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UWVYX[Z]\_^`ba-`bcdVeZ
N fAg a]h]i_jbkl g Z)mnjbko g Zpc g Z g Zqosrt`ujbh-VYa-`uZv^` f VeZ]\_jb\_wYXxr�\_`bX[`bXy^ g ^VeZ f VYa

{mj}j

o {~rj}j

mIjuVYX
j = 1, 2, . . . , N z|{ k f VYX} g cdVeZd~�k[`vZ-VY�a-`pj g ^ g�fAg a]h]i_jbkl g j g l�}e�Xg }t`bX�h-`�`���h-`ba]X[Vq`��]`ba-ju`MkX gd� k[`ba]� g ~Fj z�{ k f VYX} g cdVeZ g ^`bc��YZ�~�k[`Ml g Z fAg a]h]i_jbkl g Z/\�X�h-`ba g j��h]� g X�`bX�h]a-`qZ]i�m�Z-\_`bX[^V ~fji

l gq� k[`ba]� g ~�k[`d`��]`ba-ju`dl gpfAg a]h]i_jbkl g i
Z8VY�a-`�l gvfAg a]h]i_jbkl g j z�� VYaZ]k f k[`uZ]h-Vmt^`b�\_^V g l f a]\�X[jb\ f \_VM^` g jujb\_wYXdo?a-` g jujb\_wYX�m ~fij = −~fji

meVme`bX fAg l g �a g Z1mel gQ� k[`ba]� g~�k[`�`��]`ba-ju`/l g?fAg a]h]i_jbkl g j
Z8VY�a-`/l g i

`uZ�l g V f k[`uZ]h gdg l g ~�k[`'l g	fAg a]h]i_jbkl g i
`��]`ba-ju`�Z-VY�a-`/l g

j z� Z g X[^Vdl g Z-`b}ekX[^ g l_`bop^`��Q`b��h-VYX�m f V�^`bcdVeZ9`uZ-jba]\��\�a�l g `ujbk g jb\_wYXP^`6cdV)r�\�c�\_`bX�h-V�^`/l gfAg a]h]i_jbkl g j z�{ `/h]\_`bX[`
~Fj +

N
∑

i=1

~fji = mj~̈rj .

� l�l g ^V�\��)~�k\_`ba-^VdZ-`'h]\_`bX[`�l gM� k[`ba]� g h-VYh g l�~�k[` g jbh]� g Z-VY�a-`/l g?fAg a]h]i_jbkl g j
m�c�\_`bX�h]a g Z'~�k[`g l|l g ^VP^`ba-`uj8�[V�Z-`�h]\_`bX[`q`bl f a-V�^�k[jbh-V�^`dl g c g Z gvf VYa6l g g ju`bl_`ba g jb\_wYX¡^`¢`uZ gvfAg a]h]i_jbkl g�z{ kc g X[^V£l g Zd`ujbk g jb\_VYX[`uZq^`vcdV)r�\�c�\_`bX�h-V�^`vh-V�^ g Z�l g Z fAg a]h]i_jbkl g Z�¤¥`uZd^`ujb\�a)m|Z]kc g X[^VZ-VY�a-`

j ¦ m[Z8`�VY�h]\_`bX[`
∑

j

~Fj +
∑

i,j

~fji =
∑

j

mj~̈rj .
¤¨§ z�©1¦

�QVYh-`?~�k[`emD^`b�\_^V g l f a]\�X[jb\ f \_Vp^` g jujb\_wYX�oªa-` g jujb\_wYX�m ∑ij
~fji = 0

m�`uZ'^`ujb\�a)mDl g Z-kc g ^`h-V�^ g Z�l g Z � k[`ba]� g Z9\�X�h-`ba]X g ZS`uZ9X�kl g�zA« `�¬[X g cdVeZSl g c g }eX\�h]k[^

~rcm ≡ m1~r1 + m2~r2 + · · · + mN~rN

m1 + m2 + · · · + mN
=

1

M

N
∑

j=1

mj~rj ,
¤¨§ z®t¦

©)¯e°
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^VYX[^`

M ≡ m1 + m2 + · · · + mN

`uZ9l g c g Z g h-VYh g l zA« `ba]\�r g X[^Vdl g �l�h]\�c g `ujbk g jb\_wYX�^VeZrt`uju`uZ9a-`uZ f `ujbh-V g l�h]\_`bc f Vm[~�k[`u^ g
M~̈rcm =

N
∑

j=1

mj~̈rj .

{ k[Z]h]\�h]kot`bX[^V�`uZ]h g `�� f a-`uZ]\_wYXª`bX¡¤(' z�©1¦ mo¢k[Z g X[^V�l g a-`bl g jb\_wYX ∑

ij
~fji = 0

mZ-`�VY�h]\_`bX[`
N

∑

j=1

~Fj = M~̈rcm .

) g Z-kc g ∑

j
~Fj

juVYa]a-`uZ f VYX[^` g l gd� k[`ba]� g `���h-`ba]X g h-VYh g l#~�k[` g jbh]� g Z-VY�a-` l g Z fAg a]h]i_jbkl g Z)mc g }eX\�h]k[^P~�k[`�^`bX[VYh g a-`bcdVeZ f VYa ~Ftot z« `6`uZ-h g c g X[`ba g m¬[X g l�cd`bX�h-`
~Ftot = M~̈rcm .

¤¨§ z+*t¦
, Z]h g �l�h]\�c g `ujbk g jb\_wYX¢X[V�^` f `bX[^`S^`nl g Z.-0/21436587:9<;>=@?A1434=B7:9#~�k[` g jbh]� g X¢`bX�h]a-`9l g Z|^�\_Z]h]\�X�h g ZfAg a]h]i_jbkl g Z z � lert`ujbh-VYa ~rcm

Z-` l_` ^`bX[VYc�\�X g�CED 90;GFH;JI&=LKM14NOFP14=@?J3 D KM1QR7:9�7:9 z ) g `ujbk g jb\_wYXp¤¨§ z+*t¦`bX[Z-`HS g ~�k[`'l g Z]kc g ^`Ql g Z � k[`ba]� g Z�`���h-`ba]X g Z�~�k[` g jbh]� g XªZ-VY�a-`SkXvZ]\_Z-h-`bc g ^` fAg a]h]i_jbkl g Zg ju`bl_`ba g�g l�ju`bX�h]a-V¢^`/c g Z g ZSjuVYcdV�Z]\�h-V�^ g l g c g Z g ^`bl�Z]\_Z]h-`bc g `uZ-h]kr�\_`uZ-`�ju`bX�h]a g ^ g�g l�l�i z
{ \�l g�� k[`ba]� g ¤¥`���h-`ba]X gt¦ h-VYh g lSZ8VY�a-`v`bl9Z]\_Z]h-`bc g ^` fAg a]h]i_jbkl g Z�`uZdX�kl g m V"Z-` g m�Z-\ ~Ftot =
∑

j
~Fj = 0

mW`bX�h-VYX[ju`uZp`blQju`bX�h]a-V¡^`Pc g Z g Z¢X[V g ju`bl_`ba g�z , X `uZ8`Pj g Z-Vm|l g rt`bl_V�jb\_^ g ^x^`blju`bX�h]a-V�^`Qc g Z g ZF`uZnjuVYX[Z]h g X�h-`�¤¥^`uZ]\�}eX[`bcdVeZ f VYa ~v (0)
cm g h g l�rt`bl_V�jb\_^ g ^ ¦�z�� VYa�VYh]a gMfAg a]h-`em�l grt`bl_V�jb\_^ g ^�^`bl�ju`bX�h]a-Vp^`Mc g Z g Z/Z-` f k[`u^`	VY�h-`bX[`ba�^`ba]\�r g X[^V¢l g `ujbk g jb\_wYX<¤¨§ z®t¦ a-`uZ f `ujbh-Vg l�h]\_`bc f VOT

~̇rcm =
1

M

N
∑

j=1

mj~̇rj = ~v (0)
cm .

U X�h]a-V�^�k[jb\_`bX[^V�l g ^`�¬[X\_jb\_wYX�^`VQ D QR1H=@? D NW;>=X1Y7ZN ~pj = mj~̇rj

^`/j g ^ g	fAg a]h]i_jbkl g ml g �l�h]\�c g`ujbk g jb\_wYX Z-` f k[`u^`�a-`u`uZ8jba]\��\�aS^`�l gM� VYa]c g
~Ptot ≡ ~p1 + ~p2 + · · · + ~pN = M~v (0)

cm .
¤¨§ z [�¦

, Z]h g `ujbk g jb\_wYX¡Z-`¢juVYX[V�ju`qjuVYX�`bl|X[VYc �a-`p^`]\�30;>=BFH; C ; D KM1_^ D =O981434`a7�FH;GIZ=bKM14Nc D QL14=@? Dd ;>=X1Y7ZN z , X fAg l g �a g Z8Ttjbk g X[^V6l gQ� k[`ba]� g `���h-`ba]X g h-VYh g l[~�k[` g jbh]� g Z-VY�a-`nkXdZ]\_Z]h-`bc g ^` fAg a �h]i_jbkl g ZF`uZFju`ba-V�¤¥VY�[Z-`ba]rt`S~�k[`�l g�� k[`ba]� g X[V6h]\_`bX[` f VYa|~�k2eSZ-`ba \�}ek g l g ju`ba-V6\�X[^�\�r�\_^�k g l�cd`bX�h-`Z-VY�a-`dj g ^ g kX g ^`	l g Z fAg a]h]i_jbkl g Z ¦ m�`bX�h-VYX[ju`uZ l g Z]kc g ^`�l_VeZ/cdVYcd`bX�h-VeZMl�\�X[` g l_`uZ6^`�l g Z^�\_Z]h]\�X�h g Z fAg a]h]i_jbkl g ZM¤¥V�Z-` g m�`blDcdVYcd`bX�h-V�l�\�X[` g l�h-VYh g l ¦ X[V	r g a]i g `bXv`bl�h]\_`bc f Vm�`uZ�^`ujb\�a)mZ8`c g X�h]\_`bX[`'juVYX[Z]h g X�h-`	¤ g kX¢jbk g X[^V l g Z fAg a]h]i_jbkl g ZF\�X�h-`ba g jbh]�[`bXv`bX�h]a-`QZ]i ¦�z UFk g X[^VMl g'� k[`ba]� g`���h-`ba]X g h-VYh g lFZ-VY�a-`¢kX�Z-\_Z]h-`bc g ^` fAg a]h]i_jbkl g Z?`uZ?ju`ba-Vm�`bX�h-VYX[ju`uZ	l g Z]kc g ^`dh-V�^VeZ l_VeZcdVYcd`bX�h-VeZQl�\�X[` g l_`uZS^`�l g Z fAg a]h]i_jbkl g ZQ`bXªh-V�^V	\�X[Z]h g X�h-`MZ-`ba8�?l g c�\_Z]c g�z
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U l�k[Z]h]a-`bcdVeZSl_VeZ9juVYX[ju` f h-VeZ g X�h-`ba]\_VYa-`uZQjuVYXPkXª`�� `bc f l_V z
���������
	����� UWVYX[Z]\_^`ba-`d^VeZ�c g Z g Z)m m = m0

o
M = 3m0

m�Z-VY�a-`dl g Z6jbk g l_`uZ6X[V g jbh]� g X� k[`ba]� g ZM`���h-`ba]X g Z z�{ k f VYX} g cdVeZ ~�k[`�`bX�`bl�\�X[Z]h g X�h-` t = 0
m�l gqfAg a]h]i_jbkl g m

Z-`	`bX[jbk[`bX�h]a g`bX�`bl#VYa]\�}t`bX o `bXPa-` f VeZ-VmAoª~�k[`Ml gdfAg a]h]i_jbkl g M
Z-`?`bX[jbk[`bX�h]a g `bX ~rM (0) = 2x̂ � c��#cdV �r�\ ebX[^VeZ-`�juVYXvkX g rt`bl_V�jb\_^ g ^ ~vM (0) = 4ŷ � c�� Z�� z[{ k f VYX} g cdVeZ g ^`bc��YZ9~�k[`/`���\_Z-h-`�jb\_`ba]h g\�X�h-`ba g jujb\_wYX `bX�h]a-`�l g Z fAg a]h]i_jbkl g Z9otm�juVYcdVdjuVYX[Z8`ujbk[`bX[jb\ g ^`/`bl�l g m g c � g Z g ju`bl_`ba g X zD{ \�`bXp`bl\�X[Z]h g X�h-` t0 = 5 � Z���l g	fAg a]h]i_jbkl g m

Z-`6`bX[jbk[`bX�h]a g `bX ~rm(t0) = (−2x̂ − 8ŷ) � c�� m��)`bX�~�k2el�k} g aSZ-`�`bX[juVYX�h]a g a8��l g VYh]a g c g Z g��
{ VYl�k[jb\_wYX T�UWVYcdVpX[V¢� g o � k[`ba]� g Z�`���h-`ba]X g Z1mD`bl�ju`bX�h]a-Vv^`Mc g Z g Z�Z-` cMk[`brt`�juVYX"rt`bl_V�jb\_^ g ^juVYX[Z]h g X�h-` z , X[juVYX�h]a-`bcdVeZ f a]\�cd`ba-V�l g rt`bl_V�jb\_^ g ^¢^`blAju`bX�h]a-VM^`�c g Z g Z o?l g/f VeZ]\_jb\_wYX�^`�euZ]h-``bXªl_VeZ�\�X[Z]h g X�h-`uZ t = 0

o
t = 5 � Z�� z , X ` � `ujbh-V

~rcm(0) =
m · ~rm(0) + M · ~rM (0)

m + M
=

3m0 · 2x̂
m0 + 3m0

=
3

2
x̂ [
c

]

o
~vcm(0) =

m · ~vm(0) + M · ~vM (0)

m + M
=

3m0 · 4ŷ
m0 + 3m0

= 3ŷ [
c�� Z

] .

UWVYcdV l g rt`bl_V�jb\_^ g ^�^`blDju`bX�h]a-V?^`9c g Z g ZF`uZ|juVYX[Z]h g X�h-`em�`bXq`bl[\�X[Z]h g X�h-` t0 = 5 � Z��D`bl�ju`bX�h]a-V^`�c g Z g Z9Z-`�`bX[juVYX�h]a g a8�d`bX
~rcm(t0) = ~rcm(0) + ~vcm(0) · t0 =

[

3

2
x̂ + 3 · 5ŷ

]

[
c

] .

� VYa'VYh]a g	fAg a]h-`em[`bXª`bl�\�X[Z]h g X�h-` t0
l g?f VeZ]\_jb\_wYX ^`bl�ju`bX�h]a-V�^`6c g Z g Z�r�\_`bX[`�^ g ^ g	f VYa

~rcm(t0) =
m~rm(t0) + M~rM (t0)

m + M

=
m0 (−2x̂ − 8ŷ) + 3m0 ~rM (t0)

m0 + 3m0
=

1

4
(−2x̂ − 8ŷ + 3~rM (t0)) [

c
] .

U }ek g l g X[^V�l g Z9^VeZ9`ujbk g jb\_VYX[`uZ fAg a g ~rcm(t0) f V�^`bcdVeZ9^`uZ f `�� g a ~rM (t0)
T

1

4
(−2x̂ − 8ŷ + 3~rM (t0)) [

c
] =

[

3

2
x̂ + 3 · 5ŷ

]

[
c

] ,

^`6^VYX[^`6Z-`�^`u^�k[ju`6~�k[`
~rM (t0) =

1

3
(8x̂ + 68ŷ) [

c
] .

����� a g ¬A~�k[`'`bX¢`bl f l g X[V (x̂, ŷ)
l_VeZFrt`ujbh-VYa-`uZ

~rm

m
~rM

o
~rcm

`bX�l_VeZF\�X[Z]h g X�h-`uZ t = 0
o

t = 5
Z �
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� X g l�\_ju`bcdVeZ f a]\�cd`ba g cd`bX�h-`vjuVYl�\_Z]\_VYX[`uZ	`bX�kX g ^�\�cd`bX[Z]\_wYX z UWVYX[Z]\_^`ba-`p^VeZ fAg a]h]i_jbkl g Z?^`c g Z g Z m

o
M
m#a-`uZ]h]a]\�X}e\_^ g Z g cdV1rt`ba-Z-`�¤¥Z]\�X a-V�ju` ¦�g l_V�l g a]}tV"^`blS`��]` x̂

o�`uZ]h]k[^�\_`bcdVeZ
g l�}ekX[VeZSj g Z-VeZ fAg a]h]\_jbkl g a-`uZ z
gt¦ª{ k f VYX} g cdVeZ ~�k[`Fl g'fAg a]h]i_jbkl g M

\�X[jb\_^`�^`uZ-^`nl g \��)~�k\_`ba-^ g juVYX�rt`bl_V�jb\_^ g ^ +v0
oMZ8`cMk[`brt`M� g jb\ g l g¢fAg a]h]i_jbkl g m

mD~�k[`M\�X\_jb\ g l�cd`bX�h-`dZ-`M`bX[jbk[`bX�h]a g `bX�a-` f VeZ-V z�{ k f VYX} g~�k[`Wl g Z�^VeZ fAg a]h]i_jbkl g Z juVYl�\_Z]\_VYX g X�mt~�k[`u^ g X[^V/kX g�g ^VeZ g ^ g�g l g VYh]a g m � VYa]c g X[^V/kX g�X\_j g�fAg a]h]i_jbkl g ^`Mc g Z g (M + m) z � UWVYX�~�k2e6rt`bl_V�jb\_^ g ^ ṽ
Z-`6cdV)rt`ba8�q`uZ]h g X�k[`br gfAg a]h]i_jbkl g ^`uZ f k2euZS^`/l g juVYl�\_Z]\_wYX ��#g a g a-`uZ-VYl�rt`ba?`uZ]h-` f a-VY�l_`bc g k[Z g cdVeZ `bl f a]\�X[jb\ f \_V�^`djuVYX[Z-`ba]r g jb\_wYX�^`blFcdVYcd`bX�h-Vl�\�X[` g l zn{ VY�a-`P`blSZ]\_Z-h-`bc g X[V£� g o � k[`ba]� g Z�`���h-`ba]X g Z g jbh]k g X[^Vm l�k[`b}tV�`blQcdVYcd`bX�h-Vl�\�X[` g l�Z8`�juVYX[Z-`ba]r g�z , l�cdVYcd`bX�h-V�l�\�X[` g l�h-VYh g l g X�h-`uZQ^`�l g juVYl�\_Z]\_wYXP`uZ

P
(i)
tot = Mv0 + m · 0 = Mv0 ,

c�\_`bX�h]a g ZS~�k[`�^`uZ f k2euZS^`/l g juVYl�\_Z-\_wYXP`uZ
P

(f)
tot = (M + m) ṽ .

, Z-h g Z9^VeZ9`�� f a-`uZ]\_VYX[`uZS^`b��`bXªZ-`ba9\�}ek g l_`uZ)m�l�k[`b}tV
ṽ =

M

M + m
v0 .

, X£`bl�l�i�c�\�h-`
M � m

¤¥`bl j g Z-Vv^`	kX g l_V�juVYcdVYh-VYa g j8�[V�j g X[^VPjuVYX"kX g cdVeZ-j gt¦ l grt`bl_V�jb\_^ g ^"^`uZ f k2euZ6^`	l g juVYl�\_Z]\_wYX£`uZ ṽ ' v0
¤ l g rt`bl_V�jb\_^ g ^£^`	l g l_V�juVYcdVYh-VYa gt¦�z , X`blWl�i�c�\�h-`

M � m
¤¥`bl�j g Z-V ^`¢kX g cdVeZ-j g j-�[V�j g X[^V"juVYX�h]a g kX g l_V�juVYcdVYh-VYa g `bXa-` f VeZ-V ¦ l g rt`bl_V�jb\_^ g ^P^`uZ f k2euZ9^`6l g juVYl�\_Z]\_wYXP`uZ ṽ ' 0 z

) g `bX[`ba]}ei g jb\�X2ebh]\_j g�g X�h-`uZqos^`uZ f k2euZp^`Pl g juVYl�\_Z]\_wYX X[V¡`uZ�l g c�\_Z]c g mWZ]\_`bX[^V�l g^�\ � `ba-`bX[jb\ g
Q ≡ Kf − Ki =

1

2
(M + m)ṽ2 − 1

2
Mv2

0

= −1

2
Mv2

0

m

M + m
.

� `uZ]h g ^�\ � `ba-`bX[jb\ g Z-`nl_`�Z]k[`bl_`9l�l g c g a 14N2`:7ZN D 3�� K 1<N 7 3Y167�F6FH;GIZ= z UFk g X[^VmtjuVYcdV `bXd`blf a-`uZ-`bX�h-`�`�� `bc f l_Vm Q 6= 0
m3l g juVYl�\_Z]\_wYXdZ8`W^�\_ju`n~�k[`n`uZ ; =X1HN��:9H?J;JFP7 zt{ \ Q < 0

mYl g juVYl�\_Z]\_wYX`uZ�14=BK D ?��H30Q�;GF67	� fAg a]h-`	^`6l g `bX[`ba]}ei g ~�k[` `blIZ]\_Z]h-`bc g h-`bXi gqg X�h-`uZ'^`6l g juVYl�\_Z]\_wYX�Z8`^�\ � kX[^` g�
 3Y7�K D 9 KM1 N ;�6143H?(7�KL; =B?A1430= D 9|^`blDZ-\_Z]h-`bc g ¤ f VYan`�� `bc f l_Vm�Z-`�� f \_`ba-^`��'juVYcdVj g l_VYa ¦�z�{ \ Q > 0
l g juVYl�\_Z]\_wYX�¤¥V�a-` g jujb\_wYX ¦ `uZ 1�� D ?��430Q�;GF67 z
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� ¦ UWVYX[Z]\_^`ba-`bcdVeZ g �[VYa g `bl�j g Z8V'^`nkX g juVYl�\_Z]\_wYXd`bX�~�k[`�Z-`WjuVYX[Z-`ba]r g l g `bX[`ba]}ei g jb\�X2ebh]\_j g¤¥V¢Z-` g mkX g juVYl�\_Z]\_wYX juVYX Q = 0 ¦ o g ^`bc��YZ'Z-`6juVYX[Z-`ba]r g l g \_^`bX�h]\_^ g ^�^`6l g Z fAg a]h]i+�jbkl g Zd¤¥`uZ/^`ujb\�a)m�`bl#X��cd`ba-Vv^`	`bl�l g Z/oPZ]k[Z/c g Z g Z ¦�z�� g l_`uZ�juVYl�\_Z]\_VYX[`uZ�Z-`	^`bX[VYc�\�X g X14N �:9H?J;JF67Z9 z �Qk[`br g cd`bX�h-`SZ]k f VYX} g cdVeZ ~�k[`�l g'fAg a]h]i_jbkl g M

\�X[jb\_^`9^`uZ-^`�l g \��)~�k\_`ba-^ g mg l_V"l g a]}tV�^`blS`��]` x̂
m juVYXsrt`bl_V�jb\_^ g ^ +v0

o ~�k[`vj-�[V�j g juVYXsl g�fAg a]h]i_jbkl g m
m ~�k[`\�X\_jb\ g l�cd`bX�h-`�Z-`S`bX[jbk[`bX�h]a g `bX�a-` f VeZ-V z , X[juVYX�h]a-`bcdVeZ�l g rt`bl_V�jb\_^ g ^�¬[X g l ṽm

o
ṽM

^`j g ^ g kX g ^`6l g Z fAg a]h]i_jbkl g Z z�#g a g a-`uZ-VYl�rt`ba9`uZ]h-` f a-VY�l_`bc g \�X�rtV�j g cdVeZ9l g juVYX[Z-`ba]r g jb\_wYXª^`bl�cdVYcd`bX�h-V�l�\�X[` g l�o¢^`l g `bX[`ba]}ei g ¤¥jb\�X2ebh]\_j gt¦�z�{ `�h]\_`bX[`
Mv0 = mṽm + MṽMo

1

2
Mv2

0 =
1

2
mṽ2

m +
1

2
Mṽ2

M .

« `|`uZ-h g Z ^VeZ#`ujbk g jb\_VYX[`uZ f V�^`bcdVeZI^`uZ f `�� g a l g ZI^VeZ \�X[juwY}eX\�h g Z ṽm

o
ṽM ze{ `|VY�h]\_`bX[`

ṽm =
2M

M + m
v0o

ṽM =
M − m

M + m
v0 .� X g l�\_ju`bcdVeZ9r g a]\_VeZ9j g Z-VeZ�l�i�c�\�h-`uZ T\ ¦ M � m

¤¥V£Z-` g m kX g l_V�juVYcdVYh-VYa g juVYX<rt`bl_V�jb\_^ g ^ v0
juVYl�\_Z-\_VYX g X[^V�juVYXskX gf `bl_VYh g ^`Mh-`bX\_Z/`bX�a-` f VeZ-V ¦�z , X"`uZ]h-`?l�i�c�\�h-`em ṽM = v0
o

ṽm = 2v0
¤¥`uZ�^`ujb\�a)ml g l_V�juVYcdVYh-VYa g Z-`b}ek\�a8��juVYcdV�Z]\�X g ^ g ��k�\_`uZ8` fAg Z g ^V�c�\_`bX�h]a g ZQ~�k[`/l g?f `bl_VYh g^`'h-`bX\_Z9Z g l_`/^�\_Z fAg a g ^ g juVYXvkX g rt`bl_V�jb\_^ g ^p\�}ek g l g l�^VY�l_`�^`'l g rt`bl_V�jb\_^ g ^v^`l g l_V�juVYcdVYh-VYa gt¦�z\�\ ¦ M � m

¤¥V�Z-` g mkX g?f `bl_VYh g juVYXªrt`bl_V�jb\_^ g ^ v0
juVYl�\_Z]\_VYX g X[^VdjuVYXPkX g l_V�juVYcdV �h-VYa g `bX�a-` f VeZ-V ¦�z , Xd`uZ]h-`Wl�i�c�\�h-`em ṽm ' 0

o
ṽM = −v0

¤¥`uZ�^`ujb\�a)mYl g l_V�juVYcdVYh-VYa gf a8�Yjbh]\_j g cd`bX�h-`	X[VqZ8` cdV1rt`ba8��oPl gdf `bl_VYh g a-`b�DVYh g juVYX�kX g a g f \_^`b�	\�}ek g l g l g\�X[jb\_^`bX�h-` ¦�z�� k[`?l g rt`bl_V�jb\_^ g ^ ṽM

`bX£`uZ-h-`?j g Z8VqZ8` g X[`b} g h]\�r g Z]\�}eX\+¬Aj g ~�k[`Ml gfAg a]h]i_jbkl g Z8`/c k[`brt` `bXPl g ^�\�a-`ujujb\_wYX −x̂ z\�\�\ ¦ M = m
¤¥V?Z-` g m�l g juVYl�\_Z-\_wYXpju`bX�h]a g l�^`/^VeZF��VYl g Zn^`S�\�l�l g a9^`Q\�}ek g l�c g Z gt¦�z , X`uZ-`Sj g Z-V ṽm = v0

o
ṽM = 0

¤¥`uZ|^`ujb\�a)m�l g/fAg a]h]i_jbkl g \�X[jb\_^`bX�h-`Q~�k[`u^ g `bX¢a-` f VeZ-Vc�\_`bX�h]a g ZS~�k[`/l g VYh]a g	fAg a]h]i_jbkl g Z g l_` ^�\_Z fAg a g ^ g juVYXªrt`bl_V�jb\_^ g ^ v0 ¦�z
{ \�l g juVYl�\_Z]\_wYXvX[VdV�jbka]a-` g l_V	l g a]}tVd^`�kX g l�i�X[` g a-`ujbh g mAZ]\�X[V�~�k[`�V�jbka]a-`�`bXvkX f l g X[Vml_VeZjuVYX[ju` f h-VeZ9\�X�rtVYl�k[jba g ^VeZ'Z-VYXpl_VeZ�c�\_Z]cdVeZnoql_V	�X\_juV�~�k[`�j g c �\ g `uZ�~�k[`/l g l_`bo¢^`�juVYX[Z-`ba �r g jb\_wYXP^`bl�cdVYcd`bX�h-V¢l�\�X[` g l�m[Z]\_`bX[^V�kX g `ujbk g jb\_wYX rt`ujbh-VYa]\ g l�m[X[VeZQ^ g a8�	kX g a-`bl g jb\_wYX fAg a gj g ^ g kX g ^`�l g Z9juVYc f VYX[`bX�h-`uZ zA« `bcdVeZ�kXP`��]`bc f l_V z
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	����� UWVYX[Z]\_^`ba-`pkX g c g Z g m1

~�k[`pj-�[V�j g `bl �YZ]h]\_j g cd`bX�h-`ªjuVYX�h]a g kX g c g Z g m2VYa]\�}e\�X g l�cd`bX�h-`�`bX a-` f VeZ-V zY{ k f VYX} g ~�k[`F^`uZ f k2euZ ^`bl�j-�[V�~�k[`Fl g c g Z g \�X[jb\_^`bX�h-` m1
`bcd`ba]}t``bXªkX g ^�\�a-`ujujb\_wYX f `ba f `bX[^�\_jbkl g a g Z]kª^�\�a-`ujujb\_wYX VYa]\�}e\�X g lW¤ rt`ba�¬[}eka g § z�©1¦�z , X[jbk[`bX�h]a-`&T

gt¦ , l�� X}ekl_V θ
juVYXP~�k[`�`bcd`ba]}t`

m2
m`bX � kX[jb\_wYX ^` m1

o
m2 z� ¦ ) g rt`bl_V�jb\_^ g ^ v1

juVYXP~�k[`�`bcd`ba]}t`
m1 zj ¦ ) g rt`bl_V�jb\_^ g ^ v2

juVYXP~�k[`�`bcd`ba]}t`
m2 z

� ; 
 / 3Y7������

� �����
	����� � ) g `bX[`ba]}ei g op`bl�cdVYcd`bX�h-V�l�\�X[` g l�h-VYh g l�m g X�h-`uZ9op^`uZ f k2euZ9^`�l g juVYl�\_Z]\_wYX Z-VYX T
Ei =

1

2
m1v

2
0 ,

~pi = m1v0x̂ ,

Ef =
1

2
m1v

2
1 +

1

2
m2v

2
2 ,

~pf = m1v1ẑ + m2v2 cos θx̂ − m2v2 sin θẑ .

« `b�\_^V g ~�k[`�`bl j8�[V�~�k[`d`uZ6`bl �YZ]h]\_juVm�Z-`	juVYX[Z-`ba]r g l g `bX[`ba]}ei g h-VYh g l o�`bl�cdVYcd`bX�h-Vªl�\�X[` g lh-VYh g l��[`uZ]h-V�X[VeZ9^ g l g Z9`ujbk g jb\_VYX[`uZ8T
m1v

2
0 = m1v

2
1 + m2v

2
2 ,

m1v0 = m2v2 cos θo
m1v1 − m2v2 sin θ = 0 .

, Z]h g Z6Z-VYX"h]a-`uZ `ujbk g jb\_VYX[`uZ juVYX"h]a-`uZ�\�X}twY}eX\�h g Z�¤ l g Z6\�X[juwY}eX\�h g Z Z-VYX T v1
m
v2
o

θ ¦�z�� `uZ-VYl+�r�\_`bX[^Vd`uZ-h-`�Z]\_Z]h-`bc g ^`�`ujbk g jb\_VYX[`uZ'Z-`�`bX[jbk[`bX�h]a g T
v1 = v0

√

m2 − m1

m2 + m1
,
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v2 = v0

√

2m2
1

m2(m2 + m1)o
tan θ =

v1

v0
=

√

m2 − m1

m2 + m1
.�QVYh-`6~�k[`�`bl f a-VY�l_`bc g Z8wYl_V	h]\_`bX[`6Z-VYl�k[jb\_wYX Z-\ m2 > m1 z

, Xªl g Z-`ujujb\_wYX�§ z §?\�l�k[Z]h]a g cdVeZ9l_VeZ9juVYX[ju` f h-VeZ g X�h-`ba]\_VYa-`uZQjuVYXPVYh]a-Vd`��]`bc f l_V z
465��65 ��O����?N->A;

« ` g jbk[`ba-^V g l g Z-`b}ekX[^ g l_`boq^`��Q`b��h-VYX ~F = d~p/dt z�� kl�h]\ f l�\_j g X[^V f VYa dt
` � \�X�h-`��}ea g X[^V ��Z8`�VY�h]\_`bX[`

∫ f

i

~F dt =

∫ f

i

d~p = ~pf − ~pi ,

V Z-` g m `blWj g cM�\_V�^`�cdVYcd`bX�h-V�~�k[`qZ]k � a-`�kX gªfAg a]h]i_jbkl g `bX�jb\_`ba]h-VP\�X�h-`ba]r g l_V�^`¢h]\_`bc f V`uZ \�}ek g l g l g \�X�h-`b}ea g l�^` ~F dt
^�ka g X�h-`p`uZ-`�\�X�h-`ba]r g l_V z � l g \�X�h-`b}ea g l ∫

~F dt
Z-`dl_`¢l�l g c g; Q C /$N 9 DezUFk g X[^V"V�jbka]a-`qkX g juVYl�\_Z]\_wYX `bX�h]a-`v^VeZ	VY���]`bh-VeZ)m#`blFh]\_`bc f VeZ�^`¢juVYl�\_Z-\_wYX f k[`u^`vZ8`bac ko f `u~�k[`HS[Vm�`blncdVYcd`bX�h-V£h]a g X[Z � `ba]\_^V"Z]\�X `bcM� g a]}tV f k[`u^`vZ-`ba�}ea g X[^` z�� VYa�`�� `bc f l_Vmjbk g X[^V kX g ��VYl�\�h g ^` g ju`ba-Vm g lnj g `baM^`uZ-^`¢kX g�g l�h]ka g h

m a-`b��VYh g ¤¥`bl �YZ]h]\_j g cd`bX�h-` ¦Mf VYakX g Z-k f `ba ¬Ajb\_`?^�ka g�z � lIl�l_`b} g a g l g Z]k f `ba ¬Ajb\_` l g �DVYl�\�h g h-`bX[^�a8�¢l g rt`bl_V�jb\_^ g ^ −
√

2ghẑ
o��k[Z]h-V�^`uZ f k2euZS^`bl�a-`b��VYh-` √2gh ẑ z , l�j g c �\_V¢^`/cdVYcd`bX�h-V¢`uZ)m f VYa�l_V	h g X�h-Vm

∆~p = ~pf − ~pi = 2m
√

2gh ẑ .
, Z]h-`�j g c �\_V ^`ncdVYcd`bX�h-V6^`b��`�Z-`ba#\�}ek g l g l\�c f kl_Z-V/h]a g X[Z]c�\�h]\_^V f VYa�`bl[Z]k[`bl_V g l g �DVYl�\�h g m`uZ9^`ujb\�a)m

∫ f

i

~F (t) dt = 2
√

2gh ẑ .

« ka g X�h-`dl g juVYl�\_Z]\_wYX�m�h]i f \_j g cd`bX�h-`¢l g¢� k[`ba]� g~�k[`v`��]`ba-ju`qkXsjbk[`ba f V"Z-VY�a-`qh]\_`bX[`ª`bl�juVYc	�f VYa]h g c�\_`bX�h-VvjuVYcdVq`blIcdVeZ]h]a g ^Vp`bX�l g ¬[}ek��a g § z®�z � X�h-`uZF^`Sl g juVYl�\_Z]\_wYXql g/� k[`ba]� g `uZFX�k��l g�z , Xd`bl\�X[Z]h g X�h-` t0−ε1
l_VeZ jbk[`ba f VeZ�`bX�h]a g X`bX?juVYX�h g jbh-Vm3l g�� k[`ba]� gQg kcd`bX�h g a8� f \_^ g cd`bX��h-`Fl�l_`b} g X[^V g kX	c��3��\�cdV/`bXdjb\_`ba]h-VQ\�X[Z-h g X�h-`

t0 fAg a g l�k[`b}tV�^`ujba-`uju`bavX�k[`br g cd`bX�h-` g ju`��a-Vª¤ \�X[Z]h g X�h-` t0 + ε2 ¦�z ) VeZSjbk[`ba f VeZ�`uZ]h8� Xv`bXjuVYX�h g jbh-V�^�ka g X�h-`�kX<\�X�h-`ba]r g l_V�^`Ph]\_`bc f V
ε1 + ε2 z � ; 
 / 3Y7 ���
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, l�� a-` g � g �]VMl g jbka-j g F (t)

`uZn`blD\�c f kl_Z-Vv¤ cdVYcd`bX�h-V ¦ h]a g X[Z-c�\�h]\_^V?^`'kXvjbk[`ba f V g l�VYh]a-V z
� i f \_j g cd`bX�h-`?`bl�juVYc f VYa]h g c�\_`bX�h-V F (t) f k[`u^`6Z-`ba9a-` f a-`uZ8`bX�h g ^V f VYa�kX g	fAg a8� ��VYl g

F (t) =

{

F0

[

1 − 1
ε2

(t − t0)
2
] fAg a g t0 − ε < t < t0 + ε

0 fAg a g t < t0 − ε
o

t > t0 + ε
.

, Xv`uZ]h-`/j g Z-V l_VeZnjbk[`ba f VeZ�Z-`Qc g X�h]\_`bX[`bXª`bXvjuVYX�h g jbh-V�^�ka g X�h-`/kX¢h]\_`bc f V 2ε
m�Z]\_`bX[^V	`bXq`bl\�X[Z]h g X�h-` t = t0

l g?� k[`ba]� g c��3��\�c g ¤ F0 ¦ `bX�h]a-`�l_VeZ9jbk[`ba f VeZ z , l�\�c f kl_Z8V�h]a g X[Z]c�\�h]\_^Vd`uZ
∆p =

∫ t0+ε

t0−ε

F0

[

1 − 1

ε2
(t − t0)

2

]

dt =
4

3
F0ε .

UWVYXP`uZ]h-`/cdV�^`bl_V fAg a g F (t)
mA`bXP`bl�j g Z-V�^`�l g ��VYl�\�h g VY�h-`bX[`bcdVeZ

2m
√

2gh =
4

3
F0ε .

« `"`uZ-h g a-`bl g jb\_wYX Z-`�^`u^�k[ju`£~�k[`�l g�� k[`ba]� g c��3��\�c g `bX�h]a-`�l g �DVYl�\�h g oxl g Z]k f `ba ¬A`�^`l g jbk g lWa-`b�DVYh g ^` f `bX[^`q^`bl|h]\_`bc f V ^�ka g X�h-`¢`blWjbk g lFl_VeZ?^VeZ jbk[`ba f VeZ	Z-`�c g X�h]\_`bX[`bX�`bXjuVYX�h g jbh-V z �Ig X�h-V�cd`bX[VYa�`uZ#`uZ]h-`W\�X�h-`ba]r g l_V�^`Wh]\_`bc f VmYh g X�h-VQc g otVYa a-`uZ]kl�h g Z-`ba F0 z�� ` g cdVeZkX<`�� `bc f l_V�X�kcReba]\_juV zW{ k f VYX} g cdVeZ�~�k[`pkX g ��VYl�\�h g ^` ¯ %�}£Z-`p� g ju`vj g `ba�^`uZ-^`pkX gg l�h]ka g ^` © c z�{ k f VYX} g cdVeZ g ^`bc��YZ�~�k[`Q`blD\�X�h-`ba]r g l_V�^`Sh]\_`bc f V	^�ka g X�h-`�`bl�jbk g l�l_VeZW^VeZjbk[`ba f VeZ6Z8`	c g X�h]\_`bX[`bX�`bX£juVYX�h g jbh-VP`uZ g f a-Vu��\�c g ^ g cd`bX�h-` ¯ cdZ)m�VvZ-` g m 2ε = 5 · 10−5 Z zUWVYX
g = 10

c�� Z 2 Z-`/h]\_`bX[`&T
F0 =

3

2 · 5 · 10−5
0,05 ·

√
2 · 10 · 1 � � � ' 67 � � � ,

� k[`ba]� g ~�k[`S`uZ|c��YZW^`Sjb\_`bX¢rt`uju`uZ|c g otVYan~�k[`9`bl f `uZ-VM^`9l g �DVYl�\�h g�z�{ \Al g ��VYl�\�h g `bX�l�k} g aF^`g ju`ba-Vq`uZ/^`M}tVYc g m�`bl h]\_`bc f Vp^`MjuVYl�\_Z]\_wYX g kcd`bX�h g juVYX[Z]\_^`ba g �l_`bcd`bX�h-`P¤¥`bX�kX�VYa-^`bX�^`c g }eX\�h]k[^ªopc��YZ ¦ m[Z]\_`bX[^Vdl g?� k[`ba]� g F0
m f VYa9l_V�h g X�h-Vm[cd`bX[VYaS`bXP`uZ8`�c�\_Z]cdV ��g jbh-VYa z , Z]h-V`�� f l�\_j gMf VYaF~�k[`Q`uZ f VeZ-\��l_`Q~�k[`SZ]\�Z-`Sl g X� g kX g �DVYl�\�h g ^` g ju`ba-VMo�kX g ��VYl�\�h g ^`Q}tVYc g ^`\�}ek g l_`uZSc g Z g Z9opjuVYXPl g c�\_Z]c g rt`bl_V�jb\_^ g ^PjuVYX�h]a g kXªr�\_^�a]\_Vml g ��VYl�\�h g ^` g ju`ba-Vda-VYc f `6`blr�\_^�a]\_V�c�\_`bX�h]a g ZQ~�k[`/l g ^`�}tVYc g a-`b��VYh g�z

465�� 5 ��BD;��?N-@ O$ES>
©ez � Xyc k[j8� g j-�[V ^` m1 = 40 �

}xZ-`"`bX[jbk[`bX�h]a g Z-VY�a-`£kX g f l g h g3� VYa]c g cdw)r�\�lM^`
m2 = 10 �

} ��kX�h-V g ^VeZQl g ^�a]\�l�l_VeZ/^` m = 5 �
} z ) gdf l g h g3� VYa]c g�f k[`u^`M^`uZ f l g � g a �Z-`em�Z]\�X�a-V�ju`em�Z-VY�a-`	kX�h-`ba]a-`bX[Vv�[VYa]\��)VYX�h g l z , X£jb\_`ba]h-Vp\�X[Z]h g X�h-`d`bl#c k[j-� g j8�[VPl g X� g�[VYa]\��)VYX�h g l�cd`bX�h-`6kX[V?oq^`uZ f k2euZn`bl�VYh]a-V	l g ^�a]\�l�l_V	� g jb\ g	g h]a8�YZ�^`'l gMf l g h g3� VYa]c g mjuVYXkX g rt`bl_V�jb\_^ g ^ v0 = 2

c�� Z a-`uZ f `ujbh-V g ebl�c�\_Z]cdV z � � k2e�rt`bl_V�jb\_^ g ^ v g ^~�k\�a]\�a8�pl gf l g h g3� VYa]c g��
� `uZ f k[`uZ]h g T v = v0

m(2M + 3m)

(M + m)(M + 2m)
= 0, 348

c�� Z
,juVYX

M ≡ m1 + m2 z



���������
	���������������������������
���
�! !�������#"$��������" © §�'

�z { `Ml g X� g kX f a-V1ot`ujbh]\�l juVYX�kX g rt`bl_V�jb\_^ g ^�\�X\_jb\ g l ^`  %¢c�� Z � VYa]c g X[^VpkX"� X}ekl_V^`
30◦
a-`uZ f `ujbh-V g l g �[VYa]\��)VYX�h g l z , X�`blAh]a g X[Z-jbka-Z-V6^`9Z-kdr�k[`bl_Vm�`bl f a-V)ot`ujbh]\�l�`�� f l_VYh ga-VYc f \ ebX[^VeZ-`/`bXp^VeZ fAg a]h-`uZ)m�kX g ^`Ql g ZWjbk g l_`uZWh]\_`bX[`/`bl�^VY�l_`Q^`Qc g Z g ~�k[`Ql g VYh]a g�z) VeZ|^VeZ � a g }ecd`bX�h-VeZ g h-`ba]a]\�� g X¢Z]\�cMkl�h8� X[` g cd`bX�h-` z , l � a g }ecd`bX�h-V c��YZ l�\�}t`ba-V g h-`ba]a]\�� ggq %dc ^`bl f kX�h-Vv^`Ml g X� g c�\_`bX�h-Vvo `bX l g ^�\�a-`ujujb\_wYX�oPZ-`bX�h]\_^Vq`bX"~�k[`MZ8`M^�\_Z fAg a-w`bl f a-V1ot`ujbh]\�l z � « wYX[^` g h-`ba]a]\�� g a8�d`bl�VYh]a-V � a g }ecd`bX�h-V �

*�z � X gªfAg a]h]i_jbkl g ^`¢c g Z g m
o"rt`bl_V�jb\_^ g ^ v0j8�[V�j g juVYX�h]a g VYh]a g \_^OebX�h]\_j g `bX<a-` f VeZ-V z ) gfAg a]h]i_jbkl g `bX a-` f VeZ-Vyh]\_`bX[`xkX a-`uZ-VYa]h-`x^`juVYX[Z]h g X�h-`v^`qa-`uZ]h]\�h]k[jb\_wYX k
m g lnjbk g l9~�k[`u^ gg ^VeZ g ^ g l gpfAg a]h]i_jbkl g \�X[jb\_^`bX�h-`�¤ rt`ba6¬[}eka gg ^ � kX�h gt¦�zI« `uZ-jba]\�� g `blFcdV)r�\�c�\_`bX�h-V�^`blnZ]\_Z �h-`bc g ^`uZ f k2euZ|^`�l g juVYl�\_Z-\_wYX�l_V�c��YZF^`bh g l�l g �^ g cd`bX�h-` f VeZ]\��l_` z � ; 
 /$3#7 �����

[[z � X �l_V�~�k[`�^`�c g ^`ba g ^` © �
} Z-`�Z]kY�]`bh gg kXya-`uZ-VYa]h-`"^`"juVYX[Z-h g X�h-`�^`�a-`uZ-h]\�h]k[jb\_wYX

k = 200
� �3c z , l|juVYXY� kX�h-Vª^`uZ8j g X[Z g Z-VY�a-`kX g Z-k f `ba ¬Ajb\_`�l�\_Z g mejuVYcdV Z-`nrt`9`bX�l g ¬[}eka g�z{ `n^�\_Z fAg a g juVYX�h]a g `bl�l_V�~�k[`WkX f a-V)ot`ujbh]\�lD^` %?}�op`bl�a-`uZ-VYa]h-`6Z8`�juVYc f a]\�cd` ©8*�z+* jbc z

7 ¦ , X[jbk[`bX�h]a-`	l g rt`bl_V�jb\_^ g ^�^`bl f a-V)ot`ujbh]\�lg X�h-`uZS^`bl j-�[V�~�k[` z
� ¦ � � k2e � a g jujb\_wYX	^`|l g `bX[`ba]}ei g cd`uj)� X\_j g\�X\_jb\ g l�Z-` f \_`ba-^`6`bXP`bl�j8�[V�~�k[` �

� ; 
 /$3#7 �����

¯�z � X g }ea g X g ^ g m ~�k[` Z8` `bX[jbk[`bX�h]a g `bX a-` f VeZ-Vm)`�� f l_VYh g�fAg a]h]\ ebX[^VeZ8`F`bX?^VeZ � a g }ecd`bX�h-VeZ z{ ` g X m1
o

m2
l g Z¢c g Z g Zq^`Pl_VeZq^VeZ � a g }ecd`bX�h-VeZ zW« `bcMk[`uZ]h]a-` ~�k[` l g Z¢`bX[`ba]}ei g Zjb\�X2ebh]\_j g ZQ^`/l_VeZ � a g }ecd`bX�h-VeZSr�\_`bX[`bXP^ g ^ g Z f VYa

T1 =
m2Q

m1 + m2o
T2 =

m1Q

m1 + m2
,^VYX[^`

Q
`uZ?l g ^�\ � `ba-`bX[jb\ g `bX�h]a-`ql g `bX[`ba]}ei g jb\�X2ebh]\_j g h-VYh g l9^`bl�Z]\_Z]h-`bc g ^`uZ f k2euZ	og X�h-`uZ9^`/l g `�� f l_VeZ-\_wYX z ¤ Q `uZnl g `bX[`ba]}ei g l�\���`ba g ^ g?f VYa�l g `�� f l_VeZ]\_wYXª^`/l g }ea g X g ^ g�z ¦

§ z � X£X��[jbl_`uV�^` 236 � ¤ c g Z g��/&* § g cMk ¦ m�\�X\_jb\ g l�cd`bX�h-`p`bX�a-` f VeZ-Vm�Z-`¢^�\�r�\_^`¢`bX¡^VeZ� a g }ecd`bX�h-VeZM^`	c g Z g Z ©H[ §qo ° % g c k z , l�r g l_VYa Q
^`	l g a-` g jujb\_wYX�`uZ ^` ©)° % � ` �?z
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, X[jbk[`bX�h]a-`£l g rt`bl_V�jb\_^ g ^yo `bX[`ba]}ei g ¤¥`bX � ` �6¦ ^`£j g ^ g kX[V<^`"l_VeZ � a g }ecd`bX�h-VeZ z¤ ©6g cMk �?©ez ' 10−27 � }[m © � ` � �?©ez § ·10−13 � z ¦

' z � X g Z-ju`bX[Z-VYaWZ]k�D`�`bX�kX f VY�)V g a g �)wYX¢^`  c�� Z z , Xq`bl[\�X[Z]h g X�h-`Q`bX�~�k[`9`bl g Z-ju`bX[Z-VYa`uZ]h8� © �?c ^`bl�`���h]a-`bcdV�Z]k f `ba]\_VYaS^`bl f VY�)VmZ-`�^`�� g j g `ba9kX g?f `bl_VYh g ^`uZ-^`/l g?fAg a]h-`Z]k f `ba]\_VYaM^`bl f VY�)V z ) gªf `bl_VYh g a-`b�DVYh g `bl �YZ]h]\_j g cd`bX�h-`vZ8VY�a-`�`bl|h-`uj8�[V�^`bl g Z-ju`bX[Z-VYa z��� g Z-h g ~�k2e g l�h]ka g Z]k�\�a8�"l g�f `bl_VYh g `bXxa-`bl g jb\_wYX g l g�fAg a]h-`�Z]k f `ba]\_VYaq^`bl f VY�)V �
� `uZ]k[`bl�r g `bl#c�\_Z]cdV f a-VY�l_`bc g Z]k f VYX\_`bX[^Vv~�k[`	`bl�`bl_`br g ^VYa/Z8`McMk[`brt`	� g jb\ gvg � g � Vg� c�� Z z

� z � X g	fAg a]h]i_jbkl g A
~�k[`�\�X\_jb\ g l�cd`bX�h-`?h]\_`bX[` kX g rt`bl_V�jb\_^ g ^ v0

j8�[V�j g juVYX�h]a g VYh]a g ~�k[`Z-`/`bX[jbk[`bX�h]a g `bXva-` f VeZ8Vm^`uZ]r�\ � X[^VeZ8`d¤ l g?fAg a]h]i_jbkl g \�X[jb\_^`bX�h-` ¦ `bXvkXP� X}ekl_V φ z ) grt`bl_V�jb\_^ g ^�^` A
^`uZ f k2euZ	^`blnj-�[V�~�k[`p`uZ v zI� VYa�VYh]a g fAg a]h-`emIl g Z-`b}ekX[^ gPfAg a]h]i_jbkl gZ-` ^`uZ]r�i g `bXPkX�� X}ekl_V θ

a-`uZ f `ujbh-V g l g ^�\�a-`ujujb\_wYX \�X\_jb\ g lI^`6l g	f a]\�cd`ba g�fAg a]h]i_jbkl g�z« `bc k[`uZ-h]a-`6~�k[`
tan θ =

v sinφ

v0 − v cos φ
.

°�z UWVYX[Z]\_^`ba-`nkX gQf l g h g3� VYa]c g ^` � `ba]a-V�j g a]a]\�l[^`f `uZ-V W
~�k[` f k[`u^`'a-V�^ g aWZ-\�X � a]\_jujb\_wYXpZ8VY�a-`kX g r�i g a-`ujbh g o��[VYa]\��)VYX�h g l'¤ rt`ba6¬[}eka gªg ^��� kX�h gt¦�z U X\_jb\ g l�cd`bX�h-`'l g6f l g h g3� VYa]c g Z-`9cMk[`��rt` g l g ^`ba-`uj-� g juVYXPrt`bl_V�jb\_^ g ^ v0 zD{ VY�a-` l gf l g h g3� VYa]c g Z8`S`bX[jbk[`bX�h]a g ^` f \_`QkX��[VYc �a-`^` f `uZ-V W z � ; 
 /$3#7 �����

� UFkA� l�`uZ�`bl�j g c �\_V'^`�rt`bl_V�jb\_^ g ^M^`�l gnf l g h g3� VYa]c g Z-\t`bl��[VYc �a-`FjuVYa]a-` g l g \��)~�k\_`ba-^ g m^`ScdV�^VM~�k[`9Z-k�rt`bl_V�jb\_^ g ^¢juVYX¢a-`bl g jb\_wYX g l g�f l g h g3� VYa]c g `uZ u jbk g X[^V?`uZ]h8� g6f kX�h-V^`�Z g l�h g aQ^`bl�`���h]a-`bcdV�\��)~�k\_`ba-^V �
© % z � XPVY���]`bh-Vd^`6c g Z g m = 5 �

}[ma-`uZ]� g l gdf VYakX g a g c fAg ^`pc g Z g M �?© % �
}[m fAg a]h]\_`bX��^V�^`uZ-^`¢kX g g l�h]ka g h = 2

c z ) g a g c fAgf k[`u^`p^`uZ]l�\�� g a-Z-`em�Z-\�X�a-V�ju`em�Z-VY�a-`p`bl�Z]k[`bl_V z� X g rt`b�'~�k[`Sl g c g Z g l�l_`b} gMg � g �]Vm��1juVYX¢~�k2ert`bl_V�jb\_^ g ^ªZ-`/cMk[`brt`6l g a g c fAg�� � ; 
 /$3#7 �����

©e©ez � XsZ g h6ebl�\�h-`em|~�k[`vZ-`pcMk[`brt` `bX l�i�X[` g a-`ujbh g juVYXskX g a g f \_^`b� v
a-`uZ f `ujbh-V g£g l�}e�XZ]\_Z-h-`bc g ^` a-` � `ba-`bX[jb\ g mWa-`ujuVY}t` fAg a]h]i_jbkl g Z£¤ f VYl�rtV ¦ juweZ]c�\_j g Z"¤¥~�k[`emFZ-k f VYX[^�a-`bcdVeZ)mZ-` `bX[jbk[`bX�h]a g X `bX a-` f VeZ8V�`bX `bl'Z-\_Z]h-`bc g ^` a-` � `ba-`bX[jb\ g `bX jbk[`uZ]h]\_wYX ¦qg kX g h g Z g

dM/dt = k v
m^VYX[^`

k
`uZ�kX g juVYX[Z]h g X�h-` zD{ \�`bXP`bl�\�X[Z-h g X�h-` t = 0

l g rt`bl_V�jb\_^ g ^ª^`blZ g h6ebl�\�h-` `uZ v0
opZ]kvc g Z g `uZ M0

m`bX[jbk[`bX�h]a-`
v(t) z
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©)�z { VY�a-`MkX g Z]k f `ba ¬Ajb\_`?�[VYa]\��)VYX�h g l Z]\�X � a]\_jujb\_wYX�Z-`M`bX[jbk[`bX�h]a g X�`bX�a-` f VeZ-V N

�l_V�~�k[`uZ^`q\�}ek g l�c g Z g m
juVYl_V�j g ^VeZ	kX[V g lnl g ^V�^`bl9VYh]a-V�`bX l�i�X[` g a-`ujbh g Z8` fAg a g ^VeZ f VYakX gqf `u~�k[`HS g ^�\_Z]h g X[jb\ g�z ¤ ) VeZ��l_V�~�k[`uZ�`uZ]h8� X£`bX�kcd`ba g ^VeZ ^`	\��)~�k\_`ba-^ gvg ^`ba-`uj-� gjuVYcdV

N
m

N − 1
m
N − 2

m zuzuz m  m ©ez ¦�« `uZ-^`Pl g \��)~�k\_`ba-^ g \�X[jb\_^`�Z-VY�a-`�`bl�l_VeZqkX�l_V�~�k[`M^` c g Z g M > m
m�juVYX rt`bl_V�jb\_^ g ^ v0 zD{ k f VYX} g ~�k[`Mh-V�^VeZSl_VeZ/j-�[V�~�k[`uZ'Z8VYXf `ba � `ujbh g cd`bX�h-` `bl �YZ]h]\_juVeZ z

� ; 
 / 3Y7 �����
7 ¦ U g l_jbkl_`?l g rt`bl_V�jb\_^ g ^�¬[X g l�^`?j g ^ g �l_V�~�k[`M^`uZ f k2euZ�~�k[`M� g X�V�jbka]a]\_^Vqh-V�^VeZl_VeZ9j8�[V�~�k[`uZ z
� ¦ � k[`uZ]h]a-`d`�� f l�i_jb\�h g cd`bX�h-`"¤ a-` g l�\�� g X[^V l_VeZMj)� l_jbkl_VeZ g X�h-`uZMo"^`uZ f k2euZM^`�h-V�^VeZl_VeZ�j8�[V�~�k[`uZ ¦ ~�k[`qZ8`qjuVYX[Z8`ba]r g `bl�cdVYcd`bX�h-V"l�\�X[` g l�o�l g `bX[`ba]}ei g jb\�X2ebh]\_j g ^`blZ]\_Z-h-`bc g�z

©8*�z � l_^VdoPZ-kP�[`ba]c g X[V �Ig �l_Vp� g X�\_^V gdfAg h]\�X g a g kX g l g }ekX g �[`bl g ^ g�z � lIcd`u^�\_V�^�i g� l_^VpZ-`	^`bh]\_`bX[` fAg a gvg �a]\�a6`bl fAg ~�k[`bh-`�^`bl g l�c k[`ba]�)Vm�jbk g X[^VPVY�[Z-`ba]r g ~�k[` �Ig �l_VZ-` g f a-V)��\�c g ^�\�a-`ujbh g cd`bX�h-`d� g jb\ g ebl juVYX"kX g a g f \_^`b� v z � X�h-`uZ6^`bl�\�c fAg jbh-V � l_^Vl_`'l g X� g�g Z]kq�[`ba]c g X[Vd`bl fAg ~�k[`bh-`�`bXv^�\�a-`ujujb\_wYXv�[VYa]\��)VYX�h g l�mA`bl�jbk g l�`uZ g h]a g fAg ^V�`bX`bl g \�a-` f VYa �#g �l_V z�{ \ g cM�DVeZ/�[`ba]c g X[VeZ6h]\_`bX[`bX�l g c�\_Z]c g c g Z g M
mAo l g c g Z g ^`blfAg ~�k[`bh-`9`uZ m mtj g l_jbkl_`Q`blAr g l_VYa c�i�X\�cdV ^`Sl g a g f \_^`b�QjuVYX¢l g jbk g l � l_^V6^`b��`9l g X� g a`bl fAg ~�k[`bh-` fAg a g ~�k[`�Z]kv�[`ba]c g X[VdX[V�j8�[V�~�k[`6juVYX ebl z

©H[[z UWVYX[Z]\_^`ba-`nkX f ebX[^�kl_V/juVYX[Z]\_Z]h-`bX�h-`S^`kX g c g Z g m
juVYl�} g ^ g ^`qkX��\�l_V�^`l g a]}tV L z�{ k f VYX} g ~�k[`�`bl f ebX[^�kl_V/\�X\+�jb\ g l�cd`bX�h-` fAg a]h-`£juVYX `bl �\�l_Vs`bX f V �Z]\_jb\_wYX��[VYa]\��)VYX�h g l z � lWl�l_`b} g a�l g c g Z gg l f kX�h-V�\�X � `ba]\_VYap¤ f kX�h-V�� ^`dl g ¬�}eka g § z � ¦ m9j8�[V�j g `bl �YZ-h]\_j g cd`bX�h-`�juVYXkX g c g Z g M = 2m

~�k[`�Z-`PcMk[`brt`juVYX"rt`bl_V�jb\_^ g ^ −v0x̂ z , l f ebX[^�kl_Vpa-`����VYh g ¤ � g jb\ g�g h]a8�YZ ¦ l�l_`b} g X[^V�h-`bX[`ba juV �cdV g c f l�\�h]k[^?c��3��\�c g X�k[`br g cd`bX�h-`9l g�[VYa]\��)VYX�h g l z
� ; 
 /$3Y7 �����

7 ¦ , X[jbk[`bX�h]a-`6l g a g f \_^`b� \�X\_jb\ g l v0
`bX � kX[jb\_wYXP^` m

m
M
m
L
o

g z
� ¦ � UFkA� l�`uZ�l g rt`bl_V�jb\_^ g ^ª^` M

^`uZ f k2euZ9^`bl�j8�[V�~�k[` �
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©)¯�z UWVYX[Z]\_^`ba-`Wl g juVYX�¬[}eka g jb\_wYXdcdVeZ]h]a g ^ g`bX?l g ¬[}eka g/g ^ � kX�h g�zt{ k f VYX} g ~�k[`W`bX`bl�\�X[Z]h g X�h-` t = 0
h-V�^ g Z�l g Znc g Z g Z�`uZ �h8� Xp`bX¢a-` f VeZ-V z ) g c g Z g��q© m�^`uZ f k2euZ^` g r g X� g a�kX g ^�\_Z]h g X[jb\ g h/2

m�juVYl�\+�Z]\_VYX g \�X[`bl �YZ-h]\_j g cd`bX�h-`SjuVYX�l g c g Z g m~�k[`u^ g X[^V g ^VeZ g ^ g/g `bl�l g�z � UFkA� l`uZ#l grt`bl_V�jb\_^ g ^p^`Sl g c g Z g��q© � k[Z]h-V g X�h-`uZ^`/l g juVYl�\_Z]\_wYX � � UFkA� l�`uZ�l g rt`bl_V�jb\_^ g ^^`pl g c g Z g��	 � k[Z]h-V�^`uZ f k2euZ¢^`pl gjuVYl�\_Z]\_wYX � �3UWVYXd~�k2eWrt`bl_V�jb\_^ g ^dl�l_`b} g l gc g Z g��	�g l�Z]k[`bl_V � � ; 
 /$3Y7 �����

© § z � X f a-V1ot`ujbh]\�l�^`¡c g Z g m = 20
}[m~�k[`|Z-`|^`uZ f l g � g juVYXMrt`bl_V�jb\_^ g ^ v

m j-�[V �j g juVYX�h]a g kX��l_V�~�k[`�^`¢c g Z g M =
0, 48 �

}p~�k[`	Z-`	`bX[jbk[`bX�h]a g `bX"a-` f VeZ-VZ-VY�a-`FkX g Z]k f `ba ¬Ajb\_`Wl�\_Z g�z , l f a-V)ot`ujbh]\�l~�k[`u^ g \�X[jba]k[Z]h g ^V�`bXª`bl��l_V�~�k[` z � ; 
 / 3Y7 �������
� juVYX�h]\�X�k g jb\_wYX�m9`bl/Z]\_Z]h-`bc g�f a-V)ot`ujbh]\�l/�l_V�~�k[` a-`uZ]� g l g Z-VY�a-`PkX g �)VYX g ^VYX[^` `bljuV�`�¬Ajb\_`bX�h-` ^`va-V�ju`Pjb\�X2ebh]\_juV�juVYXx`blS�l_V�~�k[`v`uZ

µc = 0, 3 z , lQZ]\_Z]h-`bc g Z-`v^`bh]\_`bX[`^`uZ f k2euZ�^`Q� g ��`ba�a-`uZ]� g l g ^V © % c Z-VY�a-`/`uZ g �)VYX g a]k}tVeZ g�z , X[jbk[`bX�h]a-`�l g rt`bl_V�jb\_^ g ^\�X\_jb\ g l�^`bl f a-V1ot`ujbh]\�l z
© ' z { VY�a-`�kX g�f l g h g3� VYa]c g �[VYa]\��)VYX�h g l6l�\_Z g ¤¥Z-\�Xya-V�ju` ¦ Z-`�juVYl_V�j g X `bX l�i�X[` g a-`ujbh g °e°�l_V�~�k[`uZ?^`q\�}ek g lnrtVYl�kcd`bX¡o�c g Z g Z 2m

m
3m
m
4m
m zuzuz m 99m o 100m

m#Z-` fAg a g ^ g Z`bX�h]a-` Z]i f VYa¢kX g ^�\_Z]h g X[jb\ g a
¤ rt`ba�¬[}eka g § z�©e©1¦�zW« `uZ8^`ªl g \��)~�k\_`ba-^ g \�X[jb\_^`PkX gfAg a]h]i_jbkl g ^`ªc g Z g m

juVYXxrt`bl_V�jb\_^ g ^ v0 z � V�^VeZ¢l_VeZ�j-�[V�~�k[`uZ�Z-VYX f `ba � `ujbh g cd`bX�h-``bl �YZ]h]\_juVeZ z
7 ¦ U g l_jbkl_`?l g rt`bl_V�jb\_^ g ^"^`Ml g¢fAg a]h]i_jbkl g ^`?c g Z g 2m

\�Xcd`u^�\ g h g cd`bX�h-`d^`uZ f k2euZ^`/l g	f a]\�cd`ba g juVYl�\_Z]\_wYX z� ¦ U g l_jbkl_`?l g rt`bl_V�jb\_^ g ^"^`Ml g¢fAg a]h]i_jbkl g ^`?c g Z g 2m
\�Xcd`u^�\ g h g cd`bX�h-`d^`uZ f k2euZ~�k[`�`�� f `ba]\�cd`bX�h g `bl�Z-`b}ekX[^Vdj8�[V�~�k[` zF ¦ « `uZ f k2euZ9^`/kXPh]\_`bc f VdZ-k�¬Ajb\_`bX�h-`bcd`bX�h-`Ml g a]}tVdZ-`�VY�[Z8`ba]r g ~�k[`/X\�X}e�XP�l_V�~�k[`f `ba]c g X[`uju`/Z-VY�a-`'l g6f l g h g3� VYa]c g�z �3UFkA� X�h-VeZ��l_V�~�k[`'j g ot`ba-VYX g l�l g ^V?\��)~�k\_`ba-^VoqjbkA� X�h-VeZ g l�l g ^Vd^`ba-`uj-�[V �

� ; 
 /$3#7 �������
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© � z { VY�a-`�kX f l g X[Vªl�\_Z-VvZ-`�`bX[jbk[`bX�h]a g X¡h]a-`uZ^�\_Z-juVeZ'\�}ek g l_`uZd¤¥^`?a g ^�\_V R

oªc g Z g M ¦�z� l�^�\_Z-juV
A
m�~�k[`S\�X[jb\_^`/juVYXqrt`bl_V�jb\_^ g ^ v0j8�[V�j g Z]\�cMkl�h8� X[` g ox`bl �YZ]h]\_j g cd`bX�h-`£juVYXl_VeZ�^�\_Z-juVeZ
B
o

C
mDh g l juVYcdVªZ-`	cMk[`uZ]h]a g`bXvl g ¬[}eka g § z�©)�z ) VeZS^�\_Z-juVeZ B

o
C
\�X\+�jb\ g l�cd`bX�h-`dZ-`	`bX[jbk[`bX�h]a g X¡`bX�a-` f VeZ-VpjuVYXl_VeZ6ju`bX�h]a-VeZ	Z-` fAg a g ^VeZ `bX£kX g ^�\_Z]h g X[jb\ g

2R + 2a z�{ k f VYX} g ~�k[` X[Vd� g ova-V�ju` `bX��h]a-`�l_VeZ��DVYa-^`uZ ^`�l_VeZ�^�\_Z-juVeZ jbk g X[^VS`uZ]h8� X`bX�juVYX�h g jbh-V z , X[jbk[`bX�h]a-`'l g rt`bl_V�jb\_^ g ^¢^`bl^�\_Z-juV
A
^`uZ f k2euZS^`/l g juVYl�\_Z]\_wYX z

� ; 
 / 3Y7 ��� � 	

� `uZ f k[`uZ]h g T vf = v0
η2 − 2

6 − η2
,
juVYX

η =
R + a

R
.

©)°�z � X�VY���]`bh-V ^`xc g Z g m
a-`uZ]� g l g Z-VY�a-`l g Z-k f `ba ¬Ajb\_`�l�\_Z g ^`�kX g � jbkOS g � M z ) gjbk��X g a-` f VeZ g Z-VY�a-`¢kX g Z]k f `ba ¬Ajb\_`¢h g c	��\ ebX"l�\_Z g ¤ rt`ba/¬[}eka gt¦�z �Qa]\�}e\�X g l�cd`bX�h-`�`blVY���]`bh-V Z-`'`bX[jbk[`bX�h]a g `bXqa-` f VeZ8V g kX gMg l+�h]ka g h

cd`u^�\_^ g ^`uZ-^`M`bl h]a g cdV¢�[VYa]\��)VYX��h g l z
� ; 
 / 3Y7 ��� � �

7 ¦ U g l_jbkl_`nl g Z#rt`bl_V�jb\_^ g ^`uZ|^`Wl g jbkOS g oM^`Wl g c g Z g m
kX g rt`b��~�k[` m

� g l�l_`b} g ^Vg l�h]a g cdV��[VYa]\��)VYX�h g lI^`/l g jbkOS g o¢Z-`�^`uZ f l g � g � g jb\ g l g ^`ba-`uj8� g�z
� ¦ � VeZ]h-`ba]\_VYa]cd`bX�h-`em l g c g Z g m

j8�[V�j g `bl �YZ]h]\_j g cd`bX�h-`qjuVYX£l gqfAg a]h-` f VeZ]h-`ba]\_VYa ^`l g jbkOS g�z U g l_jbkl_` l g a g f \_^`b� ^` m
o

M
^`uZ f k2euZS^`bl�j-�[V�~�k[` z

 % z � X g ��VYl g ^`P}tVYc g Z-`P^`�� g j g `bapZ-VY�a-`kX g jb� f kl g Z-`bc�\_`uZ � eba]\_j g ^`'a g ^�\_V R z ) g��VYl g Z8`?Z-k[`bl�h gqg kX gpg l�h]ka g H
^`uZ-^`	`blZ]k[`bl_Vªo g kX g ^�\_Z]h g X[jb\ g b

juVYX�a-`uZ f `ujbh-Vg l g rt`ba]h]\_j g lF~�k[` fAg Z gvf VYa6`bl|ju`bX�h]a-VP^`l g jb� f kl g�z ) g �DVYl g j-�[V�j g `bl �YZ]h]\_j g cd`bX�h-`juVYX l g jb� f kl g�z U g l_jbkl_` l g�g l�h]ka g h
^`a-`b��VYh-`�^`'l g �DVYl g juVYXva-`uZ f `ujbh-V g l�Z]k[`bl_V z« `bh-`ba]c�\�X[`P`blQr g l_VYa�c��3��\�cdV�^` b fAg a g~�k[`/l g a-`uZ f k[`uZ]h g h-`bX} g Z-`bX�h]\_^V z � ; 
 / 3Y7 ��� � �
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o¢juVYXvkX g^�\�a-`ujujb\_wYXª~�k[` � VYa]c g kXP� X}ekl_V θ
juVYXvl gX[VYa]c g ln^`�l gPfAg a-`u^ z , l�jbk[`ba f V�`bcd`ba]}t`juVYX�a g f \_^`b� λv0

¤¥juVYX
λ < 1 ¦�z�« `bh-`ba]c�\+�X[`/l g ^�\�a-`ujujb\_wYX�¤ φ `bXvl g ¬[}eka gt¦ juVYXª~�k[``bcd`ba]}t`£`bl6jbk[`ba f V�o `bl�rt`ujbh-VYaª\�c f kl_Z-V~�k[`/l g?fAg a-`u^v\�c f a]\�cd` g l�jbk[`ba f V z � ; 
 / 3Y7 ��� � �

e�z � X g � g l g ^`qc g Z g�¯ }ea g cdVeZ g h]a g r�\_`b� gkXªZ g juV�^`/r�\�a]kh g ZQ^` © � }d^`6c g Z g�z , lZ g juV	jbk[`bl�} g ^`'kXvjuVYa-^`bl�^`  c ^`'l g a �}tV z � juVYX[Z-`ujbk[`bX[jb\ g ^`bl�\�c fAg jbh-V¢`bl Z g juV`bX�h]a g `bX¢cdV)r�\�c�\_`bX�h-V	o�Z-`S^`bh]\_`bX[`'jbk g X��^V/`bl[juVYa-^`bl � VYa]c g kX�� X}ekl_V�^` ©) ◦ juVYXl g rt`ba]h]\_j g l z U g l_jbkl_`6l g a g f \_^`b�M^`6l g � g �l g kX g rt`b��~�k[`"� g `bcd`ba]}e\_^Vx^`blMZ g juVZ]\9Z-ksrt`bl_V�jb\_^ g ^ g X�h-`uZ¢^`ªl g juVYl�\_Z-\_wYXx`uZ
v0 = 1000

c�� Z z � ; 
 / 3Y7 ��� ���

&*�z A
o

B
Z-VYXq^VeZn`uZ � `ba]\�h g Zn^`S\�}ek g l�c g Z g m

`bX} g a]� g ^ g ZS`bXq`bl�`��]`S�[VYa]\��)VYX�h g l z B `uZ]h8�kX\_^ g6g kXda-`uZ-VYa]h-`�\_^` g lD^`�l g a]}tV�X g h]ka g l 0 o	a]\�}e\_^`b�	¤¥juVYX[Z]h g X�h-`Q^`�a-`uZ]h]\�h]k[jb\_wYX ¦ k zU X\_jb\ g l�cd`bX�h-` B
`uZ]h8�6`bXda-` f VeZ-Vm�`blAa-`uZ-VYa]h-`Q`bX¢^�\�a-`ujujb\_wYXqrt`ba]h]\_j g lAodZ]\�X�^` � VYa]c g jb\_wYX z

A
Z-`p^`uZ]l�\�� g juVYX rt`bl_V�jb\_^ g ^ v

^`uZ-juVYX[V�jb\_^ g m j8�[V�j g juVYX B
o g cM� g Z f `ba]c g X[`uju`bXkX\_^ g ZFh]a g Z|l g juVYl�\_Z]\_wYX z U g l_jbkl g a v m�Z]\�`bXq`bl�\�X[Z]h g X�h-`'`bXq~�k[`S`blDjuVYXY��kX�h-V	Z-`9^`bh]\_`bX[``bl�� X}ekl_V

θ
h]\_`bX[`6kXvr g l_VYaS^`6§&% ◦ zA{ k f VYX} g ~�k[`6`bl�a-V�ju`6`uZ�^`uZ f a-`ujb\ g �l_` z

� ; 
 /$3#7 ����� �
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:[[z « VeZ#j g a]a-VeZ B o C

m ^`Wc g Z g Z m o 2m
a-`uZ f `ujbh]\�r g cd`bX�h-`emeZ-`F`bX[jbk[`bX�h]a g Xd\�X\_jb\ g l�cd`bX�h-``bX a-` f VeZ-V"Z-VY�a-`pkX g r�i g �[VYa]\��)VYX�h g lQa-`ujbh g m Z-` fAg a g ^VeZ f VYa�kX g ^�\_Z]h g X[jb\ g L z � Xh-`ba-ju`ba/j g a]a-V A

mA^`Mc g Z g 2m
m�~�k[`MZ8` ^`uZ f l g � g juVYX�rt`bl_V�jb\_^ g ^ v0

� g jb\ g l g ^`ba-`uj-� g`bcM�\_Z]h-` g l�j g a]a-V B
^`uZ8^`|l g \��)~�k\_`ba-^ g ¤ rt`ba ¬[}eka gt¦�zY{ k f VYX} g ~�k[`|h-V�^VeZ l_VeZ j8�[V�~�k[`uZ~�k[`�V�jbka]a-`bX Z-VYXª`bl �YZ]h]\_juVeZ z , XP`uZ]h g Z9juVYX[^�\_jb\_VYX[`uZ)m

7 ¦ « `bc k[`uZ-h]a-`6~�k[` `bl�j g a]a-V B
j8�[V�j g ^VeZ�rt`uju`uZSjuVYXª`bl�j g a]a-V A z

� ¦ U g l_jbkl_`6`bl�h]\_`bc f Vd~�k[`�cd`u^�\ g `bX�h]a-`6`uZ]h-VeZ9^VeZ9j8�[V�~�k[`uZ z

� ; 
 /$3#7 ����� �

e¯�z � X g jbk[`ba-^ g ¤��A`���\��l_` ¦ mY^`Wc g Z g M
o6l g a �}tV

L
Z-`¢^`�� g j g `ba?Z-VY�a-`�kX gvf `uZ g�z U X\+�jb\ g l�cd`bX�h-`�`bl�`���h]a-`bcdVS\�X � `ba]\_VYa�^`|l g jbk[`ba �^ g ��k[Z]h-Vxh-V�j g l g<f `uZ g oyl g jbk[`ba-^ g Z-``bX[jbk[`bX�h]a g `bXªa-` f VeZ-V z[« `bcMk[`uZ]h]a-`M~�k[`�l gl_`ujbh]ka g ^`�l g�f `uZ g � k[Z]h-V g X�h-`uZv^`�~�k[`j g \�} g Z-VY�a-`d`bl�l g `bl|�l�h]\�cdVPZ-`b}ecd`bX�h-V ^`l g jbk[`ba-^ g m[Z8`ba8� W = 3Mg z

� ; 
 / 3Y7 ��� � �
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) g ZS`bX[`ba]}ei g ZQjb\�X2ebh]\_j g Z9h-VYh g l_`uZ g X�h-`uZ9op^`uZ f k2euZ9^`bl f a-V�ju`uZ-V�^`/¬AZ-\_wYXªZ-VYX
Ki = 0o

Kf = K
(1)
f + K

(2)
f =

1

2
m1v

2
1 +

1

2
m2v

2
2 .

) g a-` g jujb\_wYX�`uZS`��VYh6eba]c�\_j g m�`uZQ^`ujb\�a)m[l g `bX[`ba]}ei g ¬[X g l `uZQZ]k f `ba]\_VYa g l g `bX[`ba]}ei g \�X\_jb\ g l `bX
Q = 190 � ` �	zA{ `�h]\_`bX[`6`bX�h-VYX[ju`uZ'~�k[`

Kf − Ki = Kf = K
(1)
f + K

(2)
f = Q .
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) g juVYX[Z-`ba]r g jb\_wYXP^`bl�cdVYcd`bX�h-Vdl�\�X[` g l�X[VeZQ^ g l g a-`bl g jb\_wYX

m1v1 = m2v2 .

� Z g X[^V�`uZ]h g a-`bl g jb\_wYX Z-`�^`u^�k[ju` ~�k[`
K

(1)
f

K
(2)
f

=
1
2m1v

2
1

1
2m2v2

2

=
m2

m1
.

« `6l g Z�a-`bl g jb\_VYX[`uZ
K

(1)
f + K

(2)
f = Qo

K
(1)
f

K
(2)
f

=
m2

m1Z-`�^`u^�k[ju` ~�k[`
K

(1)
f =

m2

m1 + m2
Q = 117, 5 � ` �o

K
(2)
f =

m1

m1 + m2
Q = 72, 5 � ` � .

« `6l g a-`bl g jb\_wYX
K

(1)
f =

1

2
m1v

2
1 =

m2

m1 + m2
Q

Z-`�^`u^�k[ju` ~�k[`
v2
1 =

m2

m1

2Q

m1 + m2
=

146

90

2 · 190 · 1, 6 · 10−13 �

236 · 1, 7 · 10−27 � } ' 2, 46 · 1014
(

c Z )2
,

VdZ-` g m
v1 = 1, 57 · 107

c Z .

�Ig a g l g rt`bl_V�jb\_^ g ^ ^`bl � a g }ecd`bX�h-Vdc g Z f `uZ g ^V�Z-`�VY�h]\_`bX[`
v2 =

m1

m2
v1 = 0, 97 · 107

c Z .

� �����
	�����  ��� � � � �
	 ������

{ ` g v(t)
l g rt`bl_V�jb\_^ g ^vo M(t)

l g c g Z g ^`bl�juVY�[`bh-`�¤ \�X[jbl�kot`bX[^V¢l g ^`bl f VYl�rtV	a-`ujuVYl_`uj��h g ^V ¦�z ) g juVYX[Z-`ba]r g jb\_wYX ^`bl�cdVYcd`bX�h-V�l�\�X[` g l�X[VeZ9^ g l g a-`bl g jb\_wYX
M(t)v(t) = M(t + dt)v(t + dt) .



���������
	���������������������������
���
�! !�������#"$��������" © ' ¯
�Ig a g kXª\�X�h-`ba]r g l_Vd^`�h]\_`bc f V dt

\�X�¬[X\�h-`uZ]\�c g l Z8`/h]\_`bX[`6~�k[`
M(t + dt) = M(t) +

dM

dt
dto

v(t + dt) = v(t) +
dv

dt
dt .� Z g X[^V�`uZ]h g Z�a-`bl g jb\_VYX[`uZSZ8`�VY�h]\_`bX[`

M(t)v(t) = M(t + dt)v(t + dt)

=

(

M(t) +
dM

dt
dt

)

·
(

v(t) +
dv

dt
dt

)

= M(t)v(t) + M(t)
dv

dt
dt + v(t)

dM

dt
dt +

dM

dt

dv

dt
(dt)2

« `uZ f a-`ujb\ g X[^V�`bl�h6eba]c�\�X[V�^`�VYa-^`bX (dt)2
mZ-`�VY�h]\_`bX[`

M(t) dv = −dM

dt
v(t) dt .

� `ba-V dM/dt = kv
ml�k[`b}tV

M(t) dv = −kv2 dt .

� kl�h]\ f l�\_j g X[^V¢`uZ]h g a-`bl g jb\_wYX f VYa v = v(t)
Z-`�VY�h]\_`bX[`

M(t)v(t) dv = −kv3 dt .

� `ba-VvjuVYcdVv`bl#cdVYcd`bX�h-Vpl�\�X[` g l Z8`MjuVYX[Z-`ba]r g m�Z-`Mh]\_`bX[`�~�k[` M(t)v(t) = M0v0
mD^VYX[^`

M0o
v0
Z-VYXªl g c g Z g oprt`bl_V�jb\_^ g ^�^`bl Z g h6ebl�\�h-` `bX `bl \�X[Z]h g X�h-` t = 0 z � Z g X[^V�`uZ]h-VmAl g �l�h]\�c g`ujbk g jb\_wYX ~�k[`u^ g

dv

v3
= −

(

k

M0v0

)

dt .

U X�h-`b}ea g X[^V l g �l�h]\�c g `ujbk g jb\_wYX¢^`uZ-^`S`bl[\�X[Z]h g X�h-` t = 0
¤¥`bXq~�k[`nl g rt`bl_V�jb\_^ g ^¢`uZ v0 ¦ � g Z]h g`bl�\�X[Z]h g X�h-` t

¤¥`bXP~�k[`/l g rt`bl_V�jb\_^ g ^ª`uZ v(t) ¦ Z-`�VY�h]\_`bX[`
∫ v

v0

1

v3
dv = −

(

k

M0v0

)
∫ t

0
dt

− 1

2v2

∣

∣

∣

∣

v

v0

= −
(

k

M0v0

)

t

∣

∣

∣

∣

t

0

1

2

(

1

v2
− 1

v2
0

)

=
k

M0v0
t

« `uZ f `�� g X[^V v(t)
Z-`�VY�h]\_`bX[`/¬[X g l�cd`bX�h-`

v(t) =
v0

√

1 + 2kv0t
M0

.
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�Ig a g ~�k[`S`bl f ebX[^�kl_VMr�k[`bl�r g g Z]k f VeZ]\_jb\_wYXq\�X\_jb\ g l�m�`blDj8�[V�~�k[`S`bl �YZ]h]\_juV	`bX¢l g6fAg a]h-`Q\�X � `ba]\_VYa^`b�D`�V�jbka]a]\�avjuVYX cdVYcd`bX�h]kc h-VYh g l/X�kl_V z ) k[`b}tVmn^`uZ f k2euZp^`�l g juVYl�\_Z]\_wYXxl g c g Z g Mh-`bX[^�a8��kX g rt`bl_V�jb\_^ g ^ v0x̂ z) g rt`bl_V�jb\_^ g ^ v1
juVYXª~�k[`/l g c g Z g m

l�l_`b} gdg � g �]VmZ-`/VY�h]\_`bX[`6^`/l g a-`bl g jb\_wYX�¤¥juVYX[Z-`ba �r g jb\_wYXP^` `bX[`ba]}ei gt¦ T
mgL =

1

2
mv2

1 ,^`6^VYX[^`
v1 =

√

2gL .

�Ig a g ~�k[`�l g juVYl�\_Z]\_wYX¡V�jbka]a g juVYX�cdVYcd`bX�h-V l�\�X[` g lnju`ba-Vªl g a g f \_^`b�p^`dl g c g Z g M
^`b�D`Z g h]\_Z ��g ju`ba9l g a-`bl g jb\_wYX

mv1 = Mv0 ,^`6^VYX[^`6Z-`�VY�h]\_`bX[` fAg a g v0
`bl�a-`uZ-kl�h g ^V

v0 =
m

M
v0 =

m

M

√

2gL .

� �����
	�����  ��� � � � �
	 ������
, Xvh-V�^V?\�X[Z]h g X�h-`�l gMfAg a]h]i_jbkl g �	 Z-`Qc k[`br g juVYXpl g c�\�h g ^v^`'l g rt`bl_V�jb\_^ g ^v^` �q©ez � k[Z]h-Vg X�h-`uZ	^`blFj8�[V�~�k[`dl g rt`bl_V�jb\_^ g ^ vi

^`dl g c g Z g �q© r�\_`bX[`�^ g ^ gPf VYaq¤¥juVYX[Z-`ba]r g jb\_wYX�^`dl g`bX[`ba]}ei gt¦ T
Mg

h

4
=

1

2
(M)v2

i +
1

2
M

(vi

2

)2
=

5

8
Mv2

i ,VdZ-` g m
v2
i =

2gh

5
.

� \_`bX�h]a g Z�V�jbka]a-`'`bl�j-�[V�~�k[`	¤¥V Z-` g m�^�ka g X�h-`'kXq�a-`br�i_Z-\�cdV \�X�h-`ba]r g l_V	^`Qh]\_`bc f V [0, ε] ¦l g jbk[`ba-^ g `��]`ba-ju`�kX g }ea g X � k[`ba]� g Z-VY�a-`�l g c g Z g��q© o �	 h]a g X[Z]c�\�h]\_`bX[^VdkX j g c �\_V�^`cdVYcd`bX�h-V¢l�\�X[` g l ∆p
T

∆p =

∫ ε

0
τ(t) dt ,

^VYX[^`
τ(t)
`uZnl g h-`bX[Z]\_wYXª^`/l g jbk[`ba-^ g `bX � kX[jb\_wYXª^`bl�h]\_`bc f V z , Z]h-`�;>Q C / N 9 D6g kcd`bX�h g `blcdVYcd`bX�h-V¢l�\�X[` g l ^`6l g c g Z g �q© `bXPl g c g }eX\�h]k[^ ∆p

oq^�\_Z-c�\�X�kot`?`bl�cdVYcd`bX�h-V¢l�\�X[` g l ^`l g c g Z g �	 `bX `blI^VY�l_` ^`6`uZ g c�\_Z]c g c g }eX\�h]k[^ z�{ \ vf

`uZSl g rt`bl_V�jb\_^ g ^P^` l g c g Z g �q©��k[Z]h-V�^`uZ f k2euZS^`�l g juVYl�\_Z]\_wYX�mA`bX�h-VYX[ju`uZQl g `ujbk g jb\_wYX ^`�juVYX[Z-`ba]r g jb\_wYX ^`bl�cdVYcd`bX�h-V�l�\�X[` g lfAg a g l g	fAg a]h]i_jbkl g �q© ¤ � kX�h-V�juVYXªl g c g Z g m ¦ ^ g l g a-`bl g jb\_wYX
Mvi = (M + m)vf + ∆p .
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�Ig a g l g
M

vi

2
= M

vf

2
− 2∆p

« `uZ f `�� g X[^V v2
Z-`�VY�h]\_`bX[`

v2 = v1
5M

5M + 4m
.

�Ig a g `bX[juVYX�h]a g a6l g rt`bl_V�jb\_^ g ^ ṽ
juVYX�~�k[`	l g c g Z g �	 l�l_`b} gvg l Z-k[`bl_Vvk[Z g cdVeZ�X�k[`br g �cd`bX�h-` `bl f a]\�X[jb\ f \_V¢^`6juVYX[Z-`ba]r g jb\_wYXP^`�l g `bX[`ba]}ei g T

1

2
(M + m)v2

f +
1

2
M

(vf

2

)2
+ Mg

3h

4
=

1

2
(M + m)(2ṽ)2 +

1

2
Mṽ2 .

« `uZ f `�� g X[^V ṽ
oqk[Z g X[^V�l g Z9`�� f a-`uZ]\_VYX[`uZ fAg a g v2

o
v1
Z-`�VY�h]\_`bX[`

ṽ2 = gh
2M(5M + 3m)

(5M + 4m)2
.

, � `ba-jb\_jb\_VOT � `ba]\+¬A~�k[`�~�k[`�h g X�h-V fAg a g m = 0
juVYcdV fAg a g m −→ ∞ m�l g �l�h]\�c g `ujbk g jb\_wYX`bX�h]a-`b} g `bl�r g l_VYa9juVYa]a-`ujbh-V fAg a g ṽ z

� �����
	�����  ��� � � � �
	 ������
, lncdVYcd`bX�h-V"l�\�X[` g l�\�X\_jb\ g l�`uZ�ju`ba-VmIo�juVYcdV�X[V�� g o � k[`ba]� g `���h-`ba]X g�g jbh]k g X[^V"Z8VY�a-`q`blZ]\_Z]h-`bc g m[Z-`ba8��X�kl_V�Z-\_`bc f a-` z UFk g X[^V m

l�l_`b} gdg � g �]V ¤ g l g	fAg a]h-`6�[VYa]\��)VYX�h g l ¦ m�Z-` g X vm

o
vM

l g ZSrt`bl_V�jb\_^ g ^`uZ/^` l g c g Z g m
oª^`6l g jbkOS g mAa-`uZ f `ujbh]\�r g cd`bX�h-` z ) g juVYX[Z-`ba]r g jb\_wYX�^`blcdVYcd`bX�h-V¢l�\�X[` g l�o¢^`�l g `bX[`ba]}ei g X[VeZ9^ g l g Z�a-`bl g jb\_VYX[`uZ
mvm + MvM = 0

o
mgh =

1

2
mv2

m +
1

2
Mv2

M .

« `uZ f `�� g X[^V vm

^`6`uZ]h g ZS^VeZ9`ujbk g jb\_VYX[`uZ?¤¥juVYXPl g Z�\�X[juwY}eX\�h g Z vm

o
vM ¦ Z-`�VY�h]\_`bX[`

vm = ±
√

2gh
M

M + m
.

, lFZ]\�}eX[V
+
juVYa]a-`uZ f VYX[^` g l g Z-VYl�k[jb\_wYX�^`bl f a-VY�l_`bc g g X�h-`uZM^`�l g juVYl�\_Z]\_wYX�^` m

juVYX£l gfAg a-`u^ c�\_`bX�h]a g Z¢~�k[`pl g juVYXs`bl9Z]\�}eX[V − `uZ	l g rt`bl_V�jb\_^ g ^s^` m
^`uZ f k2euZ�^`bl9a-`b��VYh-` z ) grt`bl_V�jb\_^ g ^ ^`/l g jbkOS g `uZ

vM = −m

M
vm = ∓

√

2gh
m

M + m
.



���������
	���������������������������
���
�! !�������#"$��������" © ' �
� �����
	�����  ��� � � � �
	 ������
) g juVYl�\_Z-\_wYX `bX�h]a-`Ml g Z'^VeZQ`uZ � `ba]\�h g ZS`uZQkX f a-V�ju`uZ-V�X[V�`bl �YZ]h]\_juVm f VYa'juVYX[Z]\�}ek\_`bX�h-`em fAg a g `blf a-V�ju`uZ-V�^`6juVYl�\_Z]\_wYXPZ-wYl_V f V�^`bcdVeZ�k[Z g a9l g l_`bov^`�juVYX[Z-`ba]r g jb\_wYX ^`bl�cdVYcd`bX�h-V�l�\�X[` g l z�{ ` g
v1
l g rt`bl_V�jb\_^ g ^P^`6l g Z'^VeZ9c g Z g ZSkX\_^ g Z|��k[Z-h-Vd^`uZ f k[`uZ'^`�l g juVYl�\_Z]\_wYX z ) g juVYX[Z8`ba]r g jb\_wYX^`bl�cdVYcd`bX�h-V�l�\�X[` g l�X[VeZ9^ g l g a-`bl g jb\_wYX

mv = (2m)v1 ,

V£Z-` g m v1 = v/2 z ) k[`b}tV"l g Z�^VeZ�c g Z g Z f `ba]c g X[`uju`bX<kX\_^ g Z)m|`bl�a-`uZ-VYa]h-`ªZ-`v`uZ]h]\�a g o�`blZ]\_Z]h-`bc g ~�k[`u^ g `bX a-` f VeZ-V�jbk g X[^V�`blQa-`uZ-VYa]h-` � VYa]c g kXy� X}ekl_V θ
juVYX l g X[VYa]c g ld¤ rt`ba¬[}eka g § z�© ' ¦�z� X g rt`b�/V�jbka]a]\_^ g l g juVYl�\_Z]\_wYX�m�l g `bX[`ba]}ei g Z-`SjuVYX[Z8`ba]r g�z � f l�\_j g X[^VMl g l_`bo�^`'juVYX[Z-`ba]r g �jb\_wYXP^`6`bX[`ba]}ei gdg l�Z-\_Z]h-`bc g ~�k[`�juVYX[Z-\_Z]h-`6^`/l g Z9^VeZQ`uZ � `ba]\�h g Z9oq`bl�a-`uZ-VYa]h-` Z-`�VY�h]\_`bX[`

1

2
(2m)v2

1 =
1

2
k (∆L)2 ,

^VYX[^`
∆L
`uZ9`bl g l g a]} g c�\_`bX�h-Vq~�k[`�Z]k � a-`�`bl�a-`uZ-VYa]h-` z , Z]h-`�r�\_`bX[`�^ g ^V f VYa

∆L =
√

`2
0 + (`0 tan θ)2 − `0 = `0

[

1

cos θ
− 1

]

.

« `uZ f `�� g cdVeZ v1
^`/l g ZS^VeZ��l�h]\�c g ZQ`ujbk g jb\_VYX[`uZ8T

v1 =

√

k

2m
`0

(

1

cos θ
− 1

)

.

UWVYX
cos θ = cos 60◦ = 1/2

Z-`�VY�h]\_`bX[` fAg a g v

v = 2v1 = `0

√

2k

m
.

� �����
	�����  ��� � � � �
	 ���� �
� Z g X[^VMl g ZFa-`bl g jb\_VYX[`uZ9~�k[`QZ8`S`bX[juVYX�h]a g a-VYX `bX¢l g Z-`ujujb\_wYXª§ z®6fAg a g `bl�j-�[V�~�k[`/`bl �YZ]h]\_juVZ-`d^`u^�k[ju`d\�Xcd`u^�\ g h g cd`bX�h-`p~�k[`em�^`uZ f k2euZ ^`dl gvf a]\�cd`ba g juVYl�\_Z]\_wYX�m `bl|j g a]a-V A

¤¥^`�c g Z g
2m ¦ h-`bX[^�a8�	l g rt`bl_V�jb\_^ g ^

vA =
2m − m

2m + m
v0 =

v0

3c�\_`bX�h]a g Z'~�k[`/l g rt`bl_V�jb\_^ g ^ª^` B
Z-`ba8�

vB =
2(2m)

2m + m
v0 =

4v0

3
.
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, l�j g a]a-V B

h g a-^ g a8�	kXªh]\_`bc f V
t1 =

L

vB
=

3L

4v0
.

fAg a g juVYl�\_Z-\_VYX g apjuVYXy`bl/j g a]a-V C z , Z]h g juVYl�\_Z-\_wYX h g cM�\ ebX `uZp`bl �YZ]h]\_j g�zn« `uZ f k2euZq^`�`uZ]h gZ-`b}ekX[^ g juVYl�\_Z]\_wYXªl g rt`bl_V�jb\_^ g ^ª^` B
Z-`ba8�

ṽB =
m − 2m

m + 2m
vB = −vB

3
= −4v0

9
.

, l�Z]\�}eX[V?X[`b} g h]\�rtV	\�X[^�\_j g ~�k[` B g �[VYa g Z-`ScMk[`brt`/� g jb\ g l g \��)~�k\_`ba-^ g m�o f VYaWjuVYX[Z]\�}ek\_`bX�h-`emX[`uju`uZ g a]\ g cd`bX�h-`�^`b��`MjuVYl�\_Z-\_VYX g a/^`bX�k[`brtVpjuVYX�`blIj g a]a-V A
¤¥~�k[`MZ-\�}ek\_w�cdV1r�\ ebX[^VeZ-`?� g jb\ gl g ^`ba-`uj-� g juVYXvrt`bl_V�jb\_^ g ^ vA ¦�zUFk g X[^V B

juVYl�\_Z-\_VYX g juVYX C
mul g Z-` fAg a g jb\_wYX�`bX�h]a-` A o B

`uZ
L′ = L−vAt1 = L−L/4 =

3L/4 z�« ` g �i�`bX g ^`bl g X�h-` B
Z-`?c k[`brt`�� g jb\ g l g \��)~�k\_`ba g juVYX"rt`bl_V�jb\_^ g ^ ṽB = −4v0/9

mc�\_`bX�h]a g Z�~�k[` A Z]\�}ek[`FcdV)r�\ ebX[^VeZ-`F� g jb\ g l g ^`ba-`uj8� g juVYX?rt`bl_V�jb\_^ g ^ vA = v0/3 z ) g a g f \_^`b�a-`bl g h]\�r g juVYXM~�k[`WZ-` g ju`ba-j g X�`uZ vr = v0(4/9+1/3) = 7v0/9 z ) g ^�\_Z]h g X[jb\ g L′
Z-`ba8�9jbk�\_`ba]h g`bXªkXvh]\_`bc f V

t2 =
L′

vr

=
3L

4
· 9

7v0
=

27L

28v0
.

, l�h]\_`bc f V	h-VYh g l�~�k[`Sh]a g X[Z-jbka]a-`�`bX�h]a-`/l g Zn^VeZ�juVYl�\_Z]\_VYX[`uZ�^` A
juVYX

B
`uZ

t1 + t2
m�`uZ�^`ujb\�a)m

t ����� = t1 + t2 =
12L

7v0
.

465 465 :<;9N-H->�H-J9= KM@ K?;9>yKMH8>AGI;9>
� X"^�\_Z-juVv^`?a g ^�\_V R

o c g Z g m
m�~�k[`?\�X[jb\_^`�juVYX"rt`bl_V�jb\_^ g ^ v0

m�juVYl�\_Z]\_VYX g `bl �YZ-h]\_j g cd`bX�h-`juVYX kX ^�\_Z-juV�^` c g Z g M
o<a g ^�\_V R

mW~�k[`P\�X\_jb\ g l�cd`bX�h-`"Z-` `bX[jbk[`bX�h]a g `bX a-` f VeZ-V z ) gjuVYl�\_Z]\_wYX V�jbka]a-`6juVYXªkX fAg a8� cd`bh]a-V¢^`�\�c fAg jbh-V b
¤ rt`ba�¬[}eka g § z® % ¦�z , X[jbk[`bX�h]a-`?`bl � X}ekl_V^` ^�\_Z f `ba-Z]\_wYX θ

^`blI^�\_Z-juV�\�X[jb\_^`bX�h-` z�{ k f VYX} g ~�k[`6X[Vd� g o � a]\_jujb\_wYX `bX�h]a-`Ml_VeZ'^�\_Z-juVeZSopl gZ]k f `ba ¬Ajb\_`pZ-VY�a-`¢l g ~�k[`qZ-`�^`uZ-l�\�� g X�m o�~�k[`�h g c f V�juV�� g o£a-V�ju`¢`bX�h]a-`ql_VeZM��VYa-^`uZ	^`�l_VeZ^�\_Z-juVeZ/c�\_`bX�h]a g Z6`uZ-h-VeZ'juVYl�\_Z-\_VYX g X z , X"`blIl g ^Vq\��)~�k\_`ba-^Vv^`?l g ¬[}eka g § z® %qZ-`Mc k[`uZ]h]a g l gZ]\�h]k g jb\_wYX ¤ r�\_Z]h gªf VYaMkX�VY�[Z-`ba]r g ^VYa fAg a g `blFjbk g lF\�X\_jb\ g l�cd`bX�h-`ql gvfAg a]h]i_jbkl g M
`uZ]h8�ª`bXa-` f VeZ-V ¦'g X�h-`uZ�^`Ml g juVYl�\_Z]\_wYX�o g l l g ^Vv^`ba-`uj8�[Vpl g Z-\�h]k g jb\_wYX�~�k[`	Z-`Mh]\_`bX[`�^`uZ f k2euZ/^`Ml gjuVYl�\_Z]\_wYX z
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� ltX[V9� g �D`ba a-V�ju` `bX�h]a-` l_VeZ��DVYa-^`uZ ^`�l_VeZ�^VeZ^�\_Z-juVeZWc�\_`bX�h]a g Z�juVYl�\_Z]\_VYX g X�m�l g/� k[`ba]� g ^`9\�X��h-`ba g jujb\_wYX `bX�h]a-`Pl_VeZ¢^�\_Z-juVeZdX[`uju`uZ g a]\ g cd`bX�h-`Z-`ba8� f `ba f `bX[^�\_jbkl g a g l f `ba]i�cd`bh]a-Vm�V¢Z-` g mA`bXl g ^�\�a-`ujujb\_wYXªa g ^�\ g l z�{ ` g ẑ

l g ^�\�a-`ujujb\_wYXP^`�¬�X\_^ gªf VYa6l g rt`bl_V�jb\_^ g ^¡^`blF^�\_Z-juVP\�X[jb\_^`bX�h-` z« `Ql g ¬[}eka g § z®�© Z-`'^`uZ f a-`bX[^`Q~�k[`'`bl�^�\_Z-juV
M
m�~�k[`¢\�X\_jb\ g l�cd`bX�h-`P`uZ]h8��`bX�a-` f VeZ-Vm�^`uZ �f k2euZW^`Sl g juVYl�\_Z-\_wYXqZ-`ScdV)rt`ba8� � VYa]c g X[^V kX� X}ekl_V

φ
juVYX�a-`uZ f `ujbh-V g ẑ

mD^VYX[^`
φ
r�\_`bX[`^ g ^V f VYa

sinφ =
b

2R
.

¤¨§ z®¯t¦ � ; 
 /$3#7 ��� 	 �
{ ` g X vm

o
vM

l g Z�a g f \_^`uju`uZ ^`|l_VeZ�^VeZ�^�\_Z8juVeZ�^`uZ f k2euZI^`�l g juVYl�\_Z-\_wYX z ) g juVYX[Z8`ba]r g jb\_wYX^`blcdVYcd`bX�h-V�l�\�X[` g lh g X�h-V6`bX	l g ^�\�a-`ujujb\_wYX ŷ
juVYcdV�`bX�l g ^�\�a-`ujujb\_wYX ẑ

X[VeZ ^ g l g Z�`ujbk g jb\_VYX[`uZ
M vM sinφ = mvm sin θ

¤¨§ z § ¦o
mv0 = M vM cos φ + mvm cos θ .

¤¨§ z ' ¦
, l f a]\�X[jb\ f \_V�^`|l g juVYX[Z-`ba]r g jb\_wYXd^`|l g `bX[`ba]}ei g ¤ a-`ujuVYa-^`bcdVeZ ~�k[`F`bl�j-�[V�~�k[`W`uZ#`bl �YZ]h]\_juV ¦X[VeZS`bX�h]a-`b} g l g a-`bl g jb\_wYX

1

2
mv2

0 =
1

2
mv2

m +
1

2
M v2

M .
¤¨§ z � ¦

, Xªl g Z9`ujbk g jb\_VYX[`uZ	¤¨§ z § ¦ m�¤¨§ z ' ¦ o"¤¨§ z � ¦ ml g Z�\�X[juwY}eX\�h g ZQZ-VYX vm

m
vM

o
θ z
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« `uZ f `��]`bcdVeZ vM

^`dl g `ujbk g jb\_wYX ¤¨§ z § ¦ o£Z]k[Z]h]\�h]ko�� cdVeZ-l g `bX�l g ZM`ujbk g jb\_VYX[`uZª¤¨§ z ' ¦ o¤¨§ z � ¦�z[« `6`uZ]h g c g X[`ba g Z-`�VY�h]\_`bX[`bX l g Z�a-`bl g jb\_VYX[`uZ
mv0 = mvm cos θ +

(

mvm
sin θ

sinφ

)

cos φ ,
¤¨§ z®°t¦

o
Mmv2

0 = Mmv2
m +

(

mvm
sin θ

sinφ

)2

,
¤¨§ z�© % ¦

a-`uZ f `ujbh]\�r g cd`bX�h-` z�� `uVYa-^`bX g X[^V¢l g Z'^VeZQ�l�h]\�c g ZQ`ujbk g jb\_VYX[`uZ)m euZ]h g Z f k[`u^`bX�`uZ-jba]\��\�a-Z-` ^`l g?� VYa]c g
v0 = vm

(

cos θ + sin θ
cos φ

sinφ

)

,
¤¨§ z�©e©1¦o

v2
0 = v2

m

(

1 +
m

M

sin2 θ

sin2 φ

)

.
¤¨§ z�©)t¦

, l_`br g X[^V g l/jbk g ^�a g ^Vsl g�f `bX��l�h]\�c g `ujbk g jb\_wYX o<l�k[`b}tV ^�\�r�\_^�\ ebX[^VYl g¡f VYavl g `ujbk g jb\_wYX¤¨§ z�©)t¦ mAZ-`�VY�h]\_`bX[`
(

cos θ + sin θ
cos φ

sinφ

)2

= 1 +
m

M

sin2 θ

sin2 φ
.

¤¨§ z�©8*t¦
� fAg a]h]\�aS^` `uZ]h g `ujbk g jb\_wYX�m[k[Z g X[^Vda-`bl g jb\_VYX[`uZ9h]a]\�}tVYX[VYcRebh]a]\_j g Z/`bl_`bcd`bX�h g l_`uZ'Z-`�VY�h]\_`bX[`

cos2 θ + 2 cos θ sin θ
cos φ

sinφ
+ sin2 θ

cos2 φ

sin2 φ
= 1 +

m

M

sin2 θ

sin2 φ

= cos2 θ + sin2 θ +
m

M

sin2 θ

sin2 φ
,

2 cos θ sin θ
cos φ

sinφ
+ sin2 θ

cos2 φ

sin2 φ
= sin2 θ +

m

M

sin2 θ

sin2 φ
.

� kl�h]\ f l�\_j g X[^V f VYa sin2 φ
op^�\�r�\_^�\_`bX[^V f VYa sin2 θ

~�k[`u^ g
2 cos φ sin φ

cos θ

sin θ
+ cos2 φ = sin2 φ +

m

M
,

sin(2φ)

tan θ
= − cos(2φ) +

m

M
,^`6^VYX[^`/¬[X g l�cd`bX�h-`

tan θ =
sin(2φ)

m
M

− cos(2φ)
.

¤¨§ z�©H[�¦
) g �l�h]\�c g `ujbk g jb\_wYX¢^ g `bl�� X}ekl_V?^`9^�\_Z f `ba-Z]\_wYX¢^`Sl g/fAg a]h]i_jbkl g \�X[jb\_^`bX�h-`Q`bX � kX[jb\_wYX^`

φ
m�� X}ekl_V ~�k[` g Z-k"rt`b��`uZ]h8�p^`bh-`ba]c�\�X g ^V�Z]\�Z-`�juVYX[V�ju`�`bl fAg a8� cd`bh]a-VP^`	\�c fAg jbh-V b¤ rt`baS`ujbk g jb\_wYX¡¤¨§ z®¯t¦]¦�z
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� X g l�\_ju`bcdVeZS�a-`brt`bcd`bX�h-`?^VeZ9j g Z-VeZ�l�i�c�\�h-`uZ8T
\ ¦ ) i�c�\�h-` M −→ ∞ z
UFk g X[^Vªl g c g Z g ^`bl � �l g X[juV ��`uZ6`���h]a-`��c g ^ g cd`bX�h-`£}ea g X[^`"juVYc fAg a g ^ g juVYX l gc g Z g ^`bl	^�\_Z8juVx\�X[jb\_^`bX�h-`em6`bX�h-VYX[ju`uZ�`bl^�\_Z-juV

M
X[V?Z-`ScdV)rt`ba8�Mo�l g juVYl�\_Z-\_wYXpZ8`ba8�109 C 16FH/ N 7Z3 z UFk g X[^V£l g ^�\_Z f `ba-Z]\_wYXs`uZ¢`uZ �f `ujbkl g a)mF`blQ� X}ekl_V�^`va-`b��VYh-`ª^`blS^�\_Z8juV

m
a-`uZ f `ujbh-V g l g X[VYa]c g l `uZ�\�}ek g l g l|� X��}ekl_V�\�X[jb\_^`bX�h-` zD« ` l g ¬[}eka g § z®�© Z-` VY���Z-`ba]r g ^`p\�Xcd`u^�\ g h-V"~�k[`v`bX `uZ-`pj g Z-V�l ga-`bl g jb\_wYXª`bX�h]a-`�`bl�� X}ekl_V	^`'^�\_Z f `ba-Z]\_wYXpo`bl � X}ekl_V

φ
`uZ
θ = π − 2φ .

¤¨§ z�©)¯t¦

� ; 
 /$3#7 ��� 	 	

« `bcdVeZ]h]a-`bcdVeZ�~�k[`¢Z-`�VY�h]\_`bX[`p`blFc�\_Z]cdVPa-`uZ-kl�h g ^V gªfAg a]h]\�a?^`¢l g `ujbk g jb\_wYX ¤¨§ z�©H[�¦�z�Ig a g M −→ ∞ euZ-h g ~�k[`u^ g
tan θ = − tan(2φ) .

¤¨§ z�© § ¦
� `ba-V

− tan(2φ) = tan(π − 2φ) ,l�k[`b}tV
tan θ = tan(π − 2φ) .

¤¨§ z�© ' ¦
« `6l g �l�h]\�c g `ujbk g jb\_wYX Z-`�^`uZ f a-`bX[^`�\�Xcd`u^�\ g h g cd`bX�h-`	`bl�a-`uZ]kl�h g ^VP¤¨§ z�©)¯t¦�z\�\ ¦ ) i�c�\�h-` M = m z
UFk g X[^V M = m

`bX�h-VYX[ju`uZQl g `ujbk g jb\_wYX¡¤¨§ z�©H[�¦ ~�k[`u^ g
tan θ =

sin(2φ)

1 − cos(2φ)

=
2 sin φ cos φ

1 − cos2 φ + sin2 φ

= cot φ
¤¨§ z�© � ¦

« ` `uZ]h g �l�h]\�c g a-`bl g jb\_wYX Z8`�^`uZ f a-`bX[^`6~�k[`
θ + φ =

π

2
.

¤¨§ z�©)°t¦
, Z]h-`?`uZSkX a-`uZ]kl�h g ^V�}t`bX[`ba g l(T�Z]\_`bc f a-`?~�k[` juVYl�\_Z]\_VYX g kX VY���]`bh-V¢`bl �YZ-h]\_j g cd`bX�h-`	juVYX�VYh]a-V^`	\�}ek g l�c g Z g ~�k[`?\�X\_jb\ g l�cd`bX�h-`¢`uZ]h8�p`bX�a-` f VeZ8Vm�l g Z-kc g ^`	l_VeZ6� X}ekl_VeZ ^`?^�\_Z f `ba-Z]\_wYX^` g c ��VeZSVY���]`bh-VeZ9Z-`ba8�	^` ° % ◦ z
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« `bcdVeZ-h]a-`bcdVeZ g �[VYa g `blta-`uZ]kl�h g ^V'^ g ^V f VYa�l g `ujbk g jb\_wYXp¤¨§ z�©H[�¦ k[Z g X[^V9kX6cRebh-V�^V9}ea8�3¬AjuV z
) g ¬[}eka g § z®&* c k[`uZ]h]a g l_VeZ�^�\_Z8juVeZ g X�h-`uZ�o ^`uZ f k2euZ�^`Ml g juVYl�\_Z-\_wYX�r�\_Z]h-VeZ�^`uZ-^`	^VeZ�Z]\_Z]�h-`bc g Z�^` a-` � `ba-`bX[jb\ g ^�\_Z]h]\�X�h-VeZ8T�`bl#Z]\_Z]h-`bc g ^`bl l g ��VYa g h-VYa]\_V"¤¥`bX�~�k[` M

\�X\_jb\ g l�cd`bX�h-`�`uZ]h8�`bX a-` f VeZ-V ¦ o�`bl9Z]\_Z]h-`bc g ^`vjuV�VYa-^`bX g ^ g Z�¬e�]V g l FP14=B?J3 D KM1�Q 7Z9H7:9 z � f `uZ g a�^`v~�k[`v`bljuVYX[ju` f h-V?^`�FP14=B?J3 D KM1
QR7:9�7:9|Z-`S`uZ-h]k[^�\ g a8� a-`ujb\_`bXp`bXp`blDZ]\�}ek\_`bX�h-`/j g f i�h]kl_Vm fAg a g a-`uZ-VYl�rt`ba`bl f a-`uZ-`bX�h-` f a-VY�l_`bc g � g Z]h g juVYXqZ g ��`ban~�k[`'`blDZ-\_Z]h-`bc g ^`Qa-` � `ba-`bX[jb\ g ^`blDju`bX�h]a-V?^`'c g Z g ZjuVYa]a-`uZ f VYX[^` g l�a-` � `ba-`bX[jb\ g l�^`'kXpVY�[Z-`ba]r g ^VYan~�k[`'Z-`ScMk[`brt`�juVYX¢rt`bl_V�jb\_^ g ^qkX\ � VYa]cd`/a-`uZ]�f `ujbh-V g lAl g ��VYa g h-VYa]\_V?o fAg a g `blDjbk g lD`blDcdVYcd`bX�h-V?l�\�X[` g lDh-VYh g l g X�h-`uZW^`Ql g juVYl�\_Z-\_wYXq`uZFX�kl_V z
� g l�Z]\_Z-h-`bc g ^`'a-` � `ba-`bX[jb\ g `uZn\�}ek g l g l�^`bl�l g �DVYa g h-VYa]\_Vm�kXªZ-\_Z]h-`bc g ^`/a-` � `ba-`bX[jb\ g \�X[`ba-jb\ g l�m`uZ9^`ujb\�a)m[`bX ebl�h g cM�\ ebX Z-`�jbkc f l_`bX l g Z�l_`bot`uZS^`��'`b��h-VYX z

� ; 
 /$3#7����
	 �

�QVYh g jb\_wYX T �#g a g � g ju`ba�c��YZ�h]a g X[Z fAg a-`bX�h-`6l_V�~�k[`/Z]\�}ek[`em g l g Znc g }eX\�h]k[^`uZ � i_Z]\_j g Z)m�jbk g X[^VeuZ]h g Z/`uZ]h6ebXPcd`u^�\_^ g Zd¤¥VY�[Z-`ba]r g ^ g Z ¦ ^`uZ-^` `bl#Z]\_Z]h-`bc g ^`6a-` � `ba-`bX[jb\ g ^`blIju`bX�h]a-Vp^` c g Z g Z1ml_` g }ea-`b} g a-`bcdVeZ?kX gpf a]\�c g�z � l g Z6c g }eX\�h]k[^`uZ?^`uZ f k2euZM^`�l g juVYl�\_Z]\_wYX�l_`uZ g }ea-`b} g a-`bcdVeZg ^�\_jb\_VYX g l�cd`bX�h-`?kX g h]\�l_^` z
, l|cdVYcd`bX�h-VPl�\�X[` g lnZ-`djuVYX[Z8`ba]r gpfAg a g g c ��VeZMVY�[Z8`ba]r g ^VYa-`uZ z , X fAg a]h]\_jbkl g a)m fAg a g `blVY�[Z-`ba]r g ^VYaM`bX£`bl|Z]\_Z]h-`bc g ^`	a-` � `ba-`bX[jb\ g ^`bl|ju`bX�h]a-Vª^`	c g Z g Z)m�`bl cdVYcd`bX�h-Vªh-VYh g l ^`�l g ZfAg a]h]i_jbkl g ZWZ-\_`bc f a-`S`uZ X�kl_V¢¤¥`bXq` � `ujbh-Vm euZ]h g Z-`ba8��mtjuVYcdV rt`ba-`bcdVeZF`bXq`blAZ]\�}ek\_`bX�h-`Qj g f i�h]kl_Vml g ^`�¬[X\_jb\_wYX ^`bl 94; 9H?A14QR7 KM1 361>-8143Y1H=BFH;G7�KM14N FP1H=@?J3 D K 1 QR7:9�7:9 ¦�z
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� `uZ-VYl�r g cdVeZ f a]\�cd`ba-Vs`bl f a-VY�l_`bc g�fAg a g `bl�VY�[Z-`ba]r g ^VYaP^`bl�ju`bX�h]a-V<^`�c g Z g Z z � g ljuVYcdVdZ-`'cd`bX[jb\_VYX[wd`bXª`bl f � a]a g3� V g X�h-`ba]\_VYa)m[l_VeZncdVYcd`bX�h-VeZ9l�\�X[` g l_`uZ9^`/l_VeZS^�\_Z-juVeZ)m�`bXvh-V�^V\�X[Z]h g X�h-`em `bX fAg a]h]\_jbkl g a g X�h-`uZ�o�^`uZ f k2euZ�^`pl g juVYl�\_Z]\_wYX�m#^`b��`bXsZ-`ba?^`q\�}ek g l�c g }eX\�h]k[^f `ba-V g f kX�h g a¢`bX�Z8`bX�h]\_^VeZdjuVYX�h]a g a]\_VeZ z|{ \nl g juVYl�\_Z-\_wYXs`uZ?`bl �YZ-h]\_j g `bX�h-VYX[ju`uZ)m g ^`bc��YZ)m#l g Zc g }eX\�h]k[^`uZ ^`bl�cdVYcd`bX�h-VPl�\�X[` g l�m g X�h-`uZ o ^`uZ f k2euZ6^`?l g juVYl�\_Z]\_wYX�m�^`b�D`bX£Z-`ba/\�}ek g l_`uZ z �Z-` g m�cd`u^�\_^VeZn^`uZ-^`'`bl�U � m�l_VeZ|cdVYcd`bX�h-VeZnl�\�X[` g l_`uZW^`Ql_VeZW^VeZW^�\_Z8juVeZ)m g X�h-`uZnod^`uZ f k2euZF^`l g juVYl�\_Z]\_wYX�m�h]\_`bX[`bX�h-V�^VeZ l g c�\_Z]c g c g }eX\�h]k[^ zI{ \ l_VeZMjbk g h]a-Vªrt`ujbh-VYa-`uZMh]\_`bX[`bX�l g c�\_Z]c gc g }eX\�h]k[^�m�l g Z f kX�h g Z	^`d`uZ]h-VeZ rt`ujbh-VYa-`uZ?^`b��`bX�`uZ]h g aMk�\_j g ^VeZ h-V�^VeZ Z8VY�a-`dkX�jbi�a-jbkl_V¤ rt`ba�¬[}eka g § z®:[�¦�z

� ; 
 / 3Y7 ��� 	 � � ; 
 / 3Y7 ��� 	 �

, X<`blSZ]\_Z-h-`bc g ^`pa-` � `ba-`bX[jb\ g ^`blSju`bX�h]a-V�^`pc g Z g Z�`uZ � �Yjb\�lS^`bh-`ba]c�\�X g a¢l_VeZ�� X}ekl_VeZ�^`^�\_Z f `ba-Z-\_wYXs^`vl_VeZd^VeZd^�\_Z-juVeZ z UFk g X[^V"X[V�� g o�a-V�ju`em#l g � k[`ba]� g m�o f VYadjuVYX[Z-\�}ek\_`bX�h-`em|`blj g c �\_V£^`qcdVYcd`bX�h-V£l�\�X[` g l9^`qj g ^ g ^�\_Z8juVmI^`b��`pZ-`ba f `ba f `bX[^�\_jbkl g a g l g Z]k f `ba ¬Ajb\_`q^`juVYX�h g jbh-V z�« `9l g g ¬[a]c g jb\_wYX g X�h-`ba]\_VYan`uZ � �Yjb\�lD^`u^�k[jb\�a�~�k[`�l g juVYl�\_Z]\_wYX�¤ r�\_Z]h g ^`uZ-^`S`bl�U ��¦Z-`ba8��`uZ f `ujbkl g a ¤ rt`ba�¬[}eka g § z®e¯t¦�zA« `/l g Z�¬[}eka g ZQ§ z®:[ ov§ z®e¯ Z-`�^`u^�k[ju`6~�k[`�`bl � X}ekl_Vd^`^�\_Z f `ba-Z-\_wYXP^` m
r�\_`bX[`6^ g ^V f VYa

θ ′ = π − 2φ ,
¤¨§ z® % ¦

^VYX[^`
sinφ = b/(2R) z

�
VYl�r g cdVeZ g l[Z]\_Z]h-`bc g ^`�a-` � `ba-`bX[jb\ g ^`bll g ��VYa g h-VYa]\_V z��#g a g/fAg Z g a ^`blAZ]\_Z-h-`bc g ^`na-` � `ba-`bX[jb\ g^`bl/ju`bX�h]a-V ^`Pc g Z g Z g l�^`bl/l g ��VYa g h-VYa]\_VmW^`b��`bcdVeZvZ]kc g a g h-V�^ g Zql g Zqrt`bl_V�jb\_^ g ^`uZpl grt`bl_V�jb\_^ g ^x^`bl9cdV)r�\�c�\_`bX�h-V�a-`bl g h]\�rtV�`bX�h]a-`ªl_VeZd^VeZ¢VY�[Z-`ba]r g ^VYa-`uZ�¤¥`uZ]h-V£`uZ)m l g rt`bl_V�jb\_^ g ^^`blDju`bX�h]a-VM^`Sc g Z g Z ¦�z��#g a g a-` g l�\�� g aW`uZ-h-V6}ea8�3¬Aj g cd`bX�h-`/^`b��`bcdVeZ f a]\�cd`ba-V?h]a g X[Z � VYa]c g a|l g¬[}eka g § z®:[ mA~�k[`6`uZSkXª}ea8�3¬AjuV�^` cdVYcd`bX�h-VeZQl�\�X[` g l_`uZ)m g kX g ^`�rt`bl_V�jb\_^ g ^`uZ zA� `ba-Vm fAg a g
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h]a g X[Z � VYa]c g a cdVYcd`bX�h-VeZIl�\�X[` g l_`uZ�`bXMrt`bl_V�jb\_^ g ^`uZ � g Z]h g juVYXM^�\�r�\_^�\�a g l_VeZ�rt`ujbh-VYa-`uZ cdVYcd`bX�h-Vl�\�X[` g lWjuVYa]a-`uZ f VYX[^�\_`bX�h-`uZ g j g ^ gvfAg a]h]i_jbkl g f VYaMZ]k£c g Z g�z#{ \Fl_VeZM^VeZM^�\_Z-juVeZ X[VPh]\_`bX[`bX�l gc�\_Z]c g c g Z g me`bX�h-VYX[ju`uZ l_VeZ�rt`ujbh-VYa-`uZ ^`Wrt`bl_V�jb\_^ g ^�^`Fl g Z fAg a]h]i_jbkl g Z|o g X[V�~�k[`u^ g a8� XdZ-VY�a-``bl[c�\_Z]cdV�jbi�a-jbkl_V z�{ k f VYX} g cdVeZ|~�k[` M

`uZ c g otVYaF~�k[` m
me`bX�h-VYX[ju`uZ|l_VeZ rt`ujbh-VYa-`uZ|rt`bl_V�jb\_^ g ^juVYa]a-`uZ f VYX[^�\_`bX�h-`uZ g l g c g Z g M

Z8`ba8� X"cd`bX[VYa-`uZ6~�k[`?l_VeZ�^`bl ^�\_Z-juV
m
otm�`bX£`uZ]h-`	j g Z-Vm�Z-`VY�h]\_`bX[`6kX g a-` f a-`uZ-`bX�h g jb\_wYX }ea8�3¬Aj g juVYcdVdl g cdVeZ]h]a g ^ g `bXªl g ¬[}eka g § z® § ¦�z

� ; 
 / 3Y7 ��� 	 � � ; 
 / 3Y7 ��� 	 �

, l�\ � g cdVeZWjuVYcdVMkX\_^ g ^�^`9c g }eX\�h]k[^ fAg a g cd`u^�\�aFl g Z a g f \_^`uju`uZ g l g a g f \_^`b�'~�k[`�l g�fAg a]h]i+�jbkl g m
h]\_`bX[`Q`bX¢`bl�Z-\_Z]h-`bc g ^`Sa-` � `ba-`bX[jb\ g ^`blDju`bX�h]a-VM^`Sc g Z g Z)mtVMZ-` g mtl g a g f \_^`b��¤ cd`u^�\_^ g^`uZ-^`n`bl�Z-\_Z]h-`bc g ^`Fa-` � `ba-`bX[jb\ g ^`blju`bX�h]a-V�^`Wc g Z g Z ¦ ^`Wl gQfAg a]h]i_jbkl g m

m1h g X�h-V g X�h-`uZ juVYcdV^`uZ f k2euZ9^`'l g juVYl�\_Z]\_wYX�m`uZ ©ez ) g a g f \_^`b� ^`'l gMfAg a]h]i_jbkl g M
m`bXv`uZ g ZnkX\_^ g ^`uZ1m`uZ m/M zUWVYcdV¢o g �[`bcdVeZ'cd`bX[jb\_VYX g ^Vm fAg a g�fAg Z g a�^`blIZ-\_Z]h-`bc g ^` a-` � `ba-`bX[jb\ g ^`bl#ju`bX�h]a-Vv^` c g �Z g Z g lSZ]\_Z-h-`bc g ^`bl9l g ��VYa g h-VYa]\_VmF^`b��`bcdVeZ�Z]kc g a]l_` g h-V�^VeZdl_VeZdrt`ujbh-VYa-`uZdrt`bl_V�jb\_^ g ^<^`bl^�\ g }ea g c g § z® §�ml g rt`bl_V�jb\_^ g ^ªa-`bl g h]\�r g ^`/l_VeZ9^VeZQVY�[Z-`ba]r g ^VYa-`uZM¤¥~�k[`6`uZ −~v′M ¦�z, XPl�k} g aQ^`6Z]kc g a9kXªrt`ujbh-VYaQjuVYX[Z]h g X�h-` g h-V�^VeZSl_VeZ�rt`ujbh-VYa-`uZS^`6kXª}ea8�3¬AjuVda-`uZ]kl�h gc��YZ|juwYcdV�^V6Z]\�c f l_`bcd`bX�h-`ScdV)rt`baW`blAVYa]\�}t`bX�`bXdl g ^�\�a-`ujujb\_wYX¢juVYX�h]a g a]\ g `bX�`uZ g c�\_Z]c g c g }Y�X\�h]k[^ z � a g Z-l g ^[� X[^V `bl VYa]\�}t`bX¡`bX£l g j g X�h]\_^ g ~v′M

Z-`�VY�h]\_`bX[`dl g ¬[}eka g § z® ' z UFk g X[^Vªl_VeZrt`ujbh-VYa-`uZnrt`bl_V�jb\_^ g ^pZ-`QVY�[Z-`ba]r g Xp^`uZ-^`'`blDZ-\_Z]h-`bc g ^`'ju`bX�h]a-V	^`Qc g Z g Zn^`b�D`Sk[Z g a-Z-`'`blDVYa]\+�}t`bX
O ���
m�c�\_`bX�h]a g Z�~�k[`SZ]\XeuZ]h-V Z8`�a-` g l�\�� g ^`uZ8^`Q`blDZ]\_Z]h-`bc g ^`Qa-` � `ba-`bX[jb\ g ^`bl�l g �DVYa g h-VYa]\_Vm� g ov~�k[`/k[Z g aS`bl�VYa]\�}t`bX O �����Dz� fAg a]h]\�a6^`	l g ¬[}eka g § z® 'q`uZ � �Yjb\�l ^`bh-`ba]c�\�X g a `bl|� X}ekl_Vª^`	^�\_Z f `ba-Z]\_wYX θ z ) g ¬[}ek��a g § z® �	c k[`uZ-h]a g `bl�^`bh g l�l_`6^`bl�h]a]\ � X}ekl_Vda-`bl_`br g X�h-` zD{ `�h]\_`bX[`&T

a = ṽ′m sin(2φ) = sin(2φ)



���������
	���������������������������
���
�! !�������#"$��������" © �e§

b = v′M − ṽ′m cos(2φ) =
m

M
− cos(2φ)o

tan θ =
a

b
=

sin(2φ)
m
M

− cos(2φ)
.

� ; 
 / 3Y7 ��� 	 � � ; 
 / 3Y7 ��� 	 �

, Z]h g �l�h]\�c g `ujbk g jb\_wYX�juVY\�X[jb\_^`djuVYX£`bl a-`uZ]kl�h g ^VP~�k[`?� g �i g cdVeZ VY�h-`bX\_^V g X�h-`ba]\_VYa �cd`bX�h-` `bX � VYa]c g�g X g l�i�h]\_j g ¤ rt`baS`ujbk g jb\_wYX�¤¨§ z�©H[�¦]¦�z
{ \ M < m

m`bX�h-VYX[ju`uZS`bl f kX�h-V O ���
j g ` � k[`ba g ^`bl jbi�a-jbkl_VdVYa]\�}e\�X g lF¤ rt`ba�¬[}eka g § z®e°t¦�z�QVYh-` ~�k[` `bXx`uZ]h-` j g Z-V�`bl�� X}ekl_V�^`�^�\_Z f `ba-Z]\_wYX θ

Z-\_`bc f a-`PZ-`ba8�£cd`bX[VYaq~�k[`ªkXxr g l_VYac��3��\�cdVd^ g ^V f VYa
sin θmax =

M

m
.

���������
	�����
UWVYX[Z]\_^`ba-`nkX g'fAg a]h]i_jbkl g ^`Wc g Z g m

o rt`bl_V�jb\_^ g ^ v0
~�k[`FjuVYl�\_Z]\_VYX g juVYXdVYh]a gQfAg a]h]i_jbkl g^`�c g Z g m

m�\�X\_jb\ g l�cd`bX�h-`v`bX�a-` f VeZ-V z ) g `bX[`ba]}ei g jb\�X2ebh]\_j g ^`dl gPfAg a]h]i_jbkl g \�X[jb\_^`bX�h-`v`uZ
E0 = mv2

0/2 z ) g¢fAg a]h]i_jbkl g �� `bcd`ba]}t`�^`?c g X[`ba g ~�k[`?Z-k�rt`ujbh-VYa/rt`bl_V�jb\_^ g ^ � VYa]c g kX� X}ekl_Vv^`
45◦
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