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QSRUTWVYX[Z\^]+\^_`RaVSbTdcfedcg]YhYi[j^bklcGZ\I_mcUV6c
m n j^b n c4eoRaV+X[j^X[pUTrqs]+\tVYeu\tj^h+RGc4cgkwvaxTyVYX[VYh+\^_mcZ\7]+\{z|\^]+\^TWj^XlcfXwTW\^]+j^Xlcgk~}���X[\^TW\7ZWcUZWc4eoRU]�\^kd��\tj^h+RU]

~r ��� \'c ~F
klc-zsbW\^]Y�/c4TW\^h6cf��bW\@cUj^hYxdc4V+RU�]+\klc�edcg]YhYi[j^bklc �u� T�h+RUTWjt\tV/�oZ\DcUj^bW\^]+ZRyc`klcm�U�<k[\ n Z\��%\^�Ih+RUT��dklcm\tj^bdcUj^X[pUTrZ\�_`R'��Xw_�X[\^T�h+R\tV

~F =
d~p

dt
.� RU_mcgTWZRy\^k�e]+R�Z�bWj^h+R`j^]Yb�GjtRUT�\^k���\tj^h+RU]

~r
V+\fRU�hYX[\^TW\

~r × ~F = ~r × d~p

dt
.

q|� �w� }
�@�WV+\^]Y��\^_`RaV@��bW\

d

dt
(~r × ~p) =

d~r

dt
× ~p + ~r × d~p

dt
= ~r × d~p

dt
.

q|� � ��}� c�xkwhYXw_mc	Xwvabdcgk[ZWcUZrV+\fZ\tZ�bWjt\GZ\^k��W\tj+�WR���bW\fk[RaV<��\tj^h+RU]+\tV
d~r/dt = ~v n ~p

V+RUT�edcg]6cgk[\^k[RaV �� V6cgTWZR�q|� � ��} \^T�q|� �w� } V+\fRU�hYX[\^TW\
~τ = ~r × ~F =

d

dt
(~r × ~p) .

¡ \{¢WTXw_`RaV@\^k¤£`¥U£m¦{§d¨©¥yªU§�«U¬�wªU®IZ\fbTdcDedcg]YhYi[j^bklc�euRU]
~̀ ≡ ~r × ~p ,\^T�h+RUTWjt\tV
~τ =

d~̀

dt
.¯ vabdcgk7��bW\°\^T±\^k j'cUV6R²Z\^kIh+RU]+��bW\a��\^kI_`RU_`\^T�h+R³cgTvabklcg]mZ\ybTdcredcg]YhYi[j^bklc²Z\^eo\^TWZ\�Z\^kRU]YXwv�\^T´��bW\�V6\�bWV+\�edcg]6cy\^�Ucgkwbdcg]Yk[R ��� XP\^kPh+RU]+��bW\G��bW\DcUj^hYxdc�V+RU�]+\GbTdc`edcg]YhYi[j^bklc��o_`\tZ�X[ZR

� � �
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]+\tVYeo\tj^h+RGcfj^X[\^]Yh+R4RU]YXwv�\^T�\tV¤T�bk[R��\^T�h+RUTWjt\tV \^kd_`RU_`\^T�h+R	cgTvabklcg]�Z\Iklc-edcg]YhYi[j^bklc���]+\tVYeo\tj^h+Rcgk�_�X[VY_`R`RU]YXwv�\^T��TWR	�acg]YXlcg]%$�\^T�\^k�hYX[\^_�euR�W\tV7Z\tj^Xw]'�dV+\fjtRUTWV+\^]Y�acg]%$ �

&�&�&'&�&�&

� �UcgkwbW\^_`RaV%\^k�_`RU_`\^T�h+RycgTvabklcg]@Z\-bTdc	edcg]YhYi[j^bklcm\^T�_`R'��Xw_�X[\^T�h+R �
� beoRUTv�cg_`RaVS��bW\ bTdcfedcg]YhYi[j^bklc4Z\ _mcUV6c mV+\ _�bW\^��\@\^Tm\^keklcgTWR

x
�
y n V+\'cgT r(t), θ(t)klcUV¤jtR�RU]+Z\^TdcUZWcUV�eoRUklcg]+\tV Z\^k��\tj^h+RU] Z\ eoRaVYX)(j^X[pUT

~r(t) � � c�euRaVYX[j^X[pUT�Z\�klc�edcg]YhYi[j^bklcm��\^T*(Z�]%$�ZWcUZWc	euRU]
~r = rr̂ ,

ZRUTWZ\
r̂ = cos θ x̂ + sin θ ŷ .

¡ \^]YXw�acgTWZR`RU�h+\^TW\^_`RaV@klcD��\^k[R�j^X[ZWcUZ
~v = ṙ r̂ + r ˙̂r .

+�, «a¬�®Yª.-�/10

2 \^]+R
˙̂r =

d

dt
(cos θ x̂ + sin θ ŷ) = − sin(θ) θ̇ x̂ + cos(θ) θ̇ ŷ ≡ θ̇ θ̂ ,kwbW\^v�R

~v = ṙ r̂ + rθ̇ θ̂ .¡ \�\tVYh6cD_mcgTW\^]6c��Wedcg]6c	\^k�_`RU_`\^T�h+R�cgTvabklcg]%Z\-klc	edcg]YhYi[j^bklc�V+\f\^TWj^bW\^T�hY]6c`klc	\43�e]+\tVYX[pUT
~̀ = ~r × ~p = mr r̂ × ~v = mrṙ r̂ × r̂ + mr2θ̇ r̂ × θ̂ = mr2θ̇ ẑ ,

ZRUTWZ\
ẑ
\tV�\^k@��\tj^h+RU]�bTXwh6cg]YX[R³eo\^]Yeu\^TWZ�X[j^bklcg]�cgk<eklcgTWR q

x, y
}�q j^b n c�Z�Xw]+\tjtj^X[pUT \^T ��bW\cgebT�h6c`V6\f\^TWj^bW\^T�hY]6c�bWV cgTWZR�klc°®+¦|«Uwª�5�¦�)ªm£`ªU§A¥.5�¦{®+¦7648�ª/} ��@�WV+\^]Y��\���bW\�VYXSklc�edcg]YhYi[j^bklc´V+\°cgk[\:9Ycr\^T�Z�Xw]+\tjtj^X[pUT ]6cUZ�Xlcgk�q R�V+\'c��

θ̇ = 0 n ṙ 6= 0
}\^T�h+RUTWjt\tVS\^kW_`RU_`\^T�h+RDcgTvabklcg] \tV¤T�bk[R ��� pUk[R�V+XW\^k;$gTvabk[R θ

Z\^kW��\tj^h+RU]�Z\7eoRaVYX[j^X[pUT�j'cg_��Xlcc _`\tZ�X[ZWc ��bW\ hY]6cgTWV+j^b]Y]+\´\^k%hYX[\^_�eoR�S\^k@_`RU_`\^T�h+R cgTvabklcg]°\tVyTWR�T�bk[R �=< � k-_`RU_`\^T�h+RcgTvabklcg]SZ\<bTdc4edcg]YhYi[j^bklcG\tVYh%$f]+\^klcUj^X[RUTdcUZRDjtRUT�\^kucUVYeu\tj^h+R4]+RUh6cUj^X[RUTdcgk�Z\<VYbm_`R'��Xw_�X[\^T�h+R?>
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QSRUTWVYX[Z\^]+\^_`RaV�bTdc%edcg]YhYi[j^bklc���bW\IV6\ _mcgT�hYX[\^TW\<\^T�bT�_`R/��Xw_�X[\^T�h+RGj^Xw]+j^bklcg]�bTX)z RU]Y_`\�q jtRUT��\^k[R�j^X[ZWcUZrcgTvabklcg]
ω0

} _`\tZ�XlcgT�h+\GbT��Xwk[R �
� \'c R

\^ku]6cUZ�X[R	Z\%j^iw]+j^bk[R �� k�_`RU_`\^T�h+R`cgT*(vabklcg]�Z\Iklc-edcg]YhYi[j^bklc`qs]+\tV+eo\tj^h+R�cgkAjt\^T�hY]+R4Z\klc�j^Xw]+j^bT�z \^]+\^TWj^Xlc�}I��X[\^TW\�ZWcUZR�eoRU]
~̀ = mR2ω0 ẑ .

� c�Z�Xw]+\tjtj^X[pUT�\^T���bW\4cgebT�h6c ~̀ \tV<cDk[R�klcg]Yv�RZ\^k�\:9 \%Z\%vaXw]+R� n \^T�\^kuV6\^T�hYX[ZR�ZWcUZR	euRU]Sklc]+\^vaklc4Z\Iklc%_mcgTWRGZ\^]+\tj+�dcmqsk[RaV Z\tZRaV�\^_�eb*(
� cUZRaV@XwTWZ�X[j'cgTWZR°\^k�V+\^T�hYX[ZRyZ\Gklc�]+RUh6cUj^X[pUT��\^k¤ebkwv�cg]�\43�h+\^TWZ�X[ZR�ZWc°\^k�V+\^T�hYX[ZR Z\^k¤_`R (_`\^T�h+R�cgTvabklcg] } � +�, «a¬�®Yª.-�/��
� k��Xwk[R	\:9 \^]+jt\%bTdc�zsbW\^]Y�/c	V6RU�]+\@klcGedcg]YhYi[j^bklc�qsklc�z bW\^]Y�/cGjt\^T�hY]Yiweo\^h6c`ZWcUZWc�euRU] −mRω2

0
r̂
}{�eo\^]+R�\tVYh6c°z bW\^]Y�/c�TWR�\:9 \^]+jt\mbT h+RU]+��bW\�]+\tVYeu\tj^h+R�cgk RU]YXwv�\^T n c ��bW\ ~F n ~r

V+RUT�edcg]6cgk[\^k[RaV �¡ \^�X[ZR	c4��bW\<\^kAh+RU]+��bW\@\tV�T�bk[R��\^kA_`RU_`\^T�h+R�cgTvabklcg] Z\7klcfedcg]YhYi[j^bklcDV+\<jtRUTWV+\^]Y�Uc�q R�V+\'c��c4_`\tZ�X[ZWcD��bW\<hY]6cgTWV+j^b]Y]+\%\^kohYX[\^_�eoRGTWRGj'cg_G�XlcDklc4_mcgvaTXwhYbWZyTXoklc�RU]YX[\^T�h6cUj^X[pUT Z\^kA��\tj^h+RU]
~̀} �
243��-3 8:9<;�= >@?A9�B7>DC7EGF6BIHKJD=�� BIH��+B�� M	BIHA?AN+OPEGF6B��

QSRUTWVYX[Z\^]+\^_`RaV`cg�WRU]6c
N

_mcUV cUV {mj}
b�X[j'cUZRaV	\^T�k[RaVDkwbv�cg]+\tV {~rj} �P� \'cgT {~Fj}

klczsbW\^]Y�/c°\43�h+\^]YTdc°��bW\�cUj^hYxdc°V+RU�]+\�j'cUZWcyedcg]YhYi[j^bklc n {~fji}
klc�zsbW\^]Y�/c°��bW\Dklcm_mcUV c

i
\:9 \^]+jt\V+RU�]+\Dklc`_mcUV6c

j � 2 RU]-V+bebW\tVYh+R°��bW\DZ\^�X[ZR�cgk h+\^]+jt\^]-e]YXwTWj^XweX[R�Z\D�@\^�Ih+RUT�� ~fji = −~fij �� beoRUTv�cg_`RaV�cUZ\^_ $UV���bW\`klc°zsbW\^]Y�/c���bW\�bTdc�edcg]YhYi[j^bklc i
\:9Y\^]+jt\mV6RU�]+\mRUhY]6c°edcg]YhYi[j^bklc

j\tV4c`k[Ryklcg]Yv�R�Z\Dklc�kwiwTW\'c���bW\DklcUV%bTW\°q R°V+\'c��u��bW\DklcmXwT�h+\^]6cUjtj^X[pUT�\^T�hY]+\DklcUV-edcg]YhYi[j^bklcUV4\tVjt\^T�hY]6cgk~} �� c�\tj^bdcUj^X[pUTrZ\-_`R'��Xw_�X[\^T�h+R´q|�U� k[\ n Z\4�%\^�Ih+RUTA}Sedcg]6c�j'cUZWc�edcg]YhYi[j^bklc�\tV
~Fj +

∑

i

~fji =
d~pj

dt
.

� RU_mcgTWZRy\^k�e]+R�Z�bWj^h+R`j^]Yb�GjtRUT�\^k���\tj^h+RU]
~rj

V+\fRU�hYX[\^TW\
~rj ×

(

~Fj +
∑

i

~fji

)

= ~rj ×
d~pj

dt
.

2 RU]@klcD_�X[VY_mc	]6cg�'pUT�Z�X[V+j^bhYX[ZWc`\^T klc	V+\tjtj^X[pUT�cgT�h+\^]YX[RU]
~rj ×

d~pj

dt
=

d

dt
(~rj × ~pj) .
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� V6cgTWZRm\tVYh6cD]+\^klcUj^X[pUT n VYb_mcgTWZRmV+RU�]+\ j

�WV+\fRU�hYX[\^TW\
∑

j

~rj × ~Fj +
∑

ji

~rj × ~fji =
∑

j

d

dt
(~rj × ~pj) =

d

dt

∑

j

~rj × ~pj .

2 \^]+R
~ri × ~fij + ~rj × ~fji = (~ri − ~rj) × ~fij = 0 ,

n c`��bW\ (~ri − ~rj)
\tV7edcg]6cgk[\^k[R°c ~fij � � bW\^v�R�WklcmZRU�k[\�VYb_mc ∑ji ~rj × ~Fji

\tV7T�bklc � ¡ \4\tVYh6c_mcgTW\^]6c��WbWV6cgTWZR�klcUV<Z\{¢WTX[j^X[RUTW\tV<Z\f_`RU_`\^T�h+R�cgTvabklcg] n h+RU]+��bW\a�dV+\fRU�hYX[\^TW\
∑

j

~τj =
d

dt

∑

j

~̀
j .

q|� ��� }

� \'c
~τ ≡

∑

j

~τj

n
~L ≡

∑

j

~̀
j

\^k h+RU]+��bW\ n \^k _`RU_`\^T�h+R cgTvabklcg]@h+RUh6cgk Z\^k�VYX[VYh+\^_mc�Z\�edcg]YhYi[j^bklcUV'�u\^T�h+RUTWjt\tV-klcm\tj^bdcUj^X[pUTq|� ��� } ��bW\tZWc
~τ =

d~L

dt
= ~̇L .

q|� � � }
� T�edcgklcg�]6cUV�� � Xo\^kAh+RU]+��bW\@h+RUh6cgko��bW\@cUj^hYxdcDV+RU�]+\<bTyVYX[V+h+\^_mc�qs]+\tVYeu\tj^h+RGc�bTyebT�h+R P

}¤\tVT�bk[R�U\^T�h+RUTWjt\tV�\^k�_`RU_`\^T�h+RfcgTvabklcg]�Z\^k�VYX[VYh+\^_mcGqs]+\tVYeo\tj^h+R-cgk�_�X[V+_`R<ebT�h+R�}�TWR@j'cg_��Xlcg]%$ �� RycgT�h+\^]YX[RU]fV+\�jtRUTWR�jt\�jtRU_`R�klc�[¦�� 5�¦�6+¥U§��t¦{®�	1ª 6 ,�
 § 5�¦{ £`¥U£m¦{§A¨©¥�ªU§�«U¬�)ªa® � � cUV<zsbW\^]Y�/cUVXwT�h+\^]YTdcUV�Z\DbT VYX[V+h+\^_mcmebW\tZ\^T³j'cg_��Xlcg]�\^k�_`RU_`\^T�h+RrcgTvabklcg]4Z\	klcUV-edcg]YhYi[j^bklcUV4��bW\Gk[RjtRU_�eoRUTW\^T��deo\^]+R	TWR�ebW\tZ\^T�_`R�Z�X)¢dj'cg]<\^k ��\tj^h+RU]7_`RU_`\^T�h+RycgTvabklcg]<h+RUh6cgk �¯ kwbWV+hY]+\^_`RaV�\^kfbWV+R Z\´klc k[\ n Z\ jtRUTWV+\^]Y�acUj^X[pUT Z\´_`RU_`\^T�h+R cgTvabklcg]�jtRUTKcgkwvabTWRaV\:9 \^_�ek[RaV
�������
	����

¡ \^_�bW\tVYhY]+\4��bW\%bT°eklcgTW\^h6c����bW\-V+\%_�bW\^��\4cgkw]+\tZ\tZRU]@Z\^kuV6RUk©���dcg]Y]+\ $g]+\'cUV Xwvabdcgk[\tVI\^ThYX[\^_�eoRaV<Xwvabdcgk[\tV'�W\tV7Z\tj^Xw]'�
dA/dt =

jtRUTWVYh6cgT�h+\ �
QSRUk[R���bW\^_`RaV4\^k RU]YXwv�\^T Z\	T�bW\tV+hY]+R�VYX[VYh+\^_mcyZ\�jtR�RU]+Z\^TdcUZWcUV�\^T´\^k kwbv�cg]fZRUTWZ\�\tVYh%$\^koV+RUk � � c4zsbW\^]Y�/cG��bW\@\^koV+RUko\:9Y\^]+jt\%V+RU�]+\<k[RaV eklcgTW\^h6cUVI\tV c4k[R�klcg]Yv�RDZ\@klc4Z�Xw]+\tjtj^X[pUT�]6cUZ�Xlcgk©�eoRU]%k[Ryh6cgT�h+R�oklcmzsbW\^]Y�/cycghY]6cUj^hYXw�UcyZ\Dva]6ct��Xwh6cUj^X[pUT²TWRy\:9 \^]+jt\Dh+RU]+��bW\GV+RU�]+\	\^kPeklcgTW\^h6c � ¡ \k[R´cgT�h+\^]YX[RU]`V+\mZ\tV+e]+\^TWZ\���bW\y\^k _`RU_`\^T�h+R cgTvabklcg]�Z\^kSeklcgTW\^h6crZ\^�u\�V6\^]D\^T�h+R�ZRaVGk[RaVXwTWVYh6cgT�h+\tV%\^k�_�X[VY_`R �
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� Q b $gk¤\tVf\^k�$g]+\'c ∆A

��bW\D�dcg]Y]+\�\^k eklcgTW\^h6c\^T bT�hYX[\^_�eoR
∆t � � c	]+\tVYebW\tV+h6c�\tV

∆A =
1

2
|~r × (~v ∆t) | =

∆t

2m
|~r ×~p| =

∆t

2m
` .

QSRU_`R
` = |~̀ | V6\�jtRUTWV+\^]Y�ac�c³k[R�klcg]Yv�R�Z\klc�hY]6c n \tj^h+RU]YXlc��V+\%Z\tZ�bWjt\%��bW\-\^k $g]+\'cG�dcg]Y]YX)(ZWc�\^T²bT hYX[\^_�euR

∆t
\tV4XwTWZ\^eo\^TWZ�X[\^T�h+\mZ\^kebT�h+RmZ\-klc�hY]6c n \tj^h+RU]YXlc`��bW\4V+\fjtRUTWV+X[Z\^]+\ �

+�, «U¬�® ª.-�/��
�������
	�����

QSRUTWVYX[Z\^]+\IbTdc%_mcUV6c
M

jtRUkwv�cUZWc4Z\ bTdc%�Uc (]YXwkwklcI]YiwvaX[ZWc��'Z\ _mcUV cIZ\tVYe]+\tj^Xlcg�k[\ n Z\ klcg]Yv�R
L
�A��bW\4ebW\tZ\GvaXw]6cg]%kwXw�]+\^_`\^T�h+\�\^T�h+RU]YTWR�cgkebT�h+R

O
qs��\^] ¢Wvab]6c-cUZ 9 bT�h6c�} �a� T�\^k�XwTWVYh6cgT*(h+\

t = 0
klc _mcUV c

M
\43�ek[RUh6c n bTdc�edcg]Yh+\

M/2
V cgk[\�Z�X[VYedcg]6cUZWc@jtRUTG��\^k[R�j^X[ZWcUZ

v
\^TGbTdcZ�Xw]+\tjtj^X[pUT ��bW\	z|RU]Y_mc°bT $gTvabk[R

θ
jtRUT�]+\tV (eo\tj^h+R�cfklc-�WRU]YXw�'RUT�h6cgk ��� TWj^bW\^T�hY]+\@klcf\^TW\^]Yvailcj^XwT��^hYX[j'c@Z\ klc<edcg]Yh+\S��bW\S��bW\tZp-cUZRaV6cUZWc-c7klc�Ucg]YXwkwklc	\^T \^kuXwTWVYh6cgT�h+\fXwT_`\tZ�Xlcgh6cg_`\^T�h+\�eoRaV (h+\^]YX[RU]@c	klc	\43�ek[RaVYX[pUT �

+�, «U¬�® ª.-�/	�
� RU�]+\-\^koVYX[V+h+\^_mc�qsklc��Ucg]YXwkwklcGjtRUT°klc4_mcUV c�jtRUkwv�cgTWZR�}ScUj^hYxdcgT°klcUV V+XwvabX[\^T�h+\tVSz bW\^]Y�/cUV ��X~}\^k�eo\tV+R −Mgẑ

��XwX~} bTdcGz bW\^]Y�/c ~F0

��bW\-\:9Y\^]+jt\f\^k�\:9 \fZ\-vaXw]+R�V6RU�]+\-klcD�Ucg]YXwkwklc n XwXwX~}�zsbW\^]Y�/cUVRU]YXwvaXwTdcUZWcUV	eoRU]Dklc \43�ek[RaVYX[pUT ��� T�\^k XwTWVYh6cgT�h+\ t = 0
\^kSeu\tV+R TWRr\:9 \^]+jt\�bT h+RU]+��bW\yV+RU�]+\\^k¤VYX[VYh+\^_mcy]+\tVYeu\tj^h+R c � n c°��bW\	\^T \tV+\	XwTWV+h6cgT�h+\�k[RaVf��\tj^h+RU]+\tV ~r n −Mgẑ

V+RUT´edcg]6cgk[\^k[RaV �� cmzsbW\^]Y�/c ~F0

h6cg_�eoR�jtRy\:9 \^]+jt\DbTrh+RU]+��bW\ n cm��bW\D\^k�
{®Yª�/¥�edcg]6cy\tVYh6c`z bW\^]Y�/cm\tV@T�bk[R � � cUVzsbW\^]Y�/cUV RU]YXwvaXwTdcUZWcUV euRU]�klcI\43�ek[RaVYX[pUTGV6RUTfzsbW\^]Y�/cUV XwT�h+\^]YTdcUV n euRU] jtRUTWVYXwvabX[\^T�h+\�TWR7_`R�Z�X)¢dj'cgT\^kW_`RU_`\^T�h+R�cgTvabklcg] h+RUh6cgkWZ\^kdVYX[VYh+\^_mc � QSRUTWj^kwbXw_`RaVS��bW\I\^k_`RU_`\^T�h+RGcgTvabklcg]�h+RUh6cgkAcgT�h+\tVn 9 bWVYh+R�Z\tVYeb��tV@Z\-klc�\43�ek[RaV+X[pUT Z\^�o\^T�V6\^]IXwvabdcgk[\tV �¯ TX[j^Xlcgkw_`\^T�h+\�\^kI_`RU_`\^T�h+R cgTvabklcg]�\tV`jt\^]+R � ¡ \tVYeb��tVmZ\ klc´\43�ek[RaVYX[pUT \^k7_`RU_`\^T�h+RcgTvabklcg]@Z\^kuz ]6cgva_`\^T�h+Rm��bW\4V6cgk[\fZ�X[V+edcg]6cUZR`\tV
~̀
1 = −M

2
Lv cos θ ŷ .

� X�klc°��\^k[R�j^X[ZWcUZ³cgTvabklcg]	Z\�klc°�acg]YXwkwklc \^T \^k¤XwTWVYh6cgT�h+\meoRaV+h+\^]YX[RU]Dc°klc�\43�ek[RaVYX[pUT³\tV ω0

��\^k_`RU_`\^T�h+R°cgTvabklcg]<Z\-klc	_mcUV6c	��bW\4��bW\tZp`cUZRaV6cUZWc`c	klcD�acg]YXwkwklc�\tV
~̀
2 =

M

2
L2ω0 ŷ .
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QSRU_`R�klc�VYb_mc	Z\fk[RaV<ZRaVI_`RU_`\^T�h+RaV-cgTvabklcg]+\tV ~̀

1 n ~̀
2

Z\^�o\�V+\^]IT�bklc��WV6\-hYX[\^TW\4��bW\
M

2
Lv cos θ =

M

2
L2ω0 .¡ \tV+eo\:9+cgTWZR

ω0

V+\f\^TWj^bW\^T�hY]6c
ω0 =

v cos θ

L
.

� XwTdcgkw_`\^T�h+\a��jtRUTWR�j^X[\^TWZR°klcm��\^k[R�j^X[ZWcUZ cgTvabklcg]
ω0

euR�Z\^_`RaV-\^�acgkwbdcg]%klcy\^TW\^]Yvailc°j^XwT��^hYX[j'cZ\^kWz ]6cgva_`\^T�h+R	��bW\@��bW\tZpDcUZRaV6cUZRGc4klcf�acg]YXwkwklc���\^Ty\^kdXwTWVYh6cgT�h+\<XwT_`\tZ�Xlcgh6cg_`\^T�h+\-eoRaVYh+\^]YX[RU]c	klc	\43�ek[RaV+X[pUT �
K =

1

2

M

2
L2ω2

0
=

M

4
v2 cos2 θ .

&�&�&'&�&�&
� T�h+\tV Z\<cgTdcgkwXw�/cg]SbT`h+\^]+jt\^]S\:9 \^_�ek[RGZ\4(�o\^_`RaV�Z\^_`RaVYhY]6cg]mbTdc´e]+RUeuRaVYX[j^X[pUT Xw_�(eoRU]Yh6cgT�h+\ �QSRUTWVYX[Z\^]+\^_`RaV T�bW\^�Ucg_`\^T�h+\

N
edcg]YhYi[j^b*(klcUV³jtRUT _mcUV6cUV {mj}

b�X[j'cUZWcUV�\^T k[RaVkwbv�cg]+\tV {~rj} n jtRUTL��\^k[R�j^X[ZWcUZ\tV {~vj} �� \'cgT ~Rcm n ~Vcm

klc-euRaVYX[j^X[pUT n ��\^k[R�j^X[ZWcUZZ\^k`��\^T�hY]+R Z\±_mcUV6cUV � ¡ \^TWRUh+\^_`RaV euRU]
~rj

′ n ~vj
′
k[RaV ��\tj^h+RU]+\tV Z\ eoRaVYX[j^X[pUT n��\^k[R�j^X[ZWcUZ Z\�klc edcg]YhYi[j^bklc

mj

]+\tVYeu\tj^h+Rcgk jt\^T�hY]+R�Z\-_mcUV6cUV �
� T�h+RUTWjt\tV +�, «a¬�®Yª.-�/��

~L =
∑

j

~̀
j =

∑

j

~rj × ~pj =
∑

j

mj (~rj × ~vj ) .

2 RU]%RUhY]6c	edcg]Yh+\
~rj = ~Rcm + ~rj

′

n
~vj = ~Vcm + ~vj

′ .

� bWVYhYXwhYb n \^TWZRm\tVYh6cUV7]+\^klcUj^X[RUTW\tV@\^T�klc�\tj^bdcUj^X[pUTrcgT�h+\^]YX[RU]@V6\fRU�hYX[\^TW\
~L =

∑

j

mj

(

~Rcm + ~rj
′

)

×
(

~Vcm + ~vj
′

)

=
∑

j

mj
~Rcm × ~Vcm + M

∑

j mj~rj
′

M
× ~Vcm + M ~Rcm ×

∑

j mj~vj
′

M
+
∑

j

mj~rj
′ × ~vj

′
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2 \^]+R

∑

j mj~rj
′

M
= ~Rcm

′

n
∑

j mj~vj
′

M
= ~Vcm

′

V+RUT klc�euRaVYX[j^X[pUT n ��\^k[R�j^X[ZWcUZ�Z\^kPjt\^T�hY]+RmZ\�_mcUV6cUV7_`\tZ�X[ZWcUV@Z\tV+Z\�\^k jt\^T�hY]+RyZ\f_mcUV6cUV��kwbW\^v�Rmcg_��dcUV%VYb_mcgh+RU]YXlcUV<V6RUT�T�bklcUV � ¡ \f\tVYh6c�_mcgTW\^]6c	klc�\tj^bdcUj^X[pUT�cgT�h+\^]YX[RU]@��bW\tZWc
���  	 ����
	��
�� �

~L = M ~Rcm × ~Vcm +
∑

j

~̀ ′ = ~Rcm × ~Pcm + ~L ′ .

� T�edcgklcg�]6cUV�� � k _`RU_`\^T�h+R�cgTvabklcg]@]+\tV+eo\tj^h+Ryc�j^bdcgk[��bX[\^]%ebT�h+R���\tV<Xwvabdcgk�cgk _`RU_`\^T�h+RcgTvabklcg]-Z\^�X[ZR°c�klcmhY]6cUVYklcUj^X[pUT´Z\^kPV+X[VYh+\^_mc`jtRU_`R�bT�h+R�ZR�d\tV%Z\tj^Xw]'�o\^k _`R/��Xw_�X[\^T�h+RyZ\^kjt\^T�hY]+R`Z\-_mcUV6cUVIjtRUT�h+R�ZWcGklcD_mcUV6cDjtRUTWjt\^T�hY]6cUZWcm\^T \tV+\%kwbv�cg]'��_ $UV7\^ku_`RU_`\^T�h+RmcgTvabklcg]qs]+RUh6cUj^X[RUTdcgk XwT�hY]YiwTWV6\tjtR�}IZ\^k VYX[V+h+\^_mcD��X[VYh+R�Z\tV6Z\4\^k�jt\^T�hY]+R�Z\f_mcUV6cUV �
�������
	�����
QSRUTWVYX[Z\^]+\�ZRaVGedcg]YhYi[j^bklcUV	Z\`_mcUV6c

m
bTX)(ZWcUV7euRU]7bTdc��dcg]Y]6c�Z\�_mcUV6c�Z\tVYe]+\tj^Xlcg�k[\ nklcg]Yv�R

L � � Tdc-h+\^]+jt\^]6c-edcg]YhYi[j^bklc���h6cg_G�X �^TmZ\_mcUV6c
m
�djtRUkwX[V+X[RUTdcmjtRUT�klcUV%cgT�h+\^]YX[RU]+\tV'�u��bW\4(ZWcgTWZR4cUZRaV6cUZWcfc@klc�� � ��� X�klc@��\^k[R�j^X[ZWcUZ	XwT*(j^X[Z\^T�h+\-Z\<klc�_mcUV6c�� � \tV v0

� n �tV+h6c4XwTWj^X[Z\jtRU_`RyV6\4_�bW\tV+hY]6c�\^T´klc`¢Wvab]6c�� ��� �u\^TWj^bW\^T*(hY]+\�klcmeoRaV+X[j^X[pUTrZ\Gklc�_mcUV6c�� � \^T�zsbTWj^X[pUTZ\^k�hYX[\^_�eoR � +�, «a¬�®Yª.-�/
�
� \tV+RUkw��\^]+\^_`RaV@\^k�e]+RU�k[\^_mc`Z\4ZRaVI_mcgTW\^]6cUV �
2 ]YXw_`\^]+R�\^kwX 9Y\^]+\^_`RaV-\^k VYX[V+h+\^_mc�Z\�jtR�RU]+Z\^TdcUZWcUV-Z\4_mcgTW\^]6c���bW\4\^kP\:9 \

x̂
jtRUXwTWj^X[ZWc�jtRUT�klc]+\tj^h6c`c	k[R	klcg]Yv�R`Z\fklc	j^bdcgk V+\-_�bW\^��\G\^k�jt\^T�hY]+RmZ\-_mcUV cUV<Z\^k�VYX[VYh+\^_mc�qs��\^] ¢Wvab]6cm� ��� } �� X t = 0

jtRU]Y]+\tVYeuRUTWZ\�cgk�XwTWVYh6cgT�h+\y\^T ��bW\yR�j^b]Y]+\`klc�jtRUkwX[VYX[pUT�� \^T�h+RUTWjt\tV	klc�euRaVYX[j^X[pUTZ\^kPjt\^T�hY]+R�Z\�_mcUV6cUV%Z\^k�VYX[VYh+\^_mcmh+RUh6cgkIq \tV%Z\tj^Xw]'�uZ\�klcUV%hY]+\tV@_mcUV6cUV }{�Ah6cgT�h+R�cgT�h+\tVfjtRU_`RZ\tVYeb��tV<Z\-klc�jtRUkwX[V+X[pUT����\^TWZ�]%$�ZWcUZR�euRU]
~rcm(t) =

v0

3
t x̂ .
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2 RaVYh+\^]YX[RU]-c	klc	jtRUkwX[VYX[pUT��klc��dcg]Y]6c�jtRUT _mcUV6cUV
2m n m

\^T�VYbWV \43�hY]+\^_`RaV'��]+RUh6cg]%$�jtRUTyj^X[\^]Yh6c��\^k[R�j^X[ZWcUZ�cgTvabklcg]
ω0

\^T h+RU]YTWR cgkGjt\^T�hY]+RZ\m_mcUV6cUV � 2 R�Z\^_`RaV	\^�acgkwbdcg] ω0

bWV6cgTWZR�klck[\ n Z\4jtRUTWV6\^]Y�UcUj^X[pUT�Z\^k _`RU_`\^T�h+R�cgTvabklcg] �
� T�h+\tV�Z\�klc jtRUkwX[VYX[pUT \^k<_`RU_`\^T�h+R cgTvabklcg]Z\^k VYX[VYh+\^_mc	\tV

~Li =

[

L

3
mv0

]

ẑ .

¡ \tV+eb��tV%Z\Dklc�jtRUkwX[VYX[pUT��oedcg]6cy\^kPVYX[V+h+\^_mcmZ\]+\{z \^]+\^TWj^Xlc³��bW\�\tVYh6cg_`RaV�bWV6cgTWZR�¤klc �Ucg]YXwkwklcjtRUT klcUV-_mcUV6cUV4V+pUk[R°hYX[\^TW\	bT�_`RU_`\^T�h+R�cgT*(vabklcg]7XwT�hY]YiwTWV+\tjtR �
+�, «a¬�®Yª.-�/��

~Lf =

[

2L

3
m

(

ω0

2L

3

)

+
L

3
(2m)

(

ω0

L

3

)]

ẑ =
2

3
mω0L

2 ẑ .

� V6cgTWZR`klcDk[\ n Z\4jtRUTWV6\^]Y�UcUj^X[pUT�Z\^k _`RU_`\^T�h+R�cgTvabklcg]@V+\f\^TWj^bW\^T�hY]6c���bW\
ω0 =

v0

2L
.

� RUkw��\^]+\^_`RaVmc ]+\tV6RUkw��\^]	\^kSe]+RU�k[\^_mcreu\^]+R�\^kwXwvaX[\^TWZR cg�WRU]6c�bT VYX[VYh+\^_mc�Z\°jtR�RU]+Z\^TdcUZWcUV¢ 9 R�\^T \^k klcg�oRU]6cgh+RU]YX[R n jtRUT³\^k RU]YXwv�\^T�jtRUXwTWj^X[Z�X[\^TWZRrjtRUT klc�klc�euRaVYX[j^X[pUT³Z\�klc�edcg]YhYi[j^bklc���DcgT�h+\tVIZ\%klcDjtRUkwX[VYX[pUT � �@bW\^�Ucg_`\^T�h+\f\^k[\^vaXw_`RaVI\^ko\:9Y\ x̂
c�k[RDklcg]Yv�R	Z\@klc���\^k[R�j^X[ZWcUZ�Z\<klcedcg]YhYi[j^bklcmXwTWj^X[Z\^T�h+\ n \^k \:9Y\ ŷ

c`k[Rmklcg]Yv�RyZ\�klcmZ�Xw]+\tjtj^X[pUT²��bW\�hYX[\^TW\Gklc`�dcg]Y]6c�cgT�h+\tVfZ\4klcjtRUkwX[VYX[pUT �� T \tVYh+\�V+X[VYh+\^_mc�Z\rjtR�RU]+Z\^TdcUZWcUV'� \^k%_`RU_`\^T�h+R±cgTvabklcg]°Z\^k-VYX[VYh+\^_mc�� cgT�h+\tV°Z\�klcjtRUkwX[VYX[pUT���\tV%T�bk[R � ¡ \tVYeb��tV-Z\�c�klc�jtRUkwX[V+X[pUT���\^kP_`RU_`\^T�h+R�cgTvabklcg]fh+RUh6cgk Z\Dklcm�dcg]Y]6c°jtRUTklcUV hY]+\tV _mcUV6cUV'�Uh6cg_G�X �^T�Z\^�u\^]%$-V+\^] T�bk[R ��� k_`RU_`\^T�h+RDcgTvabklcg]�Z\I\tVYh+\IVYX[V+h+\^_mcfjtRU_�ek[\:9 R��bW\7V6\7cgk[\:9Yc���V6\IebW\tZ\7\^�acgkwbdcg]�bWV6cgTWZRfklcfe]+RUeoRaVYX[j^X[pUT�]+\tj^X �^TmZ\^_`RaVYhY]6cUZWc � QSRUTWVYh6c4Z\7ZRaVedcg]Yh+\tV � \^k<_`RU_`\^T�h+R±cgTvabklcg]�Z\^k-jt\^T�hY]+R�Z\�_mcUV6cUV n \^k<_`RU_`\^T�h+R±cgTvabklcg]°]+RUh6cUj^X[RUTdcgkXwT�hY]YiwTWV+\tjtR �QSRU_`R°\^kPjt\^T�hY]+RyZ\G_mcUV6cUV%V+\G_�bW\^��\	jtRUT���\^k[R�j^X[ZWcUZ
v0/3

�oklcm_mcUV6c`h+RUh6cgk�\tV
3m n \^k
{® ª �'¥�q Z�X[VYh6cgTWj^XlcD\^T�hY]+\f\^kuRU]YXwv�\^T n klcGh6cgTv�\^T�h+\fZ\@klc4hY]6c n \tj^h+RU]YXlc	Z\^kujt\^T�hY]+R	Z\@_mcUV cUV }¤\tV

L/3
�W\^k�_`RU_`\^T�h+RycgTvabklcg]<Z\^k jt\^T�hY]+RmZ\-_mcUV6cUV@V+\^]%$

~Rcm × ~Pcm = −L

3
(3m)

v0

3
ẑ .

� k�_`RU_`\^T�h+RycgTvabklcg]<XwT�hY]YiwTWV+\tjtR�WXwvabdcgk ��bW\f\^T \^k j'cUV+R`cgT�h+\^]YX[RU]'�W��X[\^TW\4ZWcUZR�euRU]
~L ′ =

2

3
mω0L

2 ẑ .
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� cmjtRUTWZ�X[j^X[pUT´��bW\fklc`VYb_mcmZ\4k[RaV@ZRaV<_`RU_`\^T�h+RaV-cgTvabklcg]+\tVfcgT�h+\^]YX[RU]+\tV%V6\'c�T�bklc��ATWRaV<ZWcklc	_�X[VY_mc	]+\^klcUj^X[pUT���bW\ n c	�dcg�ilcg_`RaV@\^TWjtRUT�hY]6cUZR �

ω0 =
v0

2L
.

2 cg]6c`klcDeoRaVYX[j^X[pUT�Z\fklcD_mcUV6c � � V+\fRU�hYX[\^TW\�klc	\43�e]+\tV+X[pUT

~r1(t) =











2L

3
ŷ

edcg]6c
t < 0

v0

3
t x̂ +

2L

3
[cos(ω0t) ŷ − sin(ω0t) x̂]

edcg]6c
t > 0

243��43 ��Ho9��DF+=¤;�B �

�a� QSRUTWVYX[Z\^]+\^_`RaV�bT V6cgh �^kwXwh+\`cg]YhYX)¢dj^Xlcgk©� Z\	_mcUV c
m
����bW\	vaXw]6c°\^T²h+RU]YTWR�cyklcyhYX[\^]Y]6c�ck[RGklcg]Yv�R�Z\<bTdc	pU]Y�Xwh6cD\^kwiwehYX[j'c n`n cUV Z�X[VYh6cgTWj^XlcUV7_ $ 3�Xw_mc n _�iwTXw_mc�c�klcDVYbeo\^] ¢dj^X[\Z\Gklc`hYX[\^]Y]6cyV+RUT²����������_ n � �a����_ �A]+\tVYeu\tj^hYXw�Ucg_`\^T�h+\ � � cm��\^k[R�j^X[ZWcUZr_ $ 3�Xw_mc�Z\^kV6cgh �^kwXwh+\S\tVPZ\ � " � � � ��_��1� �g� k�]6cUZ�X[R<h+\^]Y]+\tVYhY]+\S\tV Xwvabdcgk�c � � �a����_ � � Q b $gk[\tVPV+\^]%$gTGklcUV��\^k[R�j^X[ZWcUZ\tV<Z\^k�V6cgh �^kwXwh+\�\^T�\^k�eo\^]YXwv�\tR�q

r �
	��
} n cgeuRUv�\tR q r ���� }{��]+\tV+eo\tj^hYXw�acg_`\^T�h+\ �

� � � TdcG�dcgklc�Z\-_mcUV6c
m n ��\^k[R�j^X[ZWcUZ v

edcUV c�chY]6c'� �tV Z\�klc
� k[\^T�h+\:9+c��SZ\SbTDe �^TWZ�bk[R-Z\ _mc (V6c
M
� n \^_`\^]Yv�\%jtRUT`��\^k[R�j^X[ZWcUZ v/2 � � c-k[\^T*(h+\:9+c4Z\^koe �^TWZ�bk[RD\tVYh%$GjtRUkwv�cUZWc�Z\@bTdcGj^bW\^] (ZWc@Z\�k[RUTvaXwhYbWZ

` � � Q b $gk�Z\^�o\SV+\^]�\^k��acgk[RU] Z\
v
edcg]6c`��bW\-klcDk[\^T�h+\:9Yc�Z\^k�e �^TWZ�bk[R`Z\tV+j^]YXw�dcbT j^iw]+j^bk[R³jtRU_�ek[\^h+R � � QSpU_`R�V6\ _`R�Z�X)¢dj'c\^k�e]+RU�k[\^_mc�VYX©�A\^T�kwbv�cg]@Z\�bTdc`j^bW\^]+ZWc��Aklck[\^T�h+\:9Yc´\tVYh%$rjtRUkwv�cUZWc´Z\°bTdc��acg]YXwkwklcr]YiwvaX[ZWcVYXwT�_mcUV c � +�, «U¬�® ª.-�/ -

��� � Tdc edcg]YhYi[j^bklc´Z\�_mcUV6c
m n ��\^k[R�j^X[ZWcUZ v0XwTWj^X[Z\DV+RU�]+\DbTdc`�dcg]Y]6cyZ\Gklcg]Yv�R

L n _mcUV cZ\tVYe]+\tj^Xlcg�k[\a����bW\ \^T`j'cUZWc%bTWRfZ\ k[RaV¤\43�hY]+\4(_`RaV hYX[\^TW\%bTdcD_mcUV6c
m
��h6cgk�jtRU_`RDV6\@XwTWZ�X[j'c\^T�klc�¢Wvab]6c ��� beuRUTv�cm��bW\G\^k�j+�WR���bW\G\^T�hY]+\klcUVy\tV z|\^]6cUV�� ��n � � \tVy\^k $UVYhYX[jtR n jt\^T*(hY]6cgk q~zs]+RUT�h6cgk~} � � � \@_`R'��\^]%$DklcGedcg]YhYi[j^bklc � �Z\tVYeb��tVPZ\^k�j6�WR���bW\ �7� X�VYb�]+\tVYebW\tV+h6c<\tVPc1¢W] (_mcghYXw�ac	\^�UcgkwbW\�VYb Z�Xw]+\tjtj^X[pUT n _mcgvaTXwhYbWZ �

+�, «U¬�® ª.-�/��
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�W� � Tdc _mcUV6c

m1

V+\¤Z\:9+c7j'cU\^]PZ\tV+Z\¤bTdc@cgkwhYb]6c
h
V+RU�]+\-bT � �dcgklcgTWj^iwT �mqs��\^] ¢Wvab]6c�� �w� ��} �W� k�dcgklcgTWj^iwT�ebW\tZ\yvaXw]6cg]	kwXw�]+\^_`\^T�h+\�\^T h+RU]YTWRcy��\^T�\^kPV+\^T�hYX[ZRyjtRUT�hY]6cg]YX[R�cgk ]+\^k[R 9 �u� RU�]+\\^kWRUhY]+Rf\43�hY]+\^_`R4Z\^k�dcgklcgTWj^iwTm�dc n bTdcf_mcUV6c

m2 � � kdj+�WR�j'cg]�klc4_mcUV6c m1

jtRUT�hY]6c�\^kd�dcgklcgT*(j^iwT�� �tVYh6c@��bW\tZWc%cUZRaV6cUZWc%c �^k � � �@b���z ]6cUjtj^X[pUTZ\ klc<\^TW\^]Yvailc@h+RUh6cgk�XwTX[j^XlcgkV+\SZ�X[VYXwedc<\^TDklc%jtR (kwX[VYX[pUT � ¡ \tVYe]+\tj^X[\fklcD_mcUV6c`Z\^k��dcgklcgTWj^iwT � +�, «U¬�®Yª - /10��
� � QSRUTWVYX[Z\^]+\´ZRaVy_mcUV6cUV

m
��bTX[ZWcUVyeuRU]°bTdc�acg]YXwkwklcmZ\Gklcg]Yv�R

L �A� VYh6c`�acg]YXwkwklc�\tVYh%$mV6RUk[ZWc (ZWc²\^T VYb jt\^T�hY]+R c�RUhY]6c²�acg]YXwkwklc�� z|RU]Y_mcgTWZRbT $gTvabk[R
α �A� k�VYX[VYh+\^_mc�cgT�h+\^]YX[RU]-]+RUh6c�jtRUTbTdc���\^k[R�j^X[ZWcUZ�cgTvabklcg]

ω0

\^T°h+RU]YTWR	c�klcGV+\4(vabTWZWc@�acg]YXwkwklc�qs��\^] ¢Wvab]6cfcUZ 9 bT�h6c�} ��� T�j^X[\^] (h+RGXwTWVYh6cgT�h+\-klcDV+RUk[ZWcUZ�b]6cDV+\@]+RU_�eu\a��Z\tV cUjtR (ek $gTWZRaV+\<\^kd_`R'��Xw_�X[\^T�h+RDZ\IklcUV ZRaV¤�acg]YXwkwklcUV �¡ \tV+j^]YXw�dc���Z\%cg�id\^T�cUZ\^klcgT�h+\a��\^kW_`R/��Xw_�X[\^T*(h+R�Z\fklcD�acg]YXwkwklc�jtRUT klcUV<ZRaVI_mcUV6cUV � +�, «U¬�®Yª - /10 0
��� QSRUTWVYX[Z\^]+\SbTdc@�acg]YXwkwklc<]YiwvaX[ZWc��Ueu\^]+R-Z\S_mc (V6c�Z\tVYe]+\tj^Xlcg�k[\a�Ij^b n R³klcg]Yv�R \tV L n ��bW\hYX[\^TW\GZRaV7_mcUV6cUV

m
�bTdcmcUZRaV6cUZWc�\^T�bTWRZ\	k[RaVG\43�hY]+\^_`RaV n klc�RUhY]6c�cgk�jt\^T�hY]+R qs��\^]¢Wvab]6c�} � � c��Ucg]YXwkwklcmebW\tZ\GvaXw]6cg]%kwXw�]+\^_`\^T*(h+\ \^T \^k<eklcgTWR ��\^]YhYX[j'cgk-cgkw]+\tZ\tZRU]�Z\�bT\:9Y\°��bW\°edcUV6c²eoRU]`\^k7\43�hY]+\^_`R \^T±��bW\°TWRhYX[\^TW\°bTdc�_mcUV6c²cUZRaV6cUZWc � � R�ZR²\^kIVYX[V+h+\4(_mc²V6\ \^TWj^bW\^T�hY]6c³\^T bT j'cg_�euR va]6c'��Xwh6c (j^X[RUTdcgk jtRUTWVYh6cgT�h+\

~g = −gẑ ��� beoRUTv�cy��bW\\tVYh+\SVYX[VYh+\^_mc<XwTX[j^Xlcgkw_`\^T�h+\IV6\ \^TWj^bW\^T�hY]6c-\^T]+\^euRaV+Rm\^TrVYb�euRaVYX[j^X[pUTrZ\G\t��bXwkwXw�]YX[RmXwTW\tV7(h6cg�k[\ � � Tdc4k[\^��\<eu\^]YhYb]Y�dcUj^X[pUT°�dcUjt\-��bW\@\^kVYX[V+h+\^_mc<V6cgkwv�c%Z\SVYbDeoRaVYX[j^X[pUT�Z\S\t��bXwkwXw�]YX[R
n edcgbklcghYXwTdcg_`\^T�h+\	jtRU_�X[\^T�/c`c � j'cU\^] � �

+�, «U¬�® ª.-�/ 0 �

ª�} � TWj^bW\^T�hY]+\4klc	��\^k[R�j^X[ZWcUZ�cgTvabklcg] ω = θ̇ n klc`cUjt\^k[\^]6cUj^X[pUT´cgTvabklcg] α = θ̈
Z\-klc�acg]YXwkwklc	j^bdcgTWZR �tVYh6cGz|RU]Y_`\fbT $gTvabk[R

θ
jtRUT�klcD��\^]YhYX[j'cgk �


/} � TWj^bW\^T�hY]+\4klcDz bW\^]Y�/c	��bW\-klc	�Ucg]YXwkwklc	\:9Y\^]+jt\4V+RU�]+\�\^k�\:9 \fj^bdcgTWZR�klc��Ucg]YXwkwklcDedcUV6ceuRU]IklcD�WRU]YXw�'RUT�h6cgkIq \tV7Z\tj^Xw]'�Wj^bdcgTWZR
θ = π/2

} �
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��� � Tdc4_mcUV c
m
]+\'cgkwXw�/cDbT°_`R'��Xw_�X[\^T�h+R`j^Xw]+j^b*(klcg]'�ajtRUT`]6cUZ�X[R
R0

�aV+RU�]+\7bTdc%_`\tV6c`q VYXwT	z ]YX[j4(j^X[pUTA}{�Ucgh6cUZWc-c7bTD�Xwk[R�qs��\^] ¢Wvab]6c-� �w� ��} ��� \'c
ω0

klcf��\^k[R�j^X[ZWcUZ�cgTvabklcg] XwTX[j^Xlcgk � � Q b $gko\tVS\^khY]6cg�dc 9YR@��bW\�Z\^�u\ ]+\'cgkwXw�/cg]+V+\%qshYXw]6cgTWZR-Z\^k��X)(k[R�}7edcg]6c�cUj6�X[j'cg]4\^k ]6cUZ�X[RyZ\GvaXw]+RyZ\tV6Z\
R0c

R0/2 �
� \tVYebW\tVYh6c �

W = 3mω2

0
R2

0
/2 . +�, «U¬�®Yª - /10 �

� � QSRUTWVYX[Z\^]+\ bT����{§;5U¬�w¥ 6 
 § , 6+¥ q \tV Z\tj^Xw]'�bTdc	_mcUV c
m
jtRUkwv�cUZWc`Z\fbT��Xwk[R�X[Z\'cgk Z\klcg]Yv�R

L
}{����bW\`vaXw]6c�\^T³j^iw]+j^bk[RaV4z RU]Y_mcgTWZRbT $gTvabk[R

α0

jtRUT klcD��\^]YhYX[j'cgk �ª�} � QSRUT ��b��%��\^k[R�j^X[ZWcUZ�cgTvabklcg]IvaXw]6cg]%$VYXo\^ko�Xwk[R	V+\-cUjtRU]Yh6c�k[\^T�h6cg_`\^T�h+\f�dcUV7(h6cDkwk[\^v�cg]@c
L/2 �


/} � �@bW\DhY]6cg�dc 9YR Z\^�o\D]+\'cgkwXw�/cg]+V+\`edcg]6ccUjtRU]Yh6cg]<\^k��Xwk[R�\^T�\tV6cD_mcgvaTXwhYbWZ � +�, «U¬�® ª - /10 �
"�� � T cgklcg_��]+\ q Z\r_mcUV6c�Z\tVYe]+\tj^Xlcg�k[\/}�Z\klcg]Yv�R

2L
V+\�ZRU�klc³cgk%jt\^T�hY]+R Z\ _mcgTW\^]6c��bW\Dz RU]Y_mc bT $gTvabk[R

α ��� T�j'cUZWc�\43�hY]+\4(_`Rr\^k7cgklcg_��]+\°hYX[\^TW\ybTdc�_mcUV6c
m �P� VYh+\Z�X[VYeuRaVYXwhYXw��R%V+\ � j^bW\^kwv�c��SZ\SbT�\:9 \ h6cgk�jtRU_`RV+\4_�bW\tVYhY]6cm\^T�klc	¢Wvab]6c�cUZ 9 bT�h6c � Q cgk[j^bk[\\^koeo\^]Yi[R�ZR	Z\-RaV+j^XwklcUj^X[pUT�Z\^kuV+X[VYh+\^_mc4edcg]6ceu\t��bW\ � cUV RaV6j^XwklcUj^X[RUTW\tV¤\^T�h+RU]YTWR�c%VYb	eoRaV+X)(j^X[pUT�Z\m\t��bXwkwXw�]YX[R�\tVYh6cg�k[\ � � \^]YX)¢d��bW\m��bW\klc-\43�e]+\tVYX[pUTmv�\^TW\^]6cgk©��\^T`k[RaV¤kwiw_�Xwh+\tV

α = 0n α = π
�ZWc	k[RaV7]+\tVYbkwh6cUZRaV<\tVYeu\^]6cUZRaV � +�, «U¬�® ª - /10 �

2 cg]6c@]+\tV+RUkw��\^] \tVYh+\�e]+RU�k[\^_mc%VYbeuRUTv�c%��bW\S\^k�VYX[VYh+\^_mc@\tVYh6c<RaV6j^XwklcgTWZR	q jtRUT	eu\t��bW\ � cUVRaV+j^XwklcUj^X[RUTW\tV{} n \^�acgkwxW\fedcg]6c	bT�XwTWVYh6cgT�h+\�cg]Y�XwhY]6cg]YX[R�\^k�h+RU]+��bW\ n \^k�_`RU_`\^T�h+RycgTvab*(klcg] � � bW\^v�R�obWV6cgTWZRmklcm\tj^bdcUj^X[pUT±q|� � � }7Z\^_GbW\tVYhY]+\G��bW\Gklc��acg]YXlcg�k[\ α(t)
V6cghYX[V z©cUjt\4klc\tj^bdcUj^X[pUT�Z�X)z|\^]+\^TWj^Xlcgk Z\-bT�RaV+j^XwklcUZRU]@cg]Y_`pUTX[jtR �
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� � � QSRUTWVYX[Z\^]+\@bTdc��Ucg]YXwkwklc�Z\<klcg]Yv�R

L
��bW\7hYX[\4(TW\ ZRaVm_mcUV6cUV

M
cUZRaV6cUZWcUVmh6cgk@jtRU_`R V+\_GbW\tVYhY]6c�\^T�klc-¢Wvab]6c � � Tm_mcUV6c m

��bW\7XwT*(j^X[Z\GjtRUT ��\^k[R�j^X[ZWcUZ
v0

�dj+�WR�j'c`jtRUT�\^k e �^T*(Z�bk[R´��bW\tZWcgTWZR�cUZRaV6cUZWc²c �^k7c�bTdc´Z�X[V7(h6cgTWj^Xlc
h
Z\^k%\:9Y\ � ¡ \^h+\^]Y_�XwTW\r\^k%Xw_�ebk[V+RhY]6cUVY_�XwhYX[ZR`eoRU]7\^k \:9Y\4cgk�e �^TWZ�bk[R`Z�b]6cgT�h+\klcDjtRUkwX[VYX[pUT � � � ��b��4cgkwhYb]6c	Z\^�o\-Xw_�edcUj^h6cg]

m
edcg]6cr��bW\m\^kSXw_�ebk[V+RrhY]6cgTWVY_�XwhYX[ZRreoRU]\^kP\:9 \DV+\'c�T�bk[R � q \^T´\tV+\�j'cUV6R�\^k�\:9 \GTWRmV6\eu\^]+j'cgh6c�Z\-klc�jtRUkwX[VYX[pUTA} �

+�, «U¬�® ª - /10 �

�a�a� ¡ RaV7_mcUV cUV
m
bTX[ZWcUV@euRU]<bT��Xwk[R�Z\�klcg] (v�R

L
��j'cU\^TmjtRUTm\^k�Xwk[Rf�WRU]YXw�'RUT�h6cgkAedcg]YhYX[\^T*(ZR�Z\tV+Z\f\^k�]+\^euRaV+R � ¡ \tVYeb��tV7Z\fj'cU\^]<bTdcZ�X[VYh6cgTWj^Xlc

h
�ubTdcyZ\	\^kwklcUV4j6�WR�j'cy\^k $UVYhYX[j'c (_`\^T�h+\4jtRUT bTdc	��Xwv�c �ª�} ¡ \^h+\^]Y_�XwTW\�klc ��\^k[R�j^X[ZWcUZ cgTvabklcg]jtRUTm��bW\<vaXw]6cg]%$gTmklcUV�_mcUV6cUV�\^T`h+RU]YTWRc4VYbyjt\^T�hY]+R	Z\<_mcUV cUV Z\tVYeb��tVSZ\@klcjtRUkwX[VYX[pUT �


/} � TWj^bW\^T�hY]+\�klc´h+\^TWVYX[pUT c²klc²��bW\�\tV7(h6cg]%$�V+RU_`\^hYX[ZR´Z\^kS�Xwk[R´Z\tVYeb��tV	Z\��bW\-�dc�R�j^b]Y]YX[ZR�klc	jtRUkwX[VYX[pUT � +�, «U¬�® ª.-�/ 0 �
243���3 �-9<F+EGO ���7> B B7F+C<EG>D9�� JD= F69�� MDHo9
�	F+=¤;�B��
�  ��� 	 � � 	� � 	 � �
���������

¡ \^�X[ZRmcgk�e]YXwTWj^XweX[RmZ\fjtRUTWV6\^]Y�UcUj^X[pUT�Z\4klc	\^TW\^]Yvailc��Wklc	\^TW\^]Yvailc`j^XwT��^hYX[j'c`��bW\-hYX[\^TW\4\^kVYX[VYh+\^_mc°j^bdcgTWZR�klc��acg]YXwkwklc�z RU]Y_mcybT $gTvabk[R
θ
jtRUT²klc�TWRU]Y_mcgk�Z\^�u\�V+\^]-Xwvabdcgk�cgk¤j'cg_��X[RZ\4\^TW\^]Yvailc	euRUh+\^TWj^Xlcgk©�dR�V+\'c��

∆K = ∆U
�jtRUT

∆K =
1

2
m

(

L

2
ω

)2

+
1

2
m(Lω)2 =

5

8
mL2ω2

n
∆U = mg(L − L cos θ) + mg

(

L

2
− L

2
cos θ

)

=
3

2
mgL (1 − cos θ) .

¡ \�\tVYh6cD_mcgTW\^]6c�V+\fZ\tZ�bWjt\G��bW\
ω2(θ) =

12

5

g

L
(1 − cos θ) .
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¡ \^]YXw�acgTWZR`\tVYh6c�]+\^klcUj^X[pUT�\^TWjtRUT�hY]6cg_`RaV%klc�cUjt\^k[\^]6cUj^X[pUTrcgTvabklcg]'�A\^T \{z \tj^h+R�

2ωω̇ =
12

5

g

L
sin θ θ̇ .

2 \^]+R
θ̇ = ω

�WkwbW\^v�R
α = ω̇ =

6

5

g

L
sin θ .¡ \^_`RaV+hY]+\^_`RaVD��bW\m\^k _�X[VY_`R�]+\tVYbkwh6cUZR�V6\�ebW\tZ\�RU�h+\^TW\^]	bWV6cgTWZR�klc � \tj^bdcUj^X[pUT Z\`_`R (��Xw_�X[\^T�h+R �

τ = d`/dt � Q bdcgTWZR�klc°�acg]YXwkwklc°z|RU]Y_mc°bT $gTvabk[R
θ
jtRUT klc�TWRU]Y_mcgk©� \^k¤h+RU]+��bW\]+\tVYeo\tj^h+R�cDbT�RU]YXwv�\^T b�X[j'cUZR`\^T�\^k�\:9Y\4\tV

τ = mgL sin θ + mg
L

2
sin θ =

3

2
mgL sin θ .

2 cg]6cm\^k�_`RU_`\^T�h+R°cgTvabklcg]7h+\^TW\^_`RaV
` = m(Lω)L + m

(

L

2
ω

)

L

2
=

5

4
mL2ω .

� \t\^_�eklcg�/cgTWZRm\tV+h6cUV7\43�e]+\tV+X[RUTW\tV<\^T�klc�\tj^bdcUj^X[pUT�Z\4_`R'��Xw_�X[\^T�h+RyV+\fRU�hYX[\^TW\
3

2
mgL sin θ =

5

4
mL2ω̇ ,

Z\4ZRUTWZ\a�T�bW\^�acg_`\^T�h+\
α = ω̇ =

6

5

g

L
sin θ .

� beoRUTv�cg_`RaV�cg�WRU]6cI��bW\ klcS�acg]YXwkwklcI\tVYh%$ edcUV6cgTWZR7eoRU]�klcI�WRU]YXw�'RUT�h6cgkoq \tV Z\tj^Xw]'� θ = π/2
} �� T³\tV+\`XwTWVYh6cgT�h+\y\^k�jt\^T�hY]+R�Z\`_mcUV6cUVyq ��bW\m\tVYh%$°b�X[j'cUZR´c°bTdc Z�X[VYh6cgTWj^Xlc 3L/4

Z\^kS\:9 \/}cUjt\^k[\^]6c`jtRUT�bTdc`cUjt\^k[\^]6cUj^X[pUT
~a � � = −|at|ẑ − |ac|x̂ = −3

4
Lαẑ − ω2

(

3

4
L

)

x̂ = − 9

10
g(ẑ + 2x̂) .

q©�@�WV+\^]Y��\´��bW\�klc�jtRU_�euRUTW\^T�h+\
ẑ
Z\�klc³cUjt\^k[\^]6cUj^X[pUT Z\�klc edcg]YhYi[j^bklc

m
��bW\r\tVYh%$�\^T \^k\43�hY]+\^_`R�Z\	klc��acg]YXwkwklc���j^bdcgTWZR �tVYh6c�edcUV6cyeuRU]%klc��WRU]YXw�'RUT�h6cgk©� \tV

6g/5
��R°V+\'c��u_mc n RU]G��bW\

g
�jtRUT�� �^T�/cUV+\4Z\-��bW\fcUVYi�Z\^�ilc	V+\^] } � � cGzsbW\^]Y�/cGTW\^h6c	��bW\fcUj^hYxdc	V+RU�]+\%klcD�Ucg]YXwkwklc°q j^bdcgTWZRedcUV6c	euRU]IklcD�WRU]YXw�'RUT�h6cgk~}<\tV

~F ����� = ~F ����� − 2mgẑ .

2 \^]+R ~F ����� = (2m)~a � �
��kwbW\^v�R

~F ����� − 2mgẑ = −2m
9

10
g(ẑ + 2x̂) ,

Z\4ZRUTWZ\4V+\fZ\tZ�bWjt\4��bW\
~F ����� =

1

5
mg (ẑ − 18x̂) .
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¡ \^TWRUh+\^_`RaV�euRU]
ε
cgk $gTvabk[R���bW\7\^kWe �^TWZ�bk[R4�dcUjt\<]+\tVYeo\tj^h+RGcfVYb`euRaVYX[j^X[pUTmZ\@��bXwkwXw�]YX[Rqs��\^]I¢Wvab]6c`� �w� ��} �� k�_`RU_`\^T�h+RycgTvabklcg]@Z\^k�e �^TWZ�bk[R`V+\^]%$

~̀ = 2Lm(Lε̇) x̂ ,

ZRUTWZ\
ε̇
\tV¤klc-��\^k[R�j^X[ZWcUZycgTvabklcg] Z\^kWe �^TWZ�b*(k[Rmq VYX[\^TWZR4euRaVYXwhYXw�acfj^bdcgTWZR4vaXw]6c4\^TmklcfZ�Xw]+\tj4(j^X[pUTDjtRUT�hY]6cg]YXlc%c<k[RaV ebT�h+\^]+RaV�Z\^k�]+\^k[R 96} � ¡ \4(]YXw�UcgTWZR�]+\tV+eo\tj^h+Rmcgk�hYX[\^_�euR`V+\fZ\tZ�bWjt\���bW\

d~̀

dt
= 2mL2ε̈ x̂ .

+�, «U¬�® ª.-�/ 0 -
� k�h+RU]+��bW\4Z\-klcDz bW\^]Y�/c	va]6ct��Xwh6cUj^X[RUTdcgkSqs]+\tVYeu\tj^h+RmcDbT�RU]YXwv�\^T�\^T \^k \:9 \/}S\tV

~τ = mgL sin(α/2 − ε) x̂ − mgL sin(α/2 + ε) x̂

= −2mgL cos(α/2) sin ε x̂

� bWVYhYXwhYb n \^TWZR´klcUV	ZRaV	]+\^klcUj^X[RUTW\tV`cgT�h+\^]YX[RU]+\tV`\^T klcr\tj^bdcUj^X[pUT±Z\m_`R/��Xw_�X[\^T�h+R
~τ = d~̀/dt\^TWjtRUT�hY]6cg_`RaV

−2mgL cos(α/2) sin ε = 2mL2ε̈ .
2 cg]6c�eu\t��bW\ � cUV�RaV+j^XwklcUj^X[RUTW\tV \^T h+RU]YTWR Z\´klc³eoRaV+X[j^X[pUT Z\r\t��bXwkwXw�]YX[R euR�Z\^_`RaV°bWV cg]yklccge]+R�3�Xw_mcUj^X[pUT

sin ε ' ε � ¡ \f\tVYh6cD_mcgTW\^]6c`RU�h+\^TW\^_`RaV
ε̈ +

( g

L
cos(α/2)

)

ε = 0 .

� VYh6c�\tVIklc	\tj^bdcUj^X[pUTrZ\f_`R'��Xw_�X[\^T�h+R�Z\fbT RaV+j^XwklcUZRU]-cg]Y_`pUTX[jtR`j^b n R�eu\^]Yi[R�ZR`\tV

T = 2π

[
√

g

L
cos
(α

2

)

]−1

.

�  ��� 	 � � 	� � 	 � �
�������� � �
� k¤j6�WR�j'cg]GjtRUT klcy��Xwv�cyklcy��\^k[R�j^X[ZWcUZ�Z\	klcy_mcUV c

m
V6\^]%$

~v0 = −
√

2ghẑ ��� k�j6�WR���bW\jtRUT klcy��Xwv�c \tV4\^k $UVYhYX[jtR n \^k¤�Xwk[R ��bW\	bTW\`cg_��dcUVG_mcUV6cUVmq ��bW\	TWR�ebW\tZ\`\:9Y\^]+jt\^]-zsbW\^]Y�/cUVhY]6cgTWVY��\^]+V6cgk[\tV7cDVYb°RU]YX[\^T�h6cUj^X[pUTA} TWRDXwT�h+\^]Y��X[\^TW\-edcg]6cGTdcUZWcG\^T�\tV+\@e]+R�jt\tV+R � � bW\^v�R	klc4_mcUV6c
m
]+\^�uRUh6cg]%$�jtRUTyklc4��\^k[R�j^X[ZWcUZ √

2mgẑ � � cGRUhY]6c4_mcUV6c�TWRG_`R�Z�X)¢dj'cDVYb���\^k[R�j^X[ZWcUZy_�X[\^T�hY]6cUVR�j^b]Y]+\f\^k�j+�WR���bW\ � 2 RU]7k[RDh6cgT�h+R� 9 bWVYh+R	Z\tVYeb��tV<Z\@klc	jtRUkwX[V+X[pUT���klc���\^k[R�j^X[ZWcUZ�Z\^k�jt\^T�hY]+R�Z\_mcUV6cUV�qs]+\tVYeu\tj^h+Rmc	bT RU�WV+\^]Y�acUZRU] 9 bT�h+Rmc�klcD��Xwv�c�} V6\^]%$DT�bklc �
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2 cg]6c bT RU�WV+\^]Y�acUZRU] 9 bT�h+R�c´klc²��Xwv�c q \^T \^k<kwbv�cg]mZRUTWZ\ R�j^b]Y]YXw]%$´klc²jtRUkwX[VYX[pUTA}{�¤\^k_`RU_`\^T�h+R°cgTvabklcg]@cgT�h+\tV@Z\fklc	jtRUkwX[VYX[pUT�\tV

`i = Lm
√

2gh .¡ \tV+eb��tV<Z\-klc�jtRUkwX[VYX[pUT�V+\^]%$
~̀
f = ~L � � + ~̀′

f ,ZRUTWZ\ ~L � �
\tV@\^k _`RU_`\^T�h+R°cgTvabklcg]-Z\^�X[ZR�c�klc�hY]6cUVYklcUj^X[pUTrZ\^k jt\^T�hY]+RyZ\4_mcUV6cUV n ~̀′

f

\tV\^kP_`RU_`\^T�h+R�cgTvabklcg]4RU�WV+\^]Y�UcUZRyZ\tV+Z\	\^k�jt\^T�hY]+R°Z\D_mcUV6cUV ��� cm��bW\ 9 bWVYh+RyZ\tVYeb��tV-Z\�klcjtRUkwX[VYX[pUT�\^k¤jt\^T�hY]+R�Z\	_mcUV6cUVf\tVYh%$°\^T²]+\^euRaV+R ~L � � = 0 � ¡ \^TWRUh+\^_`RaVfeoRU] ω0

klcy��\^k[R�j^X[ZWcUZcgTvabklcg]@Z\^k��Xwk[R`Z\tVYeb��tV@Z\-klc�jtRUkwX[VYX[pUT��W\^T�h+RUTWjt\tV
`′f = 2m

(
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=
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2
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√
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√
8gh

L
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(
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2 RU]%RUhY]6c	edcg]Yh+\a�W\^k�j'cg_��X[R�Z\4\^TW\^]Yvailc	euRUh+\^TWj^Xlcgk \tV
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√
8gh
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