒeqbdcik^kik´\ria`ºsCZ]t_´i 7zn(ez^Ss9`�\9bdcfe_s9`�sCZ]^ ¬ \9eqgr�Veqpzs9`�Z O
¯Txez´Ve_g9ez\nwc^a`� �SZ 5¢cfez\rÏ=Z

F1

nf`Le�� ez\9pqeªs9`�\9bdcfe ¬¢¦ ZLbdcfeªgrcº´\CZ]Ï5`	eqgvpqez\9`w¯©Íyez^H�Heqg9`Le��rez\9pqehcn�s9`�\9bwcfe
~τg = Mg (L/2) cos α ŷ

mqtµiaeznwsr\CZ�g[bwcfe.ez^ws9`�\9bwcfe.joeznfez\CZ�x`h�H`�\ ~F2

eqg
~τ2 = −F22R cos α ŷ

�Î3e_eqgrsCZLt�Z]nfez\CZ	^�Zµpq`�nfxyiapzia��nËxeJbwcfeJez^Os9`�\9bdcfeJs9`�sCZ]^SgCe5ZLnwc^a`µnf`lgDxfZµ^�ZL\9ez^�Z�pzia��n
Mg

L

2
cos α = 2F2R cos α . ¬� �  ¯

�Seznfeztu`lg~sr\9eqgJeqpzc|Z�pzia`�nfeqg_pq`�n(sr\9eqg;iknfpq��jlniksCZ�g5�ÈÎ;e�^�Z �^ksrikt�Z�eqpzc|Z�pzia��n"gCeLxeqxycfpqe	ikntue63xyi�Z]sCZ]tueznws9eLbwcfe
F2 =

MgL

4R
. ¬� � Õo¯Î3e~^�Z	eqpzc|Z�pzia��n ¬� �JIo¯{g9eJeznfpzcfezndsr\CZ

F1 = F2

sinα

2 cos2 α − 1
. ¬� � �o¯

0ªgCZ]nfx` ¬� � Õo¯ ¦³¬� � �o¯Tezn ¬� � � ¯©mfg9e;sriaeznfe
Mg =

MgL

4R

[

cos α +
sin 2α sinα

2 cos2 α − 1

]

,

`ug9e5Zym
Γ ≡ 4R

L
= cos α +

2 cos α (1 − cos2 α)

2 cos2 α − 1
=

cos α

2 cos2 α − 1
.
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�SZ �^ksrikt�Z \9ez^�Z�pzia��n eqgºcn|Z eqpzc|Z�pzia��n xe³g9ezjlcnfx` jl\CZ�x`��|Z]\CZ

cos α
ÍÐ\9eqg9`�^k}�i 7znfx`�^�Z�g9eeznfpzcfeznwsr\CZu¨fn|Z]^ktueznws9e

cos α =
1 +

√
1 + 8Γ2

4Γ
.

N ÄH¾LO ¡w�¢£P� ¿f¾�� Æ]Ä C0¾¢�dÃ¶¿ E��
�SZ_¨fjlc\CZLZ�x � cnwsCZ�t�cfeqgrsr\CZ�^�Z�g 5 cfez\rÏ=Z�g{bwcfe3Z�p63s �|Z]n	gC`�´\9e�^a`lg[sCZ]t_´V`�\9eqg ¬ ^�Z�g��|eqp Ì Z�g.pq`�nL^ 1knfe5Z�g^k^aezn|Z�gvg9`�n 5¢cfez\rÏ=Z�gvbwcfe3Z�pzs �|Z]nºg9`�´\9eDez^PsCZ]t_´V`�\ikn 5 ez\ria`�\5m{tµiaezndsr\CZ�g�bwcfeË^�Z�g��|eqp Ì Z�g�pq`�n ^ 1knfe5Z�gg9ezjltueznwsCZ�xfZ�gµpq`�\r\9eqgr�V`�nfxezn Z 5¢cfez\rÏ=Z�gLbdcfe�Z�p63s �|Z]n³gC`�´\9eLez^[sCZ]t_´V`�\Jgrc�Vez\ria`�\�¯©�ÈÊª´fgCez\r}oeLbdcfenf` Ì Z ¦ cn|Z 5¢cfez\rÏ=Z Ì `�\rikÏ5`�ndsCZ]^µeznwsr\9e¶^a`lgÒx`lgsCZ]t_´V`�\9eqg	ikn 5 ez\ria`�\9eqg5�0Êª´fg9ez\r}oeºsCZ]t_´i 7znÁbwcfe�ez^°]njlc^a`

α
ezndsr\9e�^�Z Ì `�\rikÏ5`�nwsCZ]^ ¦ ^�ZT\9eqpzsCZhbwcfe�cnfeZT^a`lg[pqeznwsr\9`lg[xeÉcn_sCZ]t�´H`�\[ikn 5�ez\ria`�\ pq`�n�ez^dsCZ]t 3´H`�\3grc�Hez\ria`�\3eqghxe

60◦
mf^kcfezjo`

sinα =
√

3/2 ¦
cos α = 1/2

�
;��7·l�d�r�$<>=����

�SZ �niap5Z�g�5 cfez\rÏ=Z�gµbwcfeº�\9`dxycfpqeznÁcn�s9`�\9bdcfe�g9`�´\9e�ez^ÐsCZ]t�´H`�\µikn 5�ez\ria`�\ ¬ \9eqgr�Veqpzs9`³ZgrcËpqezndsr\9`w¯ªg9`�nÒ^�Z�g;x`lg�5 cfez\rÏ=Z�g3xe�\9`�pqel� 9 `�tu`�ez^[s9`�\9bwcfe�s9`�sCZ]^.g9`�´\9e�ez^[sCZ]t_´V`�\;ikn 5 ez\ria`�\xez´He	g9ez\3nwc^a`�g9eLxeqxycfpqeµbdcfeLZ]t�´|Z�g
5¢cfez\rÏ=Z�gJxeL\9`�pqe�xez´Vezn³s9eznfez\3^�Zºtµiagrt�Zºt�Z]jlniksrcfxÈÍ^k^�Z]t 7ztu`lgr^�Z
fr

�
�SZ 5 cfez\rÏ=Z�nfezsCZ�}oez\rsriap5Z]^ÐgC`�´\9eucnf`Ôxeu^a`lg_sCZ]t�´H`�\9eqg�ikn 5 ez\ria`�\9eqgLxez´Veug9ez\_ndc^�ZyÍSeqgrs9`nf`lghxfZL^�Z	\9ez^�Z�pzia��n

F1 − Mg − F2

√
3

2
− fr

1

2
= 0 .

�SZ	\9ez^�Z�pzia��nÒpq`�\r\9eqg9�H`�nfxyiaeznds9e�ZL^�Z�g�5 cfez\rÏ=Z�g Ì `�\rikÏ5`�ndsCZ]^aeqgªeqg
fr + fr

√
3

2
− F2

1

2
= 0 .

9 `�tu`
2F1

xez´HeJg9ez\hikjlc|Z]^SZ]^O�HeqgC`	s9`�sCZ]^Sxe;^a`lgTsr\9eqgDsCZ]t�´H`�\9eqgªg9e;sriaeznfe
F1 =

3

2
Mg .

�Seznfeztu`lg;sr\9eqg3eqpzc|Z�pzia`�nfeqg3pq`�nËsr\9eqgªiknfpq��jlniksCZ�g ¬ eznË\9e5Z]^kiaxfZ�xÒ^�Zµs9ez\9pqez\CZ�eqpzc|Z�pzia��n ¦ ZºeqgD^�Zg9`�^kcfpzia��nÔxe;cn|Z	xe;^�Z�gTiknfpq��jlniksCZ�g�¯©�|Y[Z]\CZ	^�Z�gh`�sr\CZ�gDx`lg{iknfpq��jlniksCZ�g
fr ¦ F2

g9e;eznfpzcfeznwsr\CZ
fr =

(

1 −
√

3

2

)

Mg

¦
F2 =

1

2
Mg .
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¥ i

µ1

eqg~ez^Épq`de©¨|pziaeznds9e�xe	\9`�pqeµeqgrsC°]sriapq`�ezndsr\9e�ez^.sCZ]t_´V`�\~ikn 5�ez\ria`�\ ¦ ez^Égrcfez^a`m ¦ µ2

eqgJez^pq`de©¨|pziaeznds9ehxe{\9`�pqeTeznwsr\9eT^a`lg0sCZ]t�´H`�\9eqg�ikn 5 ez\ria`�\ ¦ grc�Vez\ria`�\5mleznws9`�nfpqeqg5ml�|Z]\CZ~bwcfe{ez^fgriagrs9ezt�Znf`ug9eJxez\r\rct_´Velm|xez´VeJpzctµ�^kik\9g9e
fr ≤ µ1F1 ¦ fr ≤ µ2F2 .Î3e_eqgrsCZ�gDxeqgrikjlc|Z]^axfZ�xeqgªg9eJxeqxycfpqelm¨fn|Z]^ktueznds9elm|bdcfe

µ1 ≥ 2 −
√

3

3
¦ µ2 ≥ 2 −

√
3 .

N ÄH¾LO ¡w�¢£P� ¿f¾�� Æ]Ä C0¾¢�dÃ¶¿ E��
§.^O\CZ�xyia`uxez^Sp/1k\9pzc^a`�bwcfe
5�`�\rt�Z	^�Z	p5Z�xezn|Zueqg

R =
L

2π
.

9 `�nfgriaxez\9eztu`lgËcn sr\9`�Ï5` xe¶p5Z�xezn|Z xe"^�Z]\rjo`ikny¨fniks9eqgrikt�Z]^
R dθ

�OÎ;ez´iax`ÒZ�^�Z�pzc\r}lZ]src\CZym ^�Zs9eznfgria��n
T
e�� ez\9pqe(gC`�´\9e(ez^3�Veqbdcfez±f`�sr\9`�Ï5`Åxep5Z�xezn|Zµcn|Z�5 cfez\rÏ=ZµnfezsCZ

FT Ì Z�pzi�Z�ez^Spqeznwsr\9` O¬ }oez\T¨fjlc\CZ  � � �lZo¯©«
~FT = −2T sin

(

dθ

2

)

r̂ = −T dθ r̂ . ;��k·���� �$<>= ���w�
Ñª` Ì Z ¦ \9`�pqe�ezndsr\9e_^�Zºp5Z�xezn|Z ¦ ez^[pq`�nf`mP^kcfezjo`^�Z 5 cfez\rÏ=ZËbwcfe�ez^Tpq`�nf`³e�� ez\9pqe�g9`�´\9e�^�ZËp5Z�xezn|Zeqgµ�Hez\r�Veznfxyiapzc^�Z]\�Z]^ht�Z]nws9`� ¥ e5Z

FN

^�ZËt�Z]j 3niksrcfxÒxeLeqgrsCZ 5 cfez\rÏ=Zy�|Î;e�^�Zµ^�Zµ¨fjlc\CZ  � � �]´³g9exeqgr�\9eznfxe_bdcfe
~FN = FN cos α r̂ + FN sinα ẑ .

Y `�\ �^ksriktu`mP^�Zu`�sr\CZ 5¢cfez\rÏ=Z�bwcfeLZ�pzs �|Z�g9`�´\9eLez^sr\9`�Ï5`uxe~p5Z�xezn|Zymfxez´iax`�ZL^�ZLjl\CZq}oeqxfZ�xÈmHeqg
~Fg = − dθ

2π
Mg ẑ .

9 `�tu`Jez^dsr\9`�Ï5`Jxe{pzcfez\9xfZ3eqgrsC°3ezn	\9ez�H`lg9`m?^�Z3grc 3t�ZJxeT^�Z�gÉsr\9eqg 5¢cfez\rÏ=Z�gvxez´HeDgCez\.nwc^�Zymweqg�xeqpzik\5m ;��7·����r� < =���� �
~FT + ~FN + ~Fg = −T dθ r̂ + FN cosα r̂ + FN sinα ẑ + − dθ

2π
Mg ẑ = 0 .
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A jlc|Z]^�Z]nfx`�^�Z�gDpq`�tµ�H`�nfeznds9eqgªgCeJ`�´sriaeznfezn�^�Z�gT\9ez^�Z�pzia`�nfeqg

T dθ = FN cos α

¦
Mg

dθ

2π
= FN sinα .Î3eqg9�He��9Z]nfx`µ^�ZLs9eznfgria��nÔgCeJeznfpzcfeznwsr\CZym¨fn|Z]^ktueznds9e

T =
Mg

2π tanα
.

N ÄH¾LO ¡w�¢£P� ¿f¾�� Æ]Ä C0¾¢�dÃ¶¿ � �
Y[Z]\CZ³ez}lZ]^kc|Z]\	^�Z��V`lgriapzia��n�xez^{pqezndsr\9`³xet�Z�gCZ�g(xe ^�Z g9eztµiaeqg25 ez\CZym3^�Z pq`�^a`dp5Z]tu`lgpq`�nÒ^�Z�p5Z]\CZµ�^�Z]n|Zºg9`�´\9e_ez^ �^�Z]nf`

x − y
m

Ì Z�pziaeznfx`ºpq`�iknfpziaxyik\;ez^Se��re_pq`�n ẑ
m ¦ ^kcfezjo`^�Z(\9ez´|Z]n|Z]tu`lg�ezn sCZ �9Z�xfZ�g�xeÒZ]nfp Ì ` dz¬ }oez\T¨fjlc\CZo¯©�§.}�Z]^kcfeztu`lgh�\riktuez\9`	^�Z�t�Z�gCZ	xe3^�ZL\9ez´|Z>3n|Z�xfZ�bdcfe3g9eªeznfpzcfezndsr\CZµZ~^�ZLZ]^ksrc\CZ

z
� ¥ ct�Z�gCZ;eqg

ρ0 π(R2−z2) dz
mlx`�nfxe

ρ0

eqg0^�ZxeznfgriaxfZ�x�xeut�Z�gCZÒxe�^�ZÔg9eztµiaeqg 5�ez\CZy� §É^pqeznwsr\9`ÁxeËt�Z�gCZ�xeËeqg9sCZ¶\9ez´|Z]n|Z�xfZ �V`�\grc�cfeqgrs9`�bdcfeµbwcfeqxfZ�gC`�´\9euez^Ée�� e
ẑ
Z�^�ZZ]^ksrc\CZ

z
�

;É�k·���� �$<>= � �

§.^Dpqeznwsr\9`¶xe�t�Z�g�Z�gµxe�^�ZÒgCeztµiaeqg 5 ez\CZ³gCez\C°Ô^�Z³g9ct�Z³xeº^a`lg�pqeznwsr\9`lguxe�t�Z�gCZ�gµxe�p5Z�xfZ\9ez´|Z]n|Z�xfZµ�VeqgCZ�xfZ	pq`�n�^�Z	t�Z�gCZ	xe_xeJp5Z�xfZ	\9ez´|Z]n|Z�xfZym|eqgDxeqpzik\5m
z 	�
 =

1

M

∫ R

0

zρ0 π(R2 − z2) dz =
ρ0π

M

∫ R

0

(zR2 − z3) dz

=
ρ0π

M

(

1

2
R2z2 − 1

4
z4

)
∣

∣

∣

∣

R

0

=
ρ0π

M

1

4
R4 .

Y ez\9`
M = 2ρ0πR3/3

m|^kcfezjo`
z 	�
 = 3R/8

�
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N ÄH¾LO ¡w�¢£P� ¿f¾�� Æ]Ä C0¾¢�dÃ¶¿ � �
Zo¯ �SZÒt�Z�gCZÒxe�^�ZÔgCeztµiaeqg 5 ez\CZËeqg

M = 2πρ0R
3/3

�0§.^{s9`�\9bdcfe�ezn s9`�\rnf`(Z]^Ð�cnws9`(xepq`�ndsCZ�pzs9`
P
}�iaeznfeJxfZ�x`µ�H`�\

~τ = Mgb sin β x̂ ,x`�nfxe
x̂
eqg3cn³}oeqpzs9`�\JcniksCZ]\ria`�bwcfelmP�|Z]\CZ�^�Z�g9iksrc|Z�pzia��n(tu`lgrsr\CZ�xfZ�ezn³^�Zu¨fjlc\CZ�Z�x&3

� cnwsCZym|Z]�cndsCZ Ì Z�pzi�Zµez^È^aeqpzs9`�\5�

;��7·����r� <>=�� ?l� ;��7·l�d�r� <>= �D?M= �
´P¯ � ^[pq`�^a`�p5Z]\;g9`�´\9eL^�Z�g9eztµiaeqg25 ez\CZºcn³pzik^kiknfxy\9`�xeLZ]^ksrc\CZ

h
^�Z��H`lgriapzia��n(xez^.pqeznwsr\9`�xet�Z�gCZ�gheqg

z 	�
 =
1

M + Mc

[

M
5

8
R + Mc

(

R +
h

2

) ]

,

x`�nfxe
Mc = πR2 h ρ0

eqg~^�Z�t�Z�gCZ�xez^Épzik^kiknfxy\9`���heqeztµ�^�Z]Ï=Z]nfx`Ô^�Z�gJt�Z�gCZ�gJxeµ^a`lgpzcfez\r�V`lgDg9eJ`�´sriaeznfe
z 	�
 =

1
2

3
R + h

[

5

12
R2 + hR +

h2

2

]

.

p=¯��Òiaeznwsr\CZ�gDez^S^�ZL�H`lgriapzia��n�xez^Opqezndsr\9`�xe;t�Z�gCZ�ghxez^Ogriagrs9ezt�Zµpq`�tµ�cfeqgrs9`�g9e;eznfpzcfeznwsr\9e�V`�\Jxez´|Z � `�xez^.pqeznwsr\9`�xez^.g9eztµiapzik\9pzc^a` ¬ �cnws9` A
¯©mVez^Éeqbdcik^kik´\ria`�g9ez\C°�eqgrsCZ]´^ael� ¬ §Ég5�°�pzik^hpq`�nw}oeznfpqeqg9\9g9eÔxe�bdcfe�ez^ªs9`�\9bwcfe�bdcfeÔZ]�|Z]\9eqpqeËZ]^D^�Z�xe5Z]\ºez^hg9iagrs9ezt�Z(sr\CZ]sCZ(xe\9eqgrsriksrcik\JZ]^0pzcfez\r�H`�Z�g9cÒ�V`lgriapzia��n³xe�eqbdcik^kik´\ria`w¯©�VY `�\;^a`�pq`�nwsr\CZ]\ria`mÈgri[ez^[pqezndsr\9`�xet�Z�gCZ�gÐxez^Pg9iagrs9ezt�Z~pq`�tµ�cfeqgrs9`	g9eheznfpzcfeznwsr\CZL�V`�\veznfpzikt�Z�xez^|�cnws9`

A
mwez^Peqbdcik^kik´\ria`g9ez\C°Liknfeqg9sCZ]´^ael�

x|¯ �SZµZ]^ksrc\CZu^ 1ktµiks9e
h0

gCeJ`�´sriaeznfe~pzc|Z]nfx`
z 	�
 = R

� ¥ eJsriaeznfe
z 	�
 = R =

1
2

3
R + h0

[

5

12
R2 + h0R +

h2
0

2

]

.
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Î;eqgr�Ve��rZ]nfx`	^�ZµZ]^ksrc\CZu^ 1ktµiks9e~g9eJeznfpzcfezndsr\CZubdcfe'7qgrsCZ	}�iaeznfeJxfZ�xfZ	�H`�\

h0 =
R√
2

.

N ÄH¾LO ¡w�¢£P� ¿f¾�� Æ]Ä C0¾¢�dÃ¶¿ ���
Zo¯�§.^Oxyi�Z]jl\CZ]t�Z�xe~pzcfez\r�V`	^kik´\9e~g9e;t_cfeqg9sr\CZuezn�^�ZL¨fjlc\CZuZ�x � cnwsCZy�
´P¯ �SZÒt�Z�gCZÒxe�^�ZÔgCeztµiaeqg 5 ez\CZËeqg

M = 2πρ0R
3/3

�0§.^{s9`�\9bdcfe�ezn s9`�\rnf`(Z]^Ð�cnws9`(xepq`�ndsCZ�pzs9`
P
}�iaeznfeJxfZ�x`µ�H`�\

~τ = Mgb sin β x̂ ,

x`�nfxe
x̂
eqg3cn³}oeqpzs9`�\JcniksCZ]\ria`�bwcfelmP�|Z]\CZ�^�Z�g9iksrc|Z�pzia��n(tu`lgrsr\CZ�xfZ�ezn³^�Zu¨fjlc\CZ�Z�x&3

� cnwsCZym|Z]�cndsCZ Ì Z�pzi�Zµez^È^aeqpzs9`�\5�

;��7·����r� <>=�� �d� ;��7·l�d�r� <>= � �&= �
p=¯ �SZ'5¢cfez\rÏ=Z

Fp

bdcfehe��rez\9pqeD^�ZJ�|Z]\9eqx�g9`�´\9eh^�Z_g9eztµiaeqg25 ez\CZ_eqg�ezn�^�Z~xyik\9eqpqpzia��n Ì `�\rikÏ5`�nwsCZ]^
+ŷ ¦ grc�t�Z]jlniksrcfxÒeqgTsCZ]^SbdcfeJez^Ès9`�\9bwcfeJs9`�sCZ]^S\9eqgr�Heqpzs9`ºZ P

eqgTnwc^a`� �Ècfezjo`
~Fp =

Mgh sin β

R
ŷ =

3

8
Mg sinβ ŷ .

9 `�tu`µ^�Z 5¢cfez\rÏ=Z Ì `�\rikÏ5`�ndsCZ]^ s9`�sCZ]^ xez´He~gCez\Dnwc^�Zym ¦ ^�Z �niap5Zu`�sr\CZ�5¢cfez\rÏ=Z Ì `�\rikÏ5`�nwsCZ]^eqgT^�Z 5 cfez\rÏ=Zµxe;\9`�pqelmfg9e;sriaeznfe
~Fr = −~Fp = −Mgh sin β

R
ŷ =

3

8
Mg sinβ ŷ .



���������
	����������������	���������������� �!�#"$�!%&�'%�()�
��	+*,�-*,.���*/� G ® K
x|¯ �SZ 5 cfez\rÏ=ZµxeJ\9`�pqe;nf`uxez´VeJg9`�´\9ez�|Z�gCZ]\hez^È}lZ]^a`�\

µMg
mf`µg9e5Zym

3

8
Mg sinβ ≤ µMg =

3

16
Mg

xeJx`�nfxe
sinβ ≤ 1

2
.§.^S°]njlc^a`ºpz\21ksriapq`ueqg5my�V`�\T^a`µsCZ]nws9`m

β 
���� = 30◦
�

e=¯ � ^[pq`�^a`�p5Z]\;g9`�´\9eL^�Z�g9eztµiaeqg25 ez\CZºcn³pzik^kiknfxy\9`�xeLZ]^ksrc\CZ
h
^�Z��H`lgriapzia��n(xez^.pqeznwsr\9`�xet�Z�gCZ�gheqg

s 	�
 =
1

M + Mc

[

M
5

8
R + Mc

(

R +
h

2

) ]

,

x`�nfxe
Mc = πR2 h ρ0

eqg~^�Z�t�Z�gCZ�xez^Épzik^kiknfxy\9`���heqeztµ�^�Z]Ï=Z]nfx`Ô^�Z�gJt�Z�gCZ�gJxeµ^a`lgpzcfez\r�V`lgDg9eJ`�´sriaeznfe
s 	�
 =

1
2

3
R + h

[

5

12
R2 + hR +

h2

2

]

.

;��7·����r� <>=�� �w� ;��7·l�d�r� <>= � � = �
5©¯ �SZµZ]^ksrc\CZu^ 1ktµiks9e

h 
����
g9eJ`�´sriaeznfe_pzc|Z]nfx`

s 	�
 = R
� ¥ eJsriaeznfe

s 	�
 = R =
1

2

3
R + h 
����

[

5

12
R2 + h 
���� R +

h2

����

2

]

.

Î;eqgr�Ve��rZ]nfx`	^�ZµZ]^ksrc\CZu^ 1ktµiks9e~g9eJeznfpzcfezndsr\CZubdcfe'7qgrsCZ	}�iaeznfeJxfZ�xfZ	�H`�\
h 
���� =

R√
2

.
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N ÄH¾LO ¡w�¢£P� ¿f¾�� Æ]Ä C0¾¢�dÃ¶¿����

�SZ�gJ¨fjlc\CZ�g  � K K Z ¦³ � K K ´¶t�cfeqgrsr\CZ]n"^a`lg_xyi�Z]jl\CZ]t�Z�g_xeµpzcfez\r�V`�^kik´\9euxe	^�Z�t�Z�gCZ Q¦ ez^[g9eztµiapzik^kiknfxy\9`mH\9eqgr�Veqpzsrik}lZ]tueznws9el� Fr = kx
eqgª^�Z 5 cfez\rÏ=Z�e��rez\9pziaxfZ��H`�\3ez^ \9eqg9`�\rs9elm

W
ez^�Heqg9`Lxez^Èg9eztµiapzik^kiknfxy\9` ¦ Q

ez^P�Veqg9`Lxez^V´^a`dbdcfeªbdcfe3g9eªeznfpzcfezndsr\CZµZ~cn|ZLxyiagrsCZ]nfpzi�Z
x
xe

O
�

�SZµxyiagrsCZ]nfpzi�Z
d
eznwsr\9e~ez^ pqeznwsr\9`uxeJt�Z�g�Z�g ¦ O

^�Zµgrc�V`�nfxy\9eztu`lgDpq`�nf`�pziaxfZy�

;��k·��d�r�$<>= � �|� ;��k·���� �$<>= � �D= �
Î;ez´iax`ºZµbdcfe_Z]t_´V`lgh`�´ �rezs9`lgheqg9sC°]nÔeznÔeqbdcik^kik´\ria`�g9e~xez´VeJs9eznfez\3bwcfe;^�Z�5¢cfez\rÏ=Z	s9`�sCZ]^g9`�´\9e~p5Z�xfZ	cnf`uxe_ez^k^a`lghxez´Ve~g9ez\Tnwc^�Zym ¦ sCZ]t�´i 7znÒez^Os9`�\9bdcfeJs9`�sCZ]^SgC`�´\9e~ez^Sg9eztµiapzik^kiknfxy\9`¬ ezn�s9`�\rnf`�Z	pzc|Z]^abdciaez\ª`�\rikjoeznP¯©�Y[Z]\CZ�ez^È´^a`dbdcfe

Q
gCeJ`�´sriaeznfeJ^�Z	\9ez^�Z�pzia��n

~F ����� = (Fr cos θx̂ + Fr sin θẑ) − Qẑ + (N1 cos θ ẑ − N1 sin θ x̂) = 0 .

A jlc|Z]^�Z]nfx`Ò^�Z�g_pq`�tµ�V`�nfeznws9eqg	xeu^a`lg_}oeqpzs9`�\9eqg�xe�^�Z �^ksrikt�ZÔikjlc|Z]^axfZ�x ¦ cfgCZ]nfx`Òez^ Ì eqp Ì `bwcfe
Fr = kx

mfg9eJ`�´sriaeznfezn�^�Z�gheqpzc|Z�pzia`�nfeqg5m
kr cos θ = N1 sin θ ¬� �k® � ¯

¦
kx sin θ = Q − N1 cos θ . ¬� �k®l®=¯

�SZ�5 cfez\rÏ=Z	s9`�sCZ]^Sbdcfe~Z�pzs �|Zµg9`�´\9e~ez^Og9eztµiapzik^kiknfxy\9` ¬ bwcfe;sCZ]t�´i 7znÒxez´Ve~g9ez\Tndc^�Zo¯{eqg
−Wẑ + Nẑ + (−Fr cos θx̂ − Fr sin θẑ) + (−N1 cos θ ẑ + N1 sin θ x̂) = 0 .§Égrs9`µnf`lgDxfZµ^�Z�gT\9ez^�Z�pzia`�nfeqg

−N1 cos θ − kx sin θ − W + N = 0 ¬� �k® G ¯
¦

N1 sin θ − kx cos θ = 0 .
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§ÉgrsCZ �^ksrikt�Z�eqpzc|Z�pzia��n�nf`_xfZJikn 5�`�\rt�Z�pzia��n�nwcfez}lZ ¦ Z_bwcfeªpq`�iknfpziaxeªpq`�n ¬� �k® � ¯©�wY[`�\ �^ksriktu`mez}�Z]^kc|Z]nfx`Ëez^�s9`�\9bdcfe�s9`�sCZ]^ ¬ ezn"s9`�\rnf`³Z]^��cnds9` O

¯~bwcfe�Z�pzs �|Z�g9`�´\9eºez^vg9eztµiapzik^kiknfxy\9`m0g9e`�´sriaeznfel«
N1 x − Wd sin θ = 0 . ¬� �k® � ¯Î3eu^�Z�g~pzc|Z]sr\9`�eqbdc|Z�pzia`�nfeqg ¬� �k® � ¯©m ¬� �k®l®=¯©m  �k® G ¯ ¦�¬� �k® � ¯©m pq`�n(^�Z�g_pzc|Z]sr\9`�iknfpq��jlniksCZ�g N

m
N1

m
x ¦ θ

m��V`dxeztu`lgªxeqgr�He��9Z]\
cos θ

� �he5Z]^kikÏ=Z]nfx`�ez^ °]^kjoez´\CZymfg9eJ`�´sriaeznfelm
cos θ =

Wdk

Q2
.

��
ªcfe3�|Z�gCZLpzc|Z]nfx`
Q
eqg{�Heqbdcfez±f` �J§�gÐpz^�Z]\9`µbdcfe3^�ZLg9`�^kcfpzia��n�`�´s9ezniaxfZ	g9��^a`Lsriaeznfe3gCeznwsriax`gri

Q2 > Wkd
� � ^�Z]n|Z]^kikÏ=Z]\_ez^.�\9`�´^aezt�Z ¬�� Ì °]jwZ]^a`�� ¯;pq`�n(t�°�g~pzciaxfZ�x`Ôg9eµeznfpzcfeznwsr\CZÔbwcfe

θ = 0 ¬¢¦ mP�V`�\h^a`ºsCZ]nws9`m x = 0
¯DsCZ]t_´i 7zn ¬ �|Z]\CZ�s9`dx`lg3^a`lgª}�Z]^a`�\9eqg3xe Q

¯Teqgªcn|Z�gC`�^kcfpzia��nxeºeqgrs9e��\9`�´^aezt�ZËxe�eqbdcik^kik´\ria`� �[Z]t_´i 7znÅg9e�eznfpzcfeznwsr\CZ³bdcfeu�|Z]\CZ
0 ≤ Q2 < Wkd

mO^�Zg9`�^kcfpzia��n
θ = 0

eqgv^�Z �niap5Zymgriaeznfx`µeqg9sCZ]´^ael��Y0Z]\CZ
Wdk < Q2

m Ì Z ¦ sr\9eqgTg9`�^kcfpzia`�nfeqg5« θ = 0¦ θ = ± � pq`lg (Wdk/Q2)
Ídg9iaeznfx`_^�Z~�\riktuez\CZ�xe
7qgrsCZ�gviknfeqgrsCZ]´^aelm ¦ eqgrsCZ]´^aeqgv^�Z�gÐ`�sr\CZ�gÐx`lg5�Y[Z]\CZ3pq`�tµ�\9eznfxez\[tue�� `�\[^a`hbdcfeÉeqgrsC°h`dpzc\r\riaeznfx`3eqg �srik^�Z]n|Z]^kikÏ=Z]\0ez^w�\9`�´^aezt�ZªsCZ]t_´i 7znxeqg9xe�ez^D�cnds9`�xe�}�iagrsCZ³xe�^�Z¶eznfez\rj 1�Z(�V`�s9eznfpzi�Z]^���Î;e©¨fniaeznfx`�ez^ª`�\rikjoezn xe�^�Z(eznfez\rjli�Z�H`�s9eznfpzi�Z]^ jl\CZq}�iksCZ�pzia`�nfe5Z]^ pzc|Z]nfx`

θ = 0
mfgCeJeznfpzcfeznwsr\CZubdcfe

U(θ) = Wd (1 − cos θ) − Qx sin θ +
1

2
kx2 .

§.^.�\riktuez\;s87z\rtµiknf`�Z]^[^�Z�x`�xez\9eqp Ì `�eqgJez^[p5Z]t�´ia`�xeL^�Z�eznfez\rj 1�Z��H`�s9eznfpzi�Z]^0jl\CZq}�iksCZ�pzia`�n|Z]^xez^Pg9eztµiapzik^kiknfxy\9`myez^|g9ezjlcnfx`Lez^Pp5Z]t�´ia`�xeh^�ZJeznfez\rj 1�Z_�H`�s9eznfpzi�Z]^Hjl\CZq}�iksCZ�pzia`�n|Z]^ÈxeT^�ZJt�Z�gCZ
Q ¦ ez^Ss9ez\9pqez\9`µ^�Z	eznfez\rj 1�Zµ�V`�s9eznfpzi�Z]^Sxez^O\9eqg9`�\rs9el� 9 `�n kx = Q sin θ

bdcfeqxfZ
U(θ) = Wd(1 − cos θ) − Q2

2k
sin2 θ .

Y[Z]\CZ Ì Z�pqez\Ocn_eqgrsrcfxyia`{jl\C°?¨|pq`ªxe.eqgrsCZÐ\9ez^�Z�pzia��n_ikndsr\9`dxycfpziktu`lg[ez^l�|Z]\C°]tuezsr\9` α ≡ Q2/(kWd)¦ xe©¨fniktu`lg U(θ) ≡ U(θ)/(Wd)
Ídxe3eqgrsCZJt�Z]nfez\CZ�^�Z �^ksrikt�Z_eqpzc|Z�pzia��n�bdcfeqxfZ_xeª^�Z!5�`�\rt�Z

U(θ) = (1 − cos θ) − α

2
sin2 θ .

�SZº¨fjlc\CZ  � K I�t_cfeqgrsr\CZ�ez^[jl\C°?¨|pq`��|Z]\CZ α = 0
Í −0, 5

Í.®lm � ¦ G �VY0Z]\CZ 0 < α < 1
mVez^jl\C°?¨|pq`ºsriaeznfe_cnËgC��^a`utµikniktu`mP�|Z]\CZ

α > 1
ez^Sjl\C°?¨|pq`ºsriaeznfe�x`lgªt�1kniktu`lg ¬ ezn ±θ0

¯ ¦ cnt�° 	�iktu` ¬ ezn θ = 0
¯©�fY0Z]\CZºeznfpq`�nwsr\CZ]\

θ0

xez´Heztu`lgªez}�Z]^kc|Z]\D^�Z�xez\rik}�Z�xfZuxe
U(θ)

\9eqgr�Veqpzs9`Z
θ
e;ikjlc|Z]^�Z]\r^�Z�Z	pqez\9`«
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dU(θ)

dθ
= sin θ − α

2
· 2 sin θ cos θ = 0 ,

`ug9e5Zym
sin θ (1 − α cos θ) = 0 .

§ÉgrsCZËeqpzc|Z�pzia��nÁg9eºg�Z]sriag 5�Z�pqe�gri
sin θ = 0`

(1 − α cos θ) = 0
� �SZ��\riktuez\CZÒxe�eqg23sCZ�gÉpq`�nfxyiapzia`�nfeqgÉnf`lg.xfZ3^�Z;g9`�^kcfpzia��n

θ = 0tµiaeznwsr\9gLbwcfe	^�Z�g9ezjlcnfxfZ�eznwsr\9ezjwZ�^�Z�g_g9` 3^kcfpzia`�nfeqg
θ0 = ± � pq`lg (1/α)

m�gC`�^kcfpzia`�nfeqgbwcfe;e
	yiagrs9e;g9��^a`�g9i
α ≥ 1

�yY[Z]\CZ
α = 2

myg9e`�´sriaeznfe
θ0 = ±60◦

�
;É�k·���� �$<>= � �


