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~F ≡ d~p

dt
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~F =
d~p

dt
=

d(m~v )

dt
= m

d~v

dt
= m~a .
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9�H�Y58NOHP< N½FK<sBC3KYHe7MB�<+58�PF3KYKB

7I58Q Y5É�%58��>+HW3 Oq5=<G>sBC�7I5=@=58;A@8FT�C7-5=<q7MB t�FK58;GU/B �P;sB'��LE>sBW@8LIHW3TBC7���FK5JBW@8>GÇTB�<+HW�;+5~587
@8FK58;G9�Hl)K-5a�K3LI583KYHVBC7T�_5=@8>+HW;XF3LE>sBC;GLIH

ẑ
@=HWNOHeF3[�_5=@8>+HW;X��FK5pBC9F3�>sB��TBW@8LMBeBC;G;GLE�TB��

587h�_5=@8>+HW;	BW@=587I58;sBW@8LI�W3SY587X@8FK58;G9�HA�_583KY�;s�¹YKBWYH�9�HW;
~a = −gẑ

l¡�]Bct�FK58;GU/BA<+HW�;+5R587
@8FK58;G9�HV5=<�583?>+HW3K@=5=<

~F = m (−g ẑ) = −mgẑ .� 7MBqNRBC�P3LE>GFKY Y5V5=<G>sB[t�FK58;GU/Bc�P;sB=��LE>sBW@8LIHW3TBC7o5=<�7IHA�?FK5V<+5	7E7MBCNRBqË\}`8iRY587hHW���Ã58>+Hl
J%<sBC3KYH	7MB�7I58>G;sB

W
9TBC;sBVY583KHW>sBC;pBC7¡9�5=<+HV<+5->GLI583K5

|~F | ≡ W = mg =
9�5=<+HVY587�HW���Ã58>+H

.

��l��p3TBC7ELI@=58NOHP<-7MBW<%t½FK58;GU/BW< ��FK5VBW@8>GÇTBC3r<+HW�;+5�F3J7ELE�;+HAY5�NRBW<}B
M
��583É;+589�HP<+Hc<+HW�;+5

F3TB�NO5=<sB N�<GF9�58;Ã�T@8LI5��KHW;GLEU'HW3?>sBC7 Oal
ToB	<sBC��58NOHP<���FK5 <+HW�;+5 587Å7ELE�;+HRBW@8>GÇTB�F3TB�t�FK58;GU/B��Y58�LIYHRB�7MB	�P;sB'�_5=YKBWY�>+58;G;+5=<G>G;+5P�
��FK5 5=<

~W = −Mgẑ .Ä�HW;�HW>G;sB	9TBC;G>+5P�KY58�LIYH[BV�?FK5 587]7ELE�;+HO<+5 583K@8FK583?>G;sB N½Qq<s5-NRBC3?>GLI583K5PO�583¹;+589�HP<+H��7MB
t�FK58;GU/B�3K58>sB�<sHW�;+5 587�7ELE�;+H	Y58��5-<+58;:3?F7MB�l � � FLI´83�H���FK´-5Â�Ã58;+@=5-HW>G;sBet�FK58;GU/B���LE�PFTBC7ÅB
− ~W

��<+HW�;+5	587�7ELE�;+H �R�]B[;+5=<G9FK5=<G>sBc5=</�m7MB[NO5=<sB�lÅ24t�5=@8>GLE�PBCNO583?>+5P�¡587�7ELE�;+HA<+5VBC9�H'Q?B
<+HW�;+5p7MB NO5=<}B�QV7MB�<GF9�58;Ã�T@8LI5%Y5p587E7MB�5Â�Ã58;+@=5%<+HW�;+5%587T7ELE�;+H�F3TB t�FK58;GU/Be�TBW@8LMB�BC;G;GLE�TB��
7E7MBCNRBWYKBc¼+\Gz_wsw8y��PkT�m@8FQ?BVNRBC�P3LE>GFKY�5=<�LE�PFTBC7�BC7¡9�5=<+HVY587Å7ELE�;+Hl
� 3?>G;+H�Y�FU'@'BCNOHP<�7IHP<�BW<+DÅ7E7MBCNRBWYHP<�bWyuz-5W¼GzWvOzC`�b?\�w8ºK\a¼·Ë�ic|»y (a¼+\8�

� |�zPkmzW|»y4./zW¼�|EzC`�2}ºK\a¼/.'zC` 38º\�`=\V\10'\a¼Gws\akÊ`=i)(a¼+\�º�k w=º\a¼·Ë�i¹\a`�w+iWk * \akKyj\akTg·\zWy `}|EzW¼a|)i[b?\a|Å¼+\}`agjiqb?\�|)iW` i)( 0=\8gjiW`�3=º\�y kmg·\a¼Ãz?w=g���zPkÊwsiWkSAa| � ��zW¼Gzc\a| |EiRwsz_b_z
i)( 0=\8gji 38º\�y½kTg·\a¼Gz_w=g��zRw+iWkÊ\}`ag·\ew8ºK\a¼jËiq\}`p`}º�`ag�y�g�º�yub_ipËiW¼-º�kmz 2}ºK\a¼/.'z@38ºK\
w8º�vpËm|I\cw+iWk�|)zÉg·\a¼Gws\a¼GzÊ|I\a^Jb?\	de\afhgjiWk ��$X|h¼+\}`}º�|)gjz_b_iÊb?\A\}`8gjzJi}Ë\a¼Gz_w8y �Wk
\}`�\a|�zC`,I4|½|)zPvVz?b_ieY�LMBC�P;sBCNRBRY5 @8FK58;G9�HO7ELE�;+5qb?\8|�i)(10'\8gji �
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Ä�BC;sBV587¡@'BW<+HVY587Å7ELE�;+H�7MB�LE3�>+58;sBW@=@8LI�W3~Y5
´=<G>+5¹@=HW3 7MBr>GLI58;G;sBr<+5¹;+5=58NV97MBCU/Br9�HW;[587
�_5=@8>+HW; ~W

�?FK5%BC9F3?>sB��TBW@8LMB	BC�TB1�ÃHeQO@8F�µ
Q?BSNRBC�P3LE>GFKY�@=HWLE3K@8LIY5Ê@=HW3�587-9�5=<+H�Y587
7ELE�;+HUH�587�5at�5=@8>+H	Y5%7MB�NO5=<}B�<sHW�;+5%587�7ELE�;+H
<+5p;+5=58NV97MBCU/B�9�HW;�587��_5=@8>+HW; ~R

� N½�_58;X�K�PF�µ
;sB��KlE¾POal 8�LÅ587�7ELE�;+H	<+5%NRBC3�>GLI583K5�583c;+589�HCµ
<+H�¡7MB¹<+58�PF3KYKB�7I58QrY5R�%58��>+HW3S;+5=��FLI58;+5
��FK5 ~W + ~R = 0

l
�hy45Wº�¼Ãz�� ���

��l EXHW3K<GLIY58;+58NOHP<�F3�HW���Ã58>+H%Y5hNRBW<sB
m
��FK5�@8FK587E�?B%Y587?>+5=@s�KHp<GFW�G58>sBWYHp9�HW;�F3TB�@8FK58;+YKB

LIY5'BC7MN½�_58;:�K�PF;sB��Kl � Oal � EoFT�C7¡5=<:7MB�t�FK58;GU/B	�?FK5%7MB	@8FK58;+YKBV5Â�G58;+@=5 <+HW�;+5-587Å�?BC3K@+�KHO583587Å>+5=@s�KHOQ[@8FT�C7�5=<�7MB	>+583K<GLI�W3¹Y5-7MBO@8FK58;+YKB��

Jp3TBJw8º\8¼Ãb_zÉyub?\GzP|�5=< F3TBc@8FK58;+YKB��?FK5P�¡B
NO583KHP<[�?FK5A<+5¹5=<G9�5=@8L)�T��FK5A7IHr@=HW3�>G;sBC;GLIH�
3KHp>GLI583K5�NRBW<}B��15=<�9�58;Ãt�5=@8>sBCNO583�>+5	�T5;:�LE�7I5
Qq3KHO5=<�5;:�>+583K<GLE�7I5Pl � FK5 F3TBO@8FK58;+YKBO<+5'B9�58;Ãt�5=@8>sBCNO583�>+5��T5;:�LE�7I5	��FLI58;+5VY5=@8LE; �?FK5
<+�W7IH-5=<4@'BC9TBCU�Y5X>G;sBC3K<GNVLE>GLE;�F3TBpt½FK58;GU/B B
7IHp7MBC;G�_HpY5X587E7MB�HC3KH�9FK5=Y5X5Â�G58;+@=58;�t�FK58;GU/BW<
>G;sBC3K<G�_58;+<}BC7I5=<'l �hy45Wº�¼Ãz�� ��

8�HW�;+5~587pHW���G58>+HSBW@8>GÇTBC3 YHP<Rt�FK58;GU/BW<-H4F3TBr5=<q587�9�5=<+H ~W = −mgẑ

Q�7MBrHW>G;sB 5=<
7MBqt�FK58;GU/B ~F1

5Â�G58;+@8LIYKBA9�HW;e7MB�@8FK58;+YKB�l�EXHWNOHÉ587�HW���G58>+H�3KH~BW@=587I58;sB���7MBct�FK58;GU/BA3K58>sB
N�5=<-Y5=@8LE;'��7MBq<GFNRBqY5�>+H�YKBW<%7MBW<pt½FK58;GU/BW< ��FK5�BW@8>GÇTBC3r<sHW�;+5�´87 O�Y58��5�<s58;%3�F7MB�l�Ä�HW;
@=HW3K<GLE�PFLI583�>+5P� ~F1 = − ~W

l�K%583KHW>+58NOHP<�9�HW; ~F ′
1

B�7MBAt½FK58;GU/B~5Â�Ã58;+@8LIYKB~9�HW;�587:HW���Ã58>+H
<+HW�;+5-7MB	@8FK58;+YKB�l K-58�LIYHRBC7Å9;GLE3K@8LE9LIHRY5�BW@=@8LI�W3�Qq;+5'BW@=@8LI�W3¡� ~F ′

1 = −~F1
l�]BV@8FK58;+YKB

9�HW;�HW>G;sB	9TBC;G>+5�5Â�Ã58;+@=5eF3TB�t½FK58;GU/B ~F2
<+HW�;+5�587]�?BC3K@s�KH N½7MBRY�LE;+5=@=@8LI�W3~Y5e5=<+>sB�t½FK58;GU/B

5=<V�TBW@8LMBSBC�TB1�ÃH)Oalo�"<GF{�_58U_��587��?BC3K@+�KH 5Â�Ã58;+@=58;s�JF3TBÊt½FK58;GU/B ~F ′

2

<+HW�;+5A7MBÊ@8FK58;+YKB�l
�pFK58�WBCNO583�>+5�Y58�LIYH[BC7Å9;GLE3K@8LE9LIH[Y5�BW@=@8LI�W3�Qq;+5'BW@=@8LI�W3¡� ~F ′

2 = −~F2
l

�p�KHW;sB���Y58�LIYH Br��FK5A7MBr@8FK58;+YKB 3KHr>GLI583K5¹NRBW<sB��h7MBW<RÇ3LI@'BW<Ot�FK58;GU/BW<[��FK5¹BW@8>GÇTBC3
<+HW�;+5�587E7MBq<+58;s�C3 ~F ′

1

Q ~F ′

2

lm�p7�5=<+>sBC;%583Ê5=��FLE7ELE�;GLIHSN½7MBq@8FK58;+YKB[3KHcBW@=587I58;sB Oa��7MBR<GFNRB
Y5�BCN��TBW<�t�FK58;GU/BW<�Y58��5 <+58;�@=58;+H�7EFK58�_H ~F ′

2 = −~F ′

1

ln�5=<GFNVLI583KYH�K>+583K58NOHP<���FK5
−mgẑ = ~W = −~F1 = ~F ′

1 = −~F ′

2 = ~F2 ,

HV<+5'B���7MB	t½FK58;GU/B ~F2
�?FK5�7MB	@8FK58;+YKBV5Â�Ã58;+@=5e<+HW�;+5�587Å�?BC3K@+�KH[5=<�LE�PFTBC7�BC7Å9�5=<+H −mgẑ

l
E:BWYKBÉF3KHÊY5c7IHP<O5;:�>G;+58NOHP<OY5c7MBÉ@8FK58;+YKBÊ5Â�G58;+@=5cF3TB~t½FK58;GU/BJ<sHW�;+5c7IHP<OHW���Ã58>+HP<OB
7IHP<�@8FTBC7I5=<p5=<G>s��F3LIYKB�l EoFTBC3KYHO7MB	NRBW<sBVY5-7MBV@8FK58;+YKBO5=<�3?F7MB��K7MB	NRBC�P3LE>GFKY¹Y5�5=<}B
t�FK58;GU/Be5=<o7MBeNVLI<GNRB�l���5=<+>sB NRBC�P3LE>GFKYc<+5p7I5�7E7MBCNRBqg·\ak`ay��Wk	Y5�7MB�@8FK58;+YKB�l�� 7IHe7MBC;G�_H
Y5 F3TBR@8FK58;+YKBOLIY5'BC7j�m�?FK5e3KHV>GLI583K5�NRBW<sB��K7MB	>+583K<+LI�W3¹3KHO�PBC;GDMB�lTÄ�BC;sBR7MBO@8FK58;+YKBOY587
9;+5=<+583�>+5 9;+HW�7I58NRB��K7MB�>+583K<+LI�W3¹5=<

τ = mg
l�]BV>+583K<GLI�W3¹5=<�F3¹5=<s@'BC7MBC;'l
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�Kl <J�W�?FLE3TB	Y5e�:>·�oH�H�YÅl
EXHW3K<GLIY58;+58NOHP<VYHP<�NRBW<sBW<

m1
Q

m2
F3LIYKBW<	9�HW;	F3TB¹@8FK58;+YKBÉLIY5'BC7�<GLE3 NRBW<sBÉ��FK5

9TBW<sBc<sHW�;+5	F3TBc9�HW7I5'BqLIY5'BC7
N½�_58;-�K�PF;sB �Kl � Oal�K-5=<+5'BCNOHP<�583K@=HW3�>G;sBC;e7MB�BW@=587I58;sBW@8LI�W3
Y5-7MBW<�NRBW<}BW<�Q[7MBW<�>+583K<GLIHW3K5=<�Y5 7MBW<�@8FK58;+YKBW<'l
EXHW3�7MBJ5;:�9;+5=<GLI�W3 Ë�iW|I\Gz y�b?\+zW|�3KHP<V5=<+>sBCNOHP<
;+5a�K;GLI583KYH{BSF3TB 9�HW7I5'BS��FK5É3KH�>GLI583K5ÉNRB1µ
<sBRQ��PLE;sBq<GLE3É;+H�@=5Pl�2474HW���G58>GLE�_HcY5�7MB[9�HW7I5'B
5=<p<GLENV97I58NO583?>+5	@'BCNe�LMBC;-7MBRY�LE;+5=@=@8LI�W3JY5e7MB
@8FK58;+YKBÉQ_��9�HW;V7IHJ>sBC3?>+H�oY5c7MB~t½FK58;GU/B�N���FK5
BW@8>GÇTBV<+LI58NV9;+5eB�7IH	7MBC;G�_HOY5 7MB	@8FK58;+YKB OalK��B
>+583K<GLI�W3{B¹7MBÉ�?FK5q5=<G>s�É<+HWNO58>GLIYKB~F3TBÉ@8FK58;Ãµ
YKBc3KHA<s5VNOH�Y�L)�T@'B¹BC7h9TBW<sBC;�9�HW;�F3TBc9�HW7I5'B
LIY5'BC7jl
8�5'B

τ
7MB�>+583K<GLI�W3�Y5-7MB�@8FK58;+YKBV��FK5pF3K5�BCN	µ

�TBW<�NRBW<sBW<�Q
~a1 = a0ẑ

7MBÉBW@=587I58;sBW@8LI�W3{��FK5
<GF�t�;GLE;s�c7MB�NRBW<sBr¾Pl��]Bct�FK58;GU/B�3K58>sB¹�?FK5qBW@aµ
>GÇTB-<+HW�;+5:7MB NRBW<sB	¾�5=<

(−m1g+τ)ẑ
�W7EFK58�_H�

Y5�BW@8FK58;+YHqB�7MB	<+58�PF3KYKB	7I58QAY5 �p58��>+HW3

(−m1g + τ)ẑ = m1~a1 = m1 a0 ẑ .

��y45Wº�¼Ãz�� ���

K-5 5=<G>sB�;+587MBW@8LI�W3É<+5 Y5=Y�FK@=5���FK5

τ − m1g = m1a0 .
N��KlE¾PO

K-58�LIYH�Bq�?FK5	7MBq@8FK58;+YKBc5=<-LE3K5;:�>+583K<GLE�7I5P�Å7MBcBW@=587I58;sBW@8LI�W3S��FK5	<GF�t�;GLE;s�R7MBqNRBW<}B �c5=<
7MB¹HW9FK5=<G>sBJBA7MB~Y5R7MB¹NRBW<sBS¾P��H~<+5'B��

~a2 = −a0ẑ
l��p97ELI@'BC3KYHÉ7MB�<+58�PF3KYKB~7I58QrY5

�%58��>+HW3~B�7MB	<+58�PF3KYKB	NRBW<}BV<+5 HW�>GLI583K5 7MBV5;:�9;+5=<GLI�W3

τ − m2g = −m2a0 .
N��Kl � O

K-5-7MBW<�5=@8FTBW@8LIHW3K5=< N��KlE¾POoQSN��Kl � O:9�H�Y58NOHP<�Y5=<G9�5Â�GBC;�7MBW<�YHP<�LE3K@=�W�P3LE>sBW<
a0
Q

τ
�

τ = 2
m1m2

m1 + m2
g

Q
a0 = −m1 − m2

m1 + m2
g .

EXHWNOHp7MB�9�HW7I5'B�3KHp>GLI583K5oNRBW<sB�Q�´=<+>sB�3KH%<GF�t½;+5XBW@=587I58;sBW@8LIHW3K5=<'�C7MB�>+583K<+LI�W3�Y5o7MB�@8FK58;+YKB
��FK5-7MB	<GFW�G58>sB	Y58��58;s�V<s58;�LE�PFTBC7�B �

τ
l

E:BW<+HP<�9TBC;G>GLI@8F7MBC;+5=<'�



���������
	������������������������
��������� �!� " �

8�L
m1 = m2

��583?>+HW3K@=5=<
a0 = 0

Q
τ = m1g = m2g

l�È�BC74@=HWNOH[58;sB[Y5�5=<G9�58;sBC;+<s5P�m<GL
7MBW<�NRBW<}BW<�<+HW3ALE�PFTBC7I5=<'�3LE3�PF3TBRY5 587E7MBW<pBW@=587I58;sB�l
8�L

m1 > m2
583?>+HW3K@=5=<

a0
;+5=<GF7E>sBA<+58;�F3TBANRBC�P3LE>GFKYr3K58�?BC>GLE�PB�l]2h<G>+H¹�?FLI58;+5OY5=@8LE;

��FK5
~a1 = a0ẑ

5=<pF3TBqBW@=587I58;sBW@8LI�W3Ê�?FK5	BC9F3?>sB[�TBW@8LMBqBC�TB1�ÃHUHm>sBC7�@=HWNOHqY58��5�<+58;'�K7MB
NRBW<sBc¾-�TB1�+B��NVLI583�>G;sBW<p��FK5-7MB�NRBW<sB �	<GF��5Pl
8�L

m1
5=<�NeFQr9TBC;+5=@8LIYKBJB

m2
��583�>+HW3K@=5=< |a0| � g

l4Á <+5'B���@'BWYKB¹F3TB~Y5R7MBW<�NRB1µ
<sBW<o;+5'BC7ELEU/BC;s��F3[NOH/��LENVLI583�>+H	F3L)t�HW;GNO58NO583�>+5�BW@=587I58;sBWYH��9�58;+H�@=HW3[F3TB	BW@=587I58;sBW@8LI�W3
N�FK@+�KHONO583KHW;p�?FK5

g
l

8�L
m1 = 0

�W583?>+HW3K@=5=<
a0 = g

Q
τ = 0

lP243O5=<G>+5:@'BW<+H-7MB%@8FK58;+YKB Y5Â�+B%Y5:>+583K58;4>+583K<GLI�W3¡�
Q[9�HW;�@=HW3K<+LE�PFLI583?>+5�7MB�9TBC;G>GDI@8F7MB��	@'BW58;s�V@=HW3~BW@=587I58;sBW@8LI�W3

g
l

��l EXHW3K<GLIY58;+5�F3TBO@8FK58;+YKB �T5;:�LE�7I5�Y5eNRBW<sB
M��FK5V@8FK587E�?B�583�>G;+5OYHP<�9TBC;+5=Y5=<'�]<GLI583KYH

α
587

�C3�PF7IHJ��FK5OtuHW;GNRB~7MB¹@8FK58;+YKBJ@=HW3�7MB¹9TBC;+5=Y
N½�_58;o�K�PF;sB��Kl � Oal�8�5%Y5=<+5'B�583K@=HW3?>G;sBC;:7MBe>+583�µ
<GLI�W3~�?FK5 7MBO@8FK58;+YKBV>GLI583K5�583É587¡9F3?>+HRNVDE3L)µ
NOHl
Ä�BC;sB:;+5=<+HW7E�_58;�587P9;+HW�7I58NRB�@=HW3K<GLIY58;+58NOHP<�@=HCµ
NOH[3?FK5=<G>G;+HA<+LI<G>+58NRBq<+�W7IHR7MB[NVLE>sBWYJY58;+5=@+�TB
Y5e7MBO@8FK58;+YKB�l��%B'Q�>G;+5=<�t�FK58;GU/BW<%�?FK5�BW@8>GÇTBC3
<+HW�;+5 5=<s5 <GLI<G>+58NRB�� �hy45Wº�¼Ãz�� � �

L Oc247Å9�5=<+H ~W = −1
2Mgẑ

l
LEL Oc�]B	t½FK58;GU/B ~F1

5Â�G58;+@8LIYKBV9�HW;�7MB	9TBC;G>+5eLEU'�?FLI58;+YKBRY5 7MBV@8FK58;+YKB�lT��BVNRBC�P3LE>GFKY¹Y5
5=<G>sB t½FK58;GU/B�5=<oLE�PFTBC7ÅB�7MB�>+583K<+LI�W3qY5p7MBe@8FK58;+YKB�583c587mNVDE3LENOH����FK5�7E7MBCNRBC;+58NOHP<
τ0
l 8�5 >GLI583K5���FK5 ~F1 = −τ0x̂

l
LELEL Oc�]BVt½FK58;GU/BO�?FK5�5Â�Ã58;+@=5�587��?BC3K@+�KHq<+HW�;+5�7MBO@8FK58;+YKB�l EXHWNOHR7MBV@8FK58;+YKBR5=< �T5;:�LE�7I5
7MBOt½FK58;GU/B[3K5=@=5=<sBC;GLMBCNO583�>+5O5=< BO7IHq7MBC;G�_HcY5�7MBR>sBC3�_583�>+5VY5e7MBq@8FK58;+YKB�l�8�LhBO7MB
NRBC�P3LE>GFKY6Y5c5=<G>sB�t½FK58;GU/B~7MB~7E7MBCNRBCNOHP<

f0
��<+5[>GLI583K5q��FK5 ~F2 = f0 cos α ẑ +

f0 sinα x̂
l

EXHWNOHe3?FK5=<G>G;+H�<GLI<G>+58NRB 5=<+>s��583[5=��FLE7ELE�;GLIH N½3KH�BW@=587I58;sB Oa�?7MBe<GFNRB�Y5�7MBW<�>G;+5=<ht½FK58;GU/BW<
Y58��5 <+58;�3?F7MB��

~W + ~F1 + ~F2 = −1

2
Mgẑ − τ0x̂ + f0 cos α ẑ + f0 sinα x̂ = 0 .

Ä�58;+H�9TBC;sB���FK5pF3q�_5=@8>+HW;�<+5'B�@=58;+H	5=<X3K5=@=5=<sBC;GLIH	�?FK5%@'BWYKB�F3TB�Y5%<GFK<:@=HWNV9�HW3K583?>+5=<
<+5'B�3�F7MB�lK2h<G>+5��K5=@+�KHO3KHP<�YKB�7MBW<�<GLE�PFLI583?>+5=<%5=@8FTBW@8LIHW3K5=<'�

@=HWNV9�HW3K583?>+5
z
� − 1

2
Mg + f0 cos α = 0
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Q
@=HWNV9�HW3K583?>+5

x
� − τ0 + f0 sinα = 0 .

K-5 5=<G>sBW<�YHP<�5=@8FTBW@8LIHW3K5=<�9�H�Y58NOHP<�Y5=<G9�5Â�+BC;
τ0
Q

f0
�HW�>+583LI´83KYHP<+5

τ0 =
1

2
Mg tan α

Q

f0 =

√

τ2
0 +

(

Mg

2

)2

.

�%HW>+58NOHP<�@=�WNOH 9TBC;sB
α −→ 90◦

�_H <+5'B��?B NO5=Y�LIYKB �?FK5�7MB @8FK58;+YKB <+5�@8FK587E�?B�583Vt�HW;GNRB
NR�W<X¶·>GLE;sBC3�>+5a¸s�K7MB	>+583K<+LI�W3�Y5 7MB	@8FK58;+YKBV>GLI583KY5eB�LE3��K3LE>+Hl

��l EXHW3K<GLIY58;+58NOHP<�F3TBqNRBW<sB
m
��FK5	�PLE;sBq583r587

97MBC3KH
x, y
�K583�F3~@8DE;+@8F7IHRY5 ;sBWY�LIH

R
Qc@=HW3

F3TB��_587IH�@8LIYKBWY¹BC3�PF7MBC;p@=HW3K<+>sBC3?>+5P�
ω0
l2h3�µ

@=HW3�>G;+58NOHP<p7MBVt½FK58;GU/BO3K58>sB[BO7MBO��FK5�5=<G>s�R<+HCµ
NO58>GLIYKB	7MB�NRBW<}B�l
243�7MB�<+5=@=@8LI�W3 ��l � Q?B BC3TBC7ELEU/BCNOHP< 587�NOHCµ
��LENVLI583?>+H @8LE;+@8F7MBC;ÊQ�Y58NO<+HW>G;sBCNOHP<Ê��FK5 7MB
BW@=587I58;sBW@8LI�W3�Y5V7MBcNRBW<sB

m
��LI583K5RYKBWYKBA9�HW;

~a(t) = −Rω2
0 r̂
lMK-5ÉBW@8FK58;+YH6B 7MBr>+58;+@=58;sB

7I58Q{Y5J�%58��>+HW3¡�o587-�K5=@+�KH���FK5¹7MB NRBW<sB
m5=<G>+´OBW@=587I58;sBWYKB�LENV97ELI@'B���FK5O<+HW�;+5O587E7MB�5=<G>s�

BW@8>GFTBC3KYHVF3TB	t½FK58;GU/B	3K58>sB
~F = m~a = −Rmω2

0 r̂ .

�hy45Wº�¼Ãz�� ���

2h<+>sB�t½FK58;GU/B�N�Y5-NRBC�P3LE>GFKY�@=HW3K<+>sBC3?>+5PO�BC9F3�>sBV�TBW@8LMB	587¡HW;GLE�_583�Q[9�HW;�5=<G>sB�;sBCU'�W3¹<s5
7I5 Y583KHWNVLE3TB�2}ºK\a¼/.'zcws\akTg�¼;I Ë\8gjzPl
K-58�LIYH Bp7MB�LENV9�HW;G>sBC3K@8LMB-Y5:5=<G>+5X;+5=<GF7E>sBWYH-7IH%;+58LE>+58;sBCNOHP<'�#Jp3TB�NRBW<sB

m
�?FK5o;+5'BC7ELEU/B

F3�NOH/��LENVLI583�>+Hc@8LE;+@8F7MBC;�F3L)tuHW;GNO5P�T5=<G>s�V<sHWNO58>GLIYKBRBVF3TB	t½FK58;GU/BR�?FK5eBC9F3�>sBO�TBW@8LMB
587¡@=583�>G;+HRY5-�PLE;+HlK�]BVNRBC�P3LE>GFKY¹Y5 5=<G>sB�t�FK58;GU/B	@=583?>G;GDE9�58>sBO5=<

F ������� = mRω2
0 =

mv2

R
,

YHW3KY5
R
5=<X587m;sBWY�LIH�Y587Å@8DE;+@8F7IH�

ω0
7MBe�_587IH�@8LIYKBWYcBC3�PF7MBC;:Q

v = ω0R
587�NO��Y�F7IH�Y5

7MB��_587IH�@8LIYKBWY�Y5 7MB�9TBC;G>GDI@8F7MB�l
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8�L:F3�@8FK58;G9�HJ<+5cY5=<G7ELEU/BÉ<+HW�;+5cHW>G;+H��>sBC;+Y5AH¹>+58NV9;sBC3KHÊ<+5cY58>+583KY�;s�ÊB¹NO583KHP<O��FK5
5;:�LI<G>sB F3TBrt½FK58;GU/B 5;:�>+58;G3TB ��FK5¹9�58;G9�58>GÇK5~587%NOH'��LENVLI583?>+Hl��]B t�FK58;GU/B ��FK5É<+5¹HW9�HW3K5ÉBC7
Y5=<G7ELEU/BCNVLI583?>+HÉ;+587MBC>GLE�_H¹583�>G;+5R7IHP<�YHP<e@8FK58;G9�HP<e<+5RY583KHWNVLE3TB@2aº\8¼7./zÊb?\R¼Ãi'w}\Aw8y½k A8g�yuw+iPl�8�5
HW;GLE�PLE3TBO583A7MB	LE3�>+58;sBW@=@8LI�W3~Y5eBCN��TBW<�<GF9�58;Ã�T@8LI5=<�583¹@=HW3�>sBW@8>+Hl
�]BRt½FK58;GU/B[Y5�;+H�@=5�3KH[<s�W7IHqBC9TBC;+5=@=5V@8FTBC3KYHcYHP<-@8FK58;G9�HP<-5=<G>s�C3J583JNOH'��LENVLI583?>+Hc;+587MBC>GLE�_H�
<GLE3KH �?FK5:>sBCN��LI´83R9FK5=Y5�5=<+>sBC;49;+5=<+583?>+5�@8FTBC3KYH�7IHP<hYHP<h@8FK58;G9�HP<h<+5:583K@8FK583?>G;sBC3q583O;+589�HP<sH
;+587MBC>GLE�_Hl�243[5at�5=@8>+H��<GLj�P9�HW;�5Â�Ã58NV97IH�?LE3?>+583�>sBCNOHP<XY5=<+7ELEU/BC;�F3TB-NO5=<sB 9�HW;�587T9LI<+H�_3KHW>sBCNOHP<
�?FK5eBC9TBC;+5=@=5�F3TB�t½FK58;GU/B	��FK5 LENV9LIY5���FK5 5=<G>+5�Y5=<+7ELEU/BCNVLI583?>+HR@=HWNVLI583K@=5Plm� 5=<+>sB�t½FK58;GU/BV<s5
7I5�Y583KHWNVLE3TB�2aº\8¼7./z[b?\e¼Gi'ws\O\a`agjxPg�yuw+iPl
È�BCN��LI´83 5;:�LI<G>+583 HW>G;sBW<Ot½FK58;GU/BW<[Y5A;+H�@=5��?FK5~BC9TBC;+5=@=583 583 Y�LE�_58;+<sBW<[@8LE;+@8F3K<G>sBC3K@8LMBW<

N½9�HW;�5Â�G58NV97IH�?587]¼Ãi'w}\-¼Gi'b_zWkTg·\=�?587¡¼Gi'ws\ * yM`=w+iC`=iP�?58>+@POa�_<+LE3R58Ne�TBC;G�_H��583R587K9;+5=<+583�>+5�@'BC9DE>GF7IH@=583?>G;sBC;+58NOHP<%3?FK5=<G>G;+HOLE3?>+58;+´=<�583¹7MBW<:t½FK58;GU/BW<�Y5 ;+H�@=5 @8LE3K´8>GLI@=HRQq5=<+>s�C>GLI@=Hl
8�5Ê<sBC��5~;+587MBC>GLE�PBCNO583?>+5r9�H�@=H6BW@=58;+@'B�Y5JBCN���HP<�Q 5=<AY�L)t�DI@8LE7-@8FTBC3�>GL)�T@'BC;G7IHP<�9�HW;+�?FK5

Y589�583KY583 Y5O7MBc3TBC>GF;sBC7I58U/B~Y5V7IHP<�NRBC>+58;GLMBC7I5=<�QÊY5V9;+HW9LI5=YKBWY5=<	Y5V7MBA<GF9�58;Ã�T@8LI5R@=HWNOH
587p9F7ELIYH�o7MB 5;:�LI<G>+583K@8LMBSY5~�-:�LIYHP<q583�7MBrLE3�>+58;ÃtuBW<+5P�X58>+@PlX�¡HS��FK5¹Y�L)�T@8F7E>sB�BCÇ3�NR�W<R7MB
@8FTBC3?>GL)�T@'BW@8LI�W3ÊY5 7MB�t�FK58;GU/BOY5 ;+H�@=5�5=<�<+F¹Y589�583KY583K@8LMBRY5�7MB	�LI<+>+HW;GLMBVY5 7MBW<�<+F9�58;Ã�T@8LI5=<'�
587K9TBW<+H Y587K;+H�@=5�5=<G>s�C>GLI@=HeBC7K;+H�@=5�Y�LE3T�CNVLI@=HeY589�583KY5�Y5�<GL7MBW<�<GF9�58;Ã�T@8LI5=<o<+5:�TBC3RY5=<G7ELEU/BWYH
9;+58��LMBCNO583�>+5�H	3KHl
�]BW<�t½FK58;GU/BW<oY5�;+H�@=5�>GLI583K583RF3[HW;GLE�_583[NVLI@8;+HP<+@=�W9LI@=Hl=K%HP<o<GF9�58;Ã�T@8LI5=<'�P9�HW;�<GFTB=�_5=<X��FK5

9TBC;+58U'@'BC3¡��B�3LE�_587oNVLI@8;+HP<s@=�W9LI@=H~>GLI583K583 LE;G;+58�PF7MBC;GLIYKBWY5=<'l42h<+>sBW<e9;+HW>GF��58;sBC3K@8LMBW<�t�HW;GNRBC3¡�
583qBC7E�PF3KHP<:@'BW<+HP<'�?NVLI@8;+HP<+HW7IYKBWY�F;sBW<'��Q	<sHW3[587mHW;GLE�_583cY5�7MB t½FK58;GU/B�BWY�LI@8LIHW3TBC7���FK5�F3KH�Y58��5
BC97ELI@'BC;�9TBC;sB 9�H�Y58;hLE3LI@8LMBC;�F3ONOH/��LENVLI583�>+H�;+587MBC>GLE�_He583?>G;+5�7IHP<�@8FK58;G9�HP<'l Jp3TB-�_58Up��FK5�´=<G>+HP<
5=<G>s�C3[583qNOH'��LENVLI583?>+H��5=<G>sBW<:BC;GLI<G>sBW<oNVLI@8;+HP<+@=�W9LI@'BW<:<+5X¶ 583�?BC3K@+�TBC3�¸%F3TBW<o@=HW3qHW>G;sBW<XQ	YKBC3
HW;GLE�_583ÉBC74¼Gi'ws\Vw8y½k A8g�yuw+i N½>sBCNe�LI´83ÉB��_5=@=5=<�7E7MBCNRBWYH�¶P¼Ãi'w}\	w8y k�\avOxPg�y�wsia¸�Hc¼Ãi'w}\VbWy½kmxWv	y�wsia¸ Oal
� @=HW3�>GLE3?FTBW@8LI�W3[9;+5=<+583?>sBCNOHP<XBC7E�PF3KHP<h;+5=<GF7E>sBWYHP<�tu583KHWNO583KHW7I�W�PLI@=HP<hQ	@8FTBC7ELE>sBC>GLE�_HP<�<sHCµ

�;+5%Y587�;+H�@=5Pl�2h<G>+HP<X;+5=<GF7E>sBWYHP<:3KH	<+HW3R¶·7I58Q_5=<Xt½F3KYKBCNO583�>sBC7I5=<�Y5%7MBe3TBC>GF;sBC7I58U/B1¸s�<+LE3KH�<+�W7IH
@=HW3K@87EFK<GLIHW3K5=<O�_583K58;sBC7I5=<[�?FK5qt�FK58;+HW3 HW�>+583LIYKBW<RY5=<+9FK´=<OY5c3?FNO58;+HP<+HP<[5=<G>GFKY�LIHP<O5;:�9�58;GL)µ
NO583?>sBC7I5=<'l

EXHW3K<GLIY58;+58NOHP<�F3 �7IH��?FK5[Y5ONRBW<sB
M
�?FK5[Y5=<+@'BC3K<sB�<sHW�;+5OF3TB�<+F9�58;Ã�T@8LI5P��587o@8FTBC7

LE3?>+583?>sBCNOHP<RY5=<G7ELEU/BC;	BC97ELI@'BC3KYHJ<+HW�;+5q´87XF3TBAt�FK58;GU/BA�KHW;GLEU'HW3�>sBC7 ~F
����FK5OLE3K@8;+58NO583�>sBCNOHP<

9TBCF7MBC>GLE3TBCNO583?>+5PlUK-5=<GLE�P3K58NOHP<h9�HW; ~f
B-7MB t½FK58;GU/B Y5�;+H�@=5���FK5�BC9TBC;+5=@=5%Y58�LIYH�B-7MB-t½;GLI@=@8LI�W3

583?>G;+5�7MBW<�YHP<�<GF9�58;Ã�T@8LI5=<�QqY5=<+@8;GLE�TBCNOHP<�7MB�t�HW;GNRB	583���FK5->GDE9LI@'BCNO583?>+5��PBC;GDMB	5=<G>sB�t½FK58;GU/B�l
B O�<~LI583?>G;sBW<47MB�t�FK58;GU/Bp�KHW;GLEU'HW3?>sBC7m5;:�>+58;G3TB

F = |~F | �PBC;GDMB-Y5=<+Y5�Àp�TBW<G>sB%F3V@8LI58;G>+H-�WBC7IHW;
f

(max)
e

��5874�7IH���FK5
M
3KHA<+5	Y5897MBCU/BC;s��l9EXHWNOHA3KHc�TB'QJBW@=587I58;sBW@8LI�W3¡�¡7MB[t½FK58;GU/Bq3K58>sB

�KHW;GLEU'HW3�>sBC7T<+HW�;+5�587K@8FK58;G9�H Y58��5�<+58;�3�F7MB��_H <+5'B��WY58��5:�TBC��58;hHW>G;sBpt�FK58;GU/B%�KHW;GLEU'HW3?>sBC7
<+HW�;+5%587��7IH���FK5p��FK5%5;:BW@8>sBCNO583�>+5 @'BC3K@=587I5-Be7MB�t½FK58;GU/B ~F

l�2�<G>sBe5=<X7MB�t½FK58;GU/B�Y5p;+H�@=5
5=<G>s�C>GLI@'B ~f

l 8�5 >GLI583K5P�K9�HW;�7IH	>sBC3�>+H�T��FK5 ~f = −~F
l

� O EoFTBC3KYHq7MBRt½FK58;GU/B[�KHW;GLEU'HW3�>sBC7�5;:�>+58;G3TB
F
<+HW�;+589TBW<sBq@8LI58;G>+Hc�PBC7IHW;

f
(max)
e

�m7MBRt½FK58;GU/B
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Y5X;+H�@=5o3KH-<GLE�PFK5�BCFNO583�>sBC3KYHl EXHWNOH�BC�KHW;sBp7MBp@=HWNV9�HW3K583?>+5��KHW;GLEU'HW3?>sBC7TY5X7MB�t½FK58;GU/B
3K58>sBq3KHA5=<-3�F7MB��¡5874�7IH���FK5V@=HWNO583U/BC;s��BABW@=587I58;sBC;'l¡È�BC3Ê9;+HW3?>+H�@=HWNOH�7IHP< @8FK58;G9�HP<
<+5�Y5=<G7ELEU/BC3r@=HW3r@8LI58;G>sBq�_587IH�@8LIYKBWYJ;+587MBC>GLE�WB���7MBRt�FK58;GU/BcY5�;+H�@=5	<+5���FK587E�_5V@=HW3K<G>sBC3?>+5P�
<GLI583KYHÉ<GF NRBC�P3LE>GFKY6BC7E�PÇ3 �PBC7IHW;

fc
N½NO583KHW;V�?FK5

fmax
e

O Q <+F <+583�>GLIYHJHW9FK5=<G>+HÉBC7
NOH/��LENVLI583�>+HO;+587MBC>GLE�_Hl
K-5�BC�D�583�BWY587MBC3?>+5P�W<GL?<s5hY5=<+5'B:NRBC3�>+583K58;�587?�7IH���FK5�Y5=<G7ELEU/�C3KYHP<s5�@=HW3eF3TB��_587IH�@8LIYKBWY
@=HW3K<G>sBC3�>+5P�Y58��5�BC97ELI@'BC;+<s5-F3TB�t�FK58;GU/B��KHW;GLEU'HW3?>sBC7�Y5%5;:KBW@8>sBCNO583?>+5�7MB�NRBC�P3LE>GFKY

fc
�

583A7MBVY�LE;+5=@=@8LI�W3~Y5 NOH'��LENVLI583?>+Hl
2h<G>+5-@=HWNV9�HW;G>sBCNVLI583�>+HVtu583KHWNO583KHW7I�W�PL)µ
@=H ;+5=@8LI´83 Y5=<+@8;GLE>+H� �?FK5�N�FK5=<G>G;sB�7MB
t½FK58;GU/B Y5:;+H�@=5P�P<+5XNeFK5=<+>G;sB�583V7MBp�K�PF�µ
;sB �Kl ��l'24NV9DE;GLI@'BCNO583�>+5:<+54�TB�HW�K<+58;G�PB1µ
YH¹��FK5P�Å9TBC;sBAYHP<e<+F9�58;Ã�T@8LI5=<VN�<+5=@'BW<,O
583J@=HW3�>sBW@8>+H�Å>sBC3?>+Hc7MBRt�FK58;GU/BqY5et�;GLI@aµ
@8LI�W3OY�LE3T�CNVLI@'B

fc
@=HWNOH 587�NR�%:�LENOH Y5

7MBAt�;GLI@=@8LI�W3 5=<+>s�C>GLI@'B
f

(max)
e

��<sHW3 9;+HCµ
9�HW;+@8LIHW3TBC7I5=<%B�7MB�t½FK58;GU/B�3KHW;GNRBC7]583�>G;+5
BCNe�TBW<%<GF9�58;Ã�T@8LI5=</�HV<+5'B��

fc = µc FN

Q
f (max)

e = µe FN .

��y45Wº�¼Ãz�� ���

~FN
5=<o7MB�t�FK58;GU/B�3KHW;GNRBC7¡583?>G;+5-7MBW<�<GF9�58;Ã�T@8LI5=<�N�5=<�Y5=@8LE;'��9�58;G9�583KY�LI@8F7MBC;pB�7MB�LE3?>+58;ÃtjBW<+5%tuHW;Ãµ

NRBWYKB 9�HW;47MBW<hYHP<�<GF9�58;Ã�T@8LI5=<,O�Q
µc
Q

µe
<+HW3O7IHP<�wsi/\��ow8yj\akTg·\a`-b?\92a¼}yuw+w8y �WkTlP�]HP<�@=H�5a�T@8LI583?>+5=<

Y5�t�;GLI@=@8LI�W3AY5 BC7E�PF3TBeNRBC3K58;sB	583�P7IHW�TBC3c3�FK5=<G>G;sB�LE�P3KHW;sBC3K@8LMB	Y5%7IHP<XY�LI<+>GLE3?>+HP<:9TBC;s�CNO58>G;+HP<
�?FK5pLE3?>+58;G��LI583K583�583A587m9;+HW�7I58NRB�l 8�LI58NV9;+5 <+5p>GLI583K5p��FK5%587�@=H�5a�T@8LI583?>+5-Y5%;+H�@=5p@8LE3K58NR�C>GLI@=H
5=<hNO583KHW;�BC7T@=H�5a�T@8LI583�>+5pY5�;+H�@=5�Y�LE3T�CNVLI@=H�

µc < µe
l_��N��TBW<ht�FK58;GU/BW<XY5�;+H�@=5pBW@8>GÇTBC3q583O7MB

Y�LE;+5=@=@8LI�W3�9TBC;sBC7I587MBOB�7MBW<�<GF9�58;Ã�T@8LI5=<'l247¡<+583�>GLIYHOY5%7MB�t½FK58;GU/B	Y5-;+H�@=5-5=<G>s�C>GLI@=HO5=<�HW9FK5=<G>+H
Bc7MBct�FK58;GU/Bc�KHW;GLEU'HW3?>sBC7X3K58>sB���FK5RBW@8>GÇTBA<sHW�;+5R587�@8FK58;G9�H�¡NVLI583�>G;sBW<���FK5O587�<+583�>GLIYH¹Y5V7MB
t½FK58;GU/BRY5 ;+H�@=5eY�LE3T�CNVLI@=H[5=<�<+LI58NV9;+5eHW9FK5=<G>+HqBC7¡NOH'��LENVLI583?>+H[;+587MBC>GLE�_H N½Qq3KH[BV7MB�t½FK58;GU/B O
583?>G;+5�7MBW<�YHP<�<GF9�58;Ã�T@8LI5=<'l
�·7EFK<G>G;+58NOHP<�7IHP<�@=HW3K@=589>+HP<pBC3�>+58;GLIHW;+5=<p@=HW3¹F3�5Â�Ã58NV97IHl
�����	��
�������

EXHW3K<GLIY58;+5c587oNOHW3�>sB1�Ã5c5;:�9�58;GLENO583�>sBC7�NOHP<G>G;sBWYHJ583S7MB��K�PF;sB �Kl ��lL8�F9�HW3�?BCNOHP<V��FK5
7IHP<�@=H�5a�T@8LI583?>+5=<VY5Rt�;GLI@=@8LI�W3�5=<+>s�C>GLI@=H¹Qr@8LE3K58NR�C>GLI@=HÊ583�>G;+5[7MB¹NRBW<sB

M �
���-�~QS587o97MBC3KH

LE3K@87ELE3TBWYHR<+HW3
µe = 0,4

Q
µc = 0,3

��;+5=<G9�5=@8>GLE�PBCNO583?>+5Pl
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��� FK´�;sBC3�_HeY5��PBC7IHW;+5=<h9FK5=Y5�>+583K58; m
9TBC;sB

�?FK5�587p<GLI<G>+58NRBÊ<+5A583K@8FK583�>G;+5~583 5=�?FLE7ELE�;GLIH
5=<G>s�C>GLI@=H ��8�LT7MBeNRBW<sB

m
�ÂFK<+>+He<+HW�;+589TBW<sB�5=<+5

NR�%:�LENOH� � @=HW3V�?FK´:BW@=587I58;sBW@8LI�W3R<+5oNOH'�_58;s� 587�7IH���FK5�<+HW�;+5 587¡97MBC3KH �

� � 
��������	� �
��y45Wº�¼Gz�� ��
n�5=<+HW7E�PBCNOHP<%9;GLENO58;+Hq587�9;+HW�7I58NRBc5=<G>s�C>GLI@=Hl

�]B%�K�PF;sB �Kl ¿ NeFK5=<G>G;sB 587mY�LMBC�P;sBCNRB�Y5�@8FK58;Ãµ
9�H�7ELE�;+5-Y587��7IH���FK5p��FK5-<+5%583K@8FK583?>G;sB	<+HW�;+5
587m97MBC3KH�LE3K@87ELE3TBWYHl�� 9;GLIHW;GL�3KH�<sBC��58NOHP<o583
�?FK5:<+583�>GLIYH�BC9F3?>sB-7MB�t�FK58;GU/BpY5:;+H�@=5

fr
lW�]B

�K58NOHP<�Y�LE�FW�+BWYH~BC9F3�>sBC3KYHJBA7IHA7MBC;G�_H¹Y587
97MBC3KHr�TBW@8LMBrBC�TB1�GHUHh<GL�Y5=<+9FK´=<RY5A;+5'BC7ELEU/BC;
587�@'�C7I@8F7IH

fr
;+5=<GF7E>sB�>+583K58;�F3c�WBC7IHW;�3K58�?BC>GL)µ

�_H~583�>+HW3K@=5=<�7MB�t�FK58;GU/B�Y5[;+H�@=5[583 ;+5'BC7ELIYKBWY
BC9F3?>sBA583r587h<+583�>GLIYHAHW9FK5=<G>+H�BC74NOHP<G>G;sBWYH
583S7MB��K�PF;sB�l�8�5'B

Mg
587X9�5=<+H�

τ
7MBAt�FK58;GU/B

5Â�Ã58;+@8LIYKBq9�HW;-7MBR>+583K<+LI�W3JY5�7MBq@8FK58;+YKBqQ
FN7MBVt�FK58;GU/B[3KHW;GNRBC7���FK5�5Â�Ã58;+@=5�587�97MBC3KHqLE3K@87EL)µ

3TBWYH�<+HW�;+5V5874�7IH��?FK5Pl K-58�LIYH�BC749;GLE3K@8LE9LIH
Y5%BW@=@8LI�W3qQ	;+5'BW@=@8LI�W3¡�

FN
>sBCNe�LI´83c@=HWLE3K@8LIY5

@=HW3R7MB-NRBC�P3LE>GFKYqY5�7MB%t�FK58;GU/B���FK5�587K�7IH��?FK5
5Â�Ã58;+@=5�<sHW�;+5�587Å97MBC3KHl

��y45Wº�¼Gz�� ��

�·3�>G;+H�Y�FU'@'BCNOHP<pF3¹<GLI<+>+58NRBVY5�@=H�HW;+Y583TBWYKBW<�@'BC;G>+5=<GLMBC3TBW<%583¹��FK5 587]5Â�Ã5
x̂
5=<�9TBC;sBC7I587IH

Q¹587�5Â�G5
ŷ
3KHW;GNRBC74BC7�97MBC3KHqLE3K@87ELE3TBWYH N½�_58;p�K�PF;sB �Kl ¿ Oal�EXHWNOHc587��7IH��?FK5�5=<G>s�[583~;+589�HP<+H�

7MB[t½FK58;GU/Bq3K58>sBc<+HW�;+5	5874�7IH��?FK5	Y58��5V<+58;-3?F7MB��¡5=<+>+Hq5=</��>sBC3?>+Hc7MB[t�FK58;GU/Bq>+HW>sBC7�BR7IHc7MBC;G�_H
Y587]5Â�Ã5

x̂
@=HWNOHRB	7IH	7MBC;G�_HOY587]5Â�G5

ŷ
l2�<G>+HV3KHP<�YKB�7MBW<�<+LE�PFLI583?>+5=<%5=@8FTBW@8LIHW3K5=<'�

5Â�G5
x̂
�

τ − Mg sinα − fr = 0

5Â�G5
ŷ
�

FN − Mg cos α = 0 ,YHW3KY5
α
5=<:587Å�C3�PF7IH	Y5-587I58�PBW@8LI�W3�Y587�97MBC3KH�LE3K@87ELE3TBWYHl EXHWNOH	7MB�NRBW<sB

m
3KH	BW@=587I58;sB���7MB

>+583K<GLI�W3¹Y5 7MB	@8FK58;+YKBVY58��5�<+58;
τ = mg

lT�ÅFK58�_H�TY5-7MB	9;GLENO58;sBO5=@8FTBW@8LI�W3~<+5 Y5=Y�FK@=5���FK5

fr = mg − Mg sinα .

n�5=@=HW;+Y58NOHP<V��FK5
fr
9FK5=Y5c<+58;�9�HP<GLE>GLE�_HÉH~3K58�?BC>GLE�_H�

fr
5=<e9�HP<GLE>GLE�_HJ<GL

m > M sinα
Q

3K58�?BC>GLE�_HR<GL
m < M sinα

lKÈ�BCNe�LI´83É<+5->GLI583K5���FK5

|fr| ≤ µe FN = µeMg cos α .
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K%5�7MBW<�5=@8FTBW@8LIHW3K5=<pBC3�>+58;GLIHW;+5=<p<+5 Y5=Y�FK@=5e�?FK5

mg − Mg sinα = +fr ≤ µeFN = µeMg cos α
<GL

m > M sinα

−mg + Mg sinα = −fr ≤ µeFN = µeMg cos α
<GL

m < M sinα .

HO<+5'B	587Å�7IH��?FK5�Y5-NRBW<}B
M
3KHV<+5 Y5=<+7ELEU/BV<+HW�;+5�587Å97MBC3KHVLE3K@87ELE3TBWYH[<GL

L Oq9TBC;sB
M sinα < m

�<+5 @8FNV97I5���FK5
m ≤ M(µe cos α + sinα)

�
LEL Oq9TBC;sB

M sinα > m
�<+5 @8FNV97I5���FK5

m ≥ M(sinα − µe cos α)
l

Ä�BC;sBJ7IHP<	�PBC7IHW;+5=<V3�FNO´8;GLI@=HP<RY587�583?F3K@8LMBWYH��587��7IH���FK5q3KHÊ<+5cY5=<G7ELEU/BC;s�J9�HW;	587�97MBC3KHÊ<+L
À�l ��¾!���

< m <
��l �����Kl

��3TBC7ELI@=58NOHP<RBC�KHW;sB~7IHÉ�?FK5c<GFK@=5=Y5c<GL
m
<sHW�;+589TBW<sB N�583SF3TB~NRBC�P3LE>GFKY�LE3��K3LE>+5=<GLENRBC7 O	BC7

�WBC7IHW;
M (µe cos α +sinα)

l�243A5=<+5%@'BW<+H��587m�7IH��?FK5%@=HWNO583U/BC;s�	BeY5=<G7ELEU/BC;+<s5p�TBW@8LMB�BC;G;GLE�TB�l
�]B�t�FK58;GU/BVY5-;+H�@=5P�K9�HW;�7IHV>sBC3�>+H�K<+58;s�

~fr = −µcMg cos α x̂ .

�]B�t�FK58;GU/B	3K58>sBV<+HW�;+5 587¡�7IH���FK5-Qq<GF¹BW@=587I58;sBW@8LI�W3¡�m583�7MB	Y�LE;+5=@=@8LI�W3
x̂
���_583KY�;s�C3~YKBWYHP<�9�HW;

Fx = τ − fr − Mg sinα = τ − µcMg cos α − Mg sinα .

Q
ax =

Fx

M
=

τ

M
− g(µc cos α + sinα) .

Ä�HW;�HW>G;sB%9TBC;G>+5P�_7MBpt½FK58;GU/B%3K58>sB-<+HW�;+5:7MB%NRBW<}B
m
Q�<GFOBW@=587I58;sBW@8LI�W3[583	7MB-Y�LE;+5=@=@8LI�W3O�_58;G>GLI@'BC7j�

<+58;s�C3
F ′ = τ − mg .Q

a′ =
F ′

m
=

τ

m
− g = −ax .

�]B�Ç7E>GLENRB¹LE�PFTBC7IYKBWY 583 7MB�5=@8FTBW@8LI�W36BC3?>+58;GLIHW;V<+5RY58��5qB���FK5O7MB�@8FK58;+YKB~5=<�LE3K5;:�>+583K<GLE�7I5#H
9�HW;e@=HW3K<+LE�PFLI583?>+5P��@8FTBC3KYH�587h�7IH��?FK5RBW@=587I58;sBA�TBW@8LMB¹BC;G;GLE�TB��Å7MBcNRBW<}B

m
BW@=587I58;sBC;s��@=HW3r7MB

NVLI<GNRB	NRBC�P3LE>GFKYÅ�K9�58;+H	�TBW@8LMBOBC�TB1�GHl K-5-7MBW<�5=@8FTBW@8LIHW3K5=<%BC3?>+58;GLIHW;+5=<%<+5 Y5=Y�FK@=5���FK5

ax = g

[

(

m
M

− µc cosα − sinα
)

m
M

+ 1

]

.

2h<G>+5V;+5=<GF7E>sBWYH¹>sBCNe�LI´83S7IHA9�H�Y58NOHP<e5=<s@8;GLE�LE;eY5OHW>G;sBcNRBC3K58;sB�l�n�5=@=HW;+Y58NOHP<��?FK5
m
<+HCµ

�;+589TBW<sBV583�F3TB	NRBC�P3LE>GFKY�LE3��K3LE>+5=<GLENRBC7�BC7¡�PBC7IHW;
M (µe cos α + sinα)

�K7EFK58�_H
m = M (µe cos α + sinα) ,

HO<+5'B��
m

M
= µe cos α + sinα .
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8�F>GLE>GFQ_583KYH[5=<G>+HV583A7MBO5;:�9;+5=<GLI�W3¹9TBC;sB

ax
<+5 HW�>GLI583K5

ax = g
(µe − µc) cos α

1 + µe cosα + sinα
.

EXHW3�7IHP<��PBC7IHW;+5=<�3?FNO´8;GLI@=HP<pY587]583?F3K@8LMBWYHq<+5-HW�>GLI583K5
ax ' 0,047 g

l
�pHW>+5A��FK5q7MBÉ>+583K<GLI�W3{Y5c7MBÉ@8FK58;+YKBÊ5=<VY�LI<G>GLE3?>sBr583{587:@'BW<sHÊ5=<G>sBW@8LIHW3TBC;GLIHr��FK5q583{587�@'BW<+H
Y�LE3T�CNVLI@=Hl¡243r58749;GLENO58;�@'BW<+Hc5=<

τ = mg
��NVLI583?>G;sBW<��?FK5	583Ê587h<+58�PF3KYHc��LI583K5VYKBWYKBq9�HW;

τ = m(g − ax)
l

¢e£��-£ ����«�� �+°h±"¨�¦

¾Pl Jp3{BCF>+HWNO�'��LE7�Y5
2000

���ÊNOH'��LI´83KYHP<+5�B
80

��N��1�69FK5=Y5c7E7I58�WBC;+<+5ABC7�;+589�HP<+HJ583
75
N NO5=Y�LMBC3�>+5�F3TB�t�FK58;GU/BVY5%t�;+583TBWYHO@=HW3K<G>sBC3?>+5P�

z�O � EoFT�C3?>+HV>GLI58NV9�HV>sBC;+YKBC;s�V583~Y58>+583K58;+<+5 �
(PO � EoFT�C7m5=<o7MB-t�FK58;GU/B�3K5=@=5=<}BC;GLMB�9TBC;sBeY58>+583K58;:587�@=H�@s�K5p583q5=<sB�Y�LI<+>sBC3K@8LMB�� ��� FLI´83HV��FK´ 5Â�Ã58;+@=5e5=<sB�t½FK58;GU/BV�KHW;GLEU'HW3?>sBC7���FK5 Y58>GLI583K5�BC7¡@=H�@+�K5 �

��l Jp3TB	@'BC;G�?BVY5
2
>+HW3K587MBWYKBW<�<s5-7I58�WBC3�>sBVNO5=Y�LMBC3?>+5eF3TB	�P;GÇTB�l

z�O � 3LI@8LMBC7ENO583?>+5P�:Y�F;sBC3?>+5J@8LI58;G>+H LE3?>+58;G�PBC7IH Y5¹>GLI58NV9�H��7MBS@'BC;G�?BS<GF��5~@=HW3 F3TB
BW@=587I58;sBW@8LI�W3

a = 1,3
N��C< 2 l � EoFT�C7�5=<�7MB�>+583K<GLI�W3¹Y587]@'BC�7I5e�?FK5-7MB	<+HW9�HW;G>sB��

(PO K-5=<G9FK´=<�Y5�F3A�;+58�_5 9�58;GDIH�YHOY5�BW@=587I58;sBW@8LI�W3¡�m7MB	@'BC;G�?BV<GLE�PFK5�587I58�P�C3KYHP<+5�@=HW3
F3TB��_587IH�@8LIYKBWY¹@=HW3K<G>sBC3�>+5Pl � EoFT�C7¡5=<�7MB	>+583K<GLI�W3~Y587¡@'BC�7I5�583¹5=<+5 @'BW<+H �

��l K-HP<~�7IH���FK5=<ÉF3LIYHP<J9�HW;ÉF3TB @8FK58;Ãµ
YKBV��FK5-9TBW<sB	9�HW;�F3TBV9�HW7I5'BV<GLE3A;+HWU/B1µ
NVLI583�>+H��Y5=<+@'BC3K<}BC3[<+HW�;+5�97MBC3KHP<�7ELI<+HP<
@=HWNOHO<s5-NeFK5=<G>G;sBV583¹7MB��K�PF;sB �Kl "�lz=O � 2436��FK´c<+583?>GLIYHÊ<+5[NOH'�_58;s�r587<GLI<G>+58NRB��
(PO � EoFT�C7:5=<e7MBÉBW@=587I58;sBW@8LI�W36Y5R7IHP<�7IH���FK5=< �
wPO � EoFT�C7¡5=<:7MB�>+583K<GLI�W3�Y5-7MB	@8FK58;ÃµYKB��

��y 5Pº�¼Gz�� ���

�Kl Jp3TBr9�587IHW>sBSY5 �B���S@'BW5É7ELE�;+58NO583?>+5J7E7I58�?BC3KYH��583 @8LI58;G>+H LE3K<G>sBC3?>+5P��B >+583K58;qF3TB
;sBC9LIY58U�Y5 �XN��C<'l � � FK´�t½FK58;GU/B:�_58;G>GLI@'BC7�@=HW3K<G>sBC3?>+5�<+5hY58��5hBC97ELI@'BC;¡9TBC;sB�Y58>+583K58;G7MB�5837IHP<o9;+��:�LENOHP< � N � � � FK´�t½FK58;GU/Be�_58;G>GLI@'BC7Å@=HW3K<G>sBC3?>+5-<+5pY58��5-BC97ELI@'BC;:9TBC;sBeY58>+583K58;G7MB583A7IHP<�9;+�-:�LENOHP< �V< �
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��l � � FK´Ot�FK58;GU/B ~F
Y58��5[BC97ELI@'BC;+<+5ABC7:@'BC;G;+H

Y5¹NRBW<sB
M

N½�_58;[�K�PF;sBSBWYC�ÃF3?>sB OO9TBC;sB
��FK5r587e@'BC;G;+H Y5ÊNRBW<sB

m2
3KH <GF�TB63L

�TB1�G5 �
np5=<G9FK5=<G>sB�� F = g (M + m1 + m2)

m2

m1

��y 5Pº�¼Gz�� � ���

��l EXHW3K<GLIY58;+5cF369�´83KY�F7IHr��FK5A@=HW3K<GLI<G>+5A583
F3TB	NRBW<}B

m
@=HW7E�?BWYKB[Y5 F3¹�LE7IH[Y5 7MBC;Ãµ

�_H
`
l/2h3e9;+5=<+583K@8LMBpY5hF3�@'BCNV9�Hp�P;sB=��LE>sB1µ

@8LIHW3TBC7�@=HW3K<G>sBC3?>+5P�BC7�<sBW@'BC;X587�9�´83KY�F7IH�Y5
<GFV9�HP<GLI@8LI�W3RY5p5=�?FLE7ELE�;GLIHeQ�<sHW7E>sBC;G7IH�?´=<G>+5
HP<+@8LE7MBC;s��lT243K@8FK583?>G;+5e7MBVBW@=587I58;sBW@8LI�W3~Y5 7MB
NRBW<sB

m
583�587�LE3K<G>sBC3�>+5o583	�?FK5o587?9�´83KY�F7IH

tuHW;GNRB�F3~�C3�PF7IH
θ
@=HW3�7MB	3KHW;GNRBC7jl

8�L
θ � 1

�Y58N�FK5=<G>G;+5e��FK5
d2θ(t)

dt2
+ ω2

0 θ(t) = 0 ,

@=HW3
ω0 =

√

g/`
l

��y 5Pº�¼Gz�� � � �

��l EXHW3K<GLIY58;+5eF3TB	NRBW<sB
m
BWYHP<}BWYKBOB	F3¹;+5=<sHW;G>+5�Y5�@=HW3K<G>sBC3�>+5�Y5 ;+5=<+>GLE>GFK@8LI�W3

k
l 8�5'B

x = 0
7MB~9�HP<GLI@8LI�W3{Y5c5=�?FLE7ELE�;GLIHÊY587�<GLI<+>+58NRB�l�K-5�BW@8FK58;+YHrB~7MBÊZ]\a^ b�\���i/i �1�hBC7

Y5=<G97MBCU/BC; 7MB[NRBW<sB
m
F3TBqY�LI<G>sBC3K@8LMB

x
Y5=<sY5�<+FÉ9�HP<GLI@8LI�W3rY5	5=��FLE7ELE�;GLIH�Å7MBRt½FK58;GU/B

5Â�G58;+@8LIYKB	9�HW;�587Å;+5=<+HW;G>+5�<+HW�;+5 7MB�NRBW<}BV5=<
F = −kx

lUK-58N�FK5=<G>G;+5e��FK5
d2x(t)

dt2
+ ω2

0 x(t) = 0 ,

@=HW3
ω0 =

√

k/m
l EXHWNV9TBC;+5e5=<G>+5-;+5=<GF7E>sBWYHR@=HW3¹587]Y587Å9;+HW�7I58NRBRBC3�>+58;GLIHW;'l

¿�l Jp3 @8FK58;G9�H Y5 �PÀPÀÊ�SY5=<G7ELEU/Br9�HW;OF3 97MBC3KHrLE3K@87ELE3TBWYHS7ELI<+Hl�2h7p@8FK58;G9�Hr9TBC;G>+5¹Y587
;+589�HP<+HVQAY�F;sBC3?>+5	587¡>+58;+@=58;-<+58�PF3KYHR;+5=@=HW;G;+5eF3TBRY�LI<G>sBC3K@8LMBOY5[¾ �PÀO@8N�lT2h3K@8FK583?>G;+5
587]�C3�PF7IHOY5�LE3K@87ELE3TBW@8LI�W3~Y587¡97MBC3KHl
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"�l Jp3TBe5=<Gt�58;sB�Y5�NRBW<}B

m
5=<XNRBC3?>+583LIYKB

583 7MB:9�HP<GLI@8LI�W3 � 9�HW;]YHP<¡@8FK58;+YKBW<N½�_58;
�K�PF;sB �KlE¾ � Oal 8�5'B

TA
7MB	>+583K<GLI�W3¹Y5�7MB

@8FK58;+YKBcLE3KY�LI@'BWYKB�l�8�5O@=HW;G>sBc7MBA@8FK58;+YKB
�KHW;GLEU'HW3�>sBC7hQ¹587�9�´83KY�F7IHcHP<+@8LE7MB[�TBW<G>sB
7MBq9�HP<GLI@8LI�W3 � l � EoFT�C7�5=< 7MBc;sBCU'�W3 Y57MBW<�>+583K<+LIHW3K5=<

TB/TA
�

np5=<G9FK5=<G>sB��
TB/TA = cos2 α

l
��y45Wº�¼Ãz�� ����


¾'À�l EXHW3K<GLIY58;+5S587eNOHW3�>sB1�Ã5SNOHP<G>G;sBWYH�583
7MB �K�PF;sB �KlE¾ ���¹@=HW3

M �
¾P� ���PÀ ���K�

m �
À��E¾ �PÀ ���ÊQ

d0 �
�ÊN�l4247�<GLI<+>+58NRB

5=<G>s��583�;+589�HP<+H%@8FTBC3KYH
d = d0 = 4

N�l
� EoFT�C3?>+H >GLI58NV9�H >G;sBC3K<+@8F;G;GLE;s��BC3?>+5=<Y5���FK5c7MBJNRBW<sB
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√

µ2
e cos2 α − sin2 α

<GL
µe > tanα

0
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µe < tanα
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~Froce = −kv~v , v = |~v| .
243K@8FK583�>G;+5�7MB	�_587IH�@8LIYKBWYA>+58;GNVLE3TBC7jl
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~Froce = −η~v , v = |~v| .
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7MBV@'B1�GB��
L Oc247]9�5=<+H� ~W = −Mgẑ

l N �%58NOHP<�587I58�PLIYHcBC7]5Â�G5
ẑ
BC9F3�>sBC3KYHR�TBW@8LMBqBC;G;GLE�TB��

M
5=<�7MB

NRBW<sB	Y5�7MB	@'B1�GB�l O
LEL Oc�]B�;+5'BW@=@8LI�W3ÉY5 7MB�9�5=<sB	<+HW�;+5-7MBV@'B1�+B�� ~Fr = Frẑ
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~F ������� = (Fr − Mg) ẑ .

Ä�HW; HW>G;sBV9TBC;G>+5P��<sBC��58NOHP<p��FK5�7MB[@'B1�+BO5=<G>s�O;+5'BC7ELEU/BC3KYH[F3ÉNOH'��LENVLI583?>+Hc@8LE;+@8F7MBC;-Y5e;sBWY�LIH
R
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@=583?>G;+HRY587�@8DE;+@8F7IH N½7MB�t�FK58;GU/B	@=583?>G;GDE9�58>sB Oa�m��FK5 5=<

~F 	 ���
� = −Mv2

R
ẑ .

�]B�t�FK58;GU/BV@=583?>G;GDE9�58>sBVQq7MB�t½FK58;GU/BV3K58>sBVY58��583�<s58;�LE�PFTBC7I5=<'�K5=<�Y5=@8LE;'�K<s5->GLI583K5��?FK5

Fr − Mg = −Mv2

R
.

K%5=<+9�5Â�+BC3KYH
Fr
<+5 HW�>GLI583K5

Fr = Mg

(

1 − v2

gR

)

= 500
� (

1 − 142

9, 81 · 100

)

' 400
�

.

� � 
��������	� � 
	� � � � 
�� ���
��
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~rm = s(1 − cos α) x̂ − s sinα ŷ .
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5=<G>s�C3c;+587MBW@8LIHW3TBWYHP<'l

8�L¡7MBVBW@=587I58;sBW@8LI�W3~Y5 7MB	@8FUQTBO5=<
~̈rM = a x̂ ,583?>+HW3K@=5=<

~̈rm = a (1 − cosα) x̂ − a sinα ẑ .
N��Kl � O

8�5'B
τ
7MBÉ>+583K<+LI�W3{Y5c7MBJ@8FK58;+YKBJQ ~R

7MB~t�FK58;GU/BJ�?FK5c7MBJ@8FUQTBJ5Â�G58;+@=5A<+HW�;+5A587��7IH��?FK5
m
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m
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F
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x = τ cosα − R sinα

N��Kl � O
Q

F

�����
z = −mg + τ sinα + R cos α ,

N��Kl � O
;+5=<G9�5=@8>GLE�PBCNO583?>+5Pl
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>G;sBC3�7MBW<�;+587MBW@8LIHW3K5=<

τ cos α − R sinα = ma (1 − cosα)
N��Kl � O

Q
−mg + τ sinα + R cos α = −ma sinα

N��Kl �#O
8�HW�;+5 7MBV@8FUQTBOBW@8>GÇTBC3 �Vt½FK58;GU/BW</�
L Oc247Å9�5=<+H −Mgẑ

l
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R sinα
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−R cos α
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~Fc = τ(1 − cos α)x̂ − τ sinαẑ . ��y 5Wº�¼Gz�� � � 
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R sinα + τ(1 − cos α) = Ma .
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τ = ma(1 cos α) + Ma
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cos α
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sinα
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τ = mg sinα + ma(cos α − 1)
N��KlE¾'À O

K%5 N��Kl " OXQ N��KlE¾'À O�<+5 Y5=Y�FK@=5-�K3TBC7ENO583?>+5��?FK5

a =
mg sinα

M + 2m(1 − cos α)
.
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mg − FN cos α = mam

Q
FN sinα = MaM .
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m tanα

M + m tan2 α
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8�Lj��Y58�LIYHcBC7�;+H�@=5�583�>G;+5	587�<+FK587IHRQ�7MB[@8FUQTBq5874<GLI<G>+58NRB[5=<G>s�R583Ê5=��FLE7ELE�;GLIH��583?>+HW3K@=5=<
7MB	<GFNRB�Y5p7MBW<Xt�FK58;GU/BW<�<+HW�;+5

m
Y58��5-<+58;:3�F7MB�lK2h<G>+H�9�58;GNVLE>+5 58�WBC7EFTBC;

FN
Y5-LE3NO5=Y�LMBC>+H�

FN cos α = mg .

��7?Y�LMBC�P;sBCNRBpY5h@8FK58;G9�H�7ELE�;+5�Y5h7MB�@8FUQTB��TB'Q��?FK5�BC�P;+58�?BC;�F3TBXt�FK58;GU/B�Y54;+H�@=5
fr
�KHW;GLEU'HW3?>sBC7

NuBC9F3?>sBC3KYHV�TBW@8LMB�7MBeLEU'�?FLI58;+YKB Oal � FK5%7MBe<+FNRB�Y5p7MBW<ot½FK58;GU/BW<X�KHW;GLEU'HW3�>sBC7I5=<�<+HW�;+5%7MBe@8FUQTB<+5'BC3�3?F7MBW<�3KHP<�YKB	7MB�;+587MBW@8LI�W3
FN sinα = fr ,HO<+5'B��
mg tan α = fr .Ä�HW;%HW>G;sB	9TBC;G>+5P�7MB�t�FK58;GU/BVY5 ;+H�@=5 Y58��5 <sBC>GLI<GtuBW@=58;�7MB�;+587MBW@8LI�W3

fr ≤ µe Fp = µe(Mg + FN cos α) = µe (M + m)g .

K%5�7MBW<�;+587MBW@8LIHW3K5=<pBC3�>+58;GLIHW;+5=<p<+5 Y5=<+9;+583KY5��?FK5

mg tan α = µ �
� �

e (M + m) g ,

HO<+5'B��
µ �

� �
e =

m

m + M
tanα .

� � 
��������	� � 
	� � � � 
�� �� ���

K%587Å�K5=@s�KHV�?FK5-7MB��_587IH�@8LIYKBWY�BC3�PF7MBC;�5=<�@=HW3K<G>sBC3�>+5-QR7MBW<:NRBW<sBW< ¾-Q ��<+LE�PFK583A>G;sB=Q_5=@8>+HW;GLMBW<
@8LE;+@8F7MBC;+5=<'�T<+5 Y5=Y�FK@=5e�?FK5-7MB�t�FK58;GU/B�3K58>sBV��FK5eBW@8>GÇTBV<+HW�;+5 587E7MBW<p5=<

~F1 = −mω2
0 (R + L) r̂
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��������� �!� ¾P¾-"
Q

~F2 = −mω2
0 R r̂ ,;+5=<G9�5=@8>GLE�PBCNO583?>+5PlP����FD

m
5=<�7MBpNRBW<sB�Y5X@'BWYKBpF3TB%Y5�9TBC;G>GDI@8F7MBW<4Q

r̂
5=<�F3��_5=@8>+HW;�F3LE>sBC;GLIH

�?FK5eBC9F3�>sBV583�7MB	Y�LE;+5=@=@8LI�W3~;sBWY�LMBC7jl
�]B[Ç3LI@'BVt�FK58;GU/B[;sBWY�LMBC7�;+5'BC74��FK5�BW@8>GÇTB[<+HW�;+5�7MBRNRBW<sB¹¾�5=<p7MBR��FK5�5Â�G58;+@=5�7MBR@8FK58;+YKB��

7EFK58�_H
τ = mω2

0 (R + L) ,YHW3KY5
τ
5=<�7MB�>+583K<GLI�W3¹Y5�7MB	@8FK58;+YKB�l

8�HW�;+5V7MB[9TBC;G>GDI@8F7MB �ABW@8>GÇTBC3 YHP<%t�FK58;GU/BW< ;sBWY�LMBC7I5=<'��7MBq>+583K<GLI�W3rY5	7MBc@8FK58;+YKB
τ r̂
Q¹7MB

t½FK58;GU/BVY5�;+H�@=5 −fr r̂
l 8�5�>GLI583K5

τ − fr = −mω2
0R

HO<+5'B��
fr = τ + mω2

0R = mω2
0 (2R + L) .Ä�BC;sB �?FK5A7MBW<ONRBW<sBW<O3KHr<s5AY5=<G7ELI@=583{7MBÉt�FK58;GU/BÊY5A;+H�@=5�Y58��5�<sBC>GLI<ÃtjBW@=58;V7MBÊY5=<GLE�PFTBC7IYKBWY

fr ≤ µemg
lUK-5 7MBW<�YHP<�Ç7E>GLENRBW<p5=@8FTBW@8LIHW3K5=<�<+5 Y5=Y�FK@=5��?FK5

mω2
0 (2R + L) ≤ µemg .

�]Bc�_587IH�@8LIYKBWYSBC3�PF7MBC;�7EDENVLE>+5qBq9TBC;G>GLE;�Y5V7MBc@8FTBC7h7MBW<eNRBW<sBW<�@=HWNVLI583U/BC3�BAY5=<G7ELEU/BC;+<+5O5=</�
9�HW;�7IH	>sBC3�>+H�

ω0 =

√

µeg

2R + L
.

� � 
��������	� � 
	� � � � 
�� �� � �
8�5'B

M
7MB NRBW<sB��

a
7MB6BW@=587I58;sBW@8LI�W3�Q

t∗
587->GLI58NV9�H6��FK5J>sBC;+YKBC3�7MBW<A9TBC;G>GDI@8F7MBW<�Y5

EX< + 583{BC>G;sB'�_5=<sBC;R587�w+iWkmb�\ak`8z?b_iW¼8l4�]BJ@'BC;G�?BÉY5q@'BWYKBÉLI�W36Y5A@=5=<GLIHJ5=< q = −e
��YHW3KY5

e = −1, 60 ·10−19 � E���5=<�7MB @'BC;G�?B�Y5�F3q587I5=@8>G;+�W3SN½�_58;o9;+HW�7I58NRB ��� Oal KpF;sBC3�>+5p587T9;+H�@=5=<+HY5-BW@=587I58;sBW@8LI�W3¡�K7MB t�FK58;GU/B��?FK5 BW@8>GÇTB�<+HW�;+5-@'BWYKB�LI�W3c5=<
F = qE0

l�Jp<sBC3KYH�7MB�<+58�PF3KYKB�7I58Q
Y5 �p58��>+HW3�<+5-HW�>GLI583K5 ��FK5

q E0 = Ma
l�]BVBW@=587I58;sBW@8LI�W3¹Y587]�C>+HWNOHVY5-@=5=<GLIH N½NVLI583�>G;sBW<�<+5

NeFK58�_5VBC7]LE3�>+58;GLIHW;-Y587�@=HW3KY583K<sBWYHW;,Op5=<'�K9�HW;�7IHR>sBC3?>+H�
a = q/(ME0)

lm247�NOH'��LENVLI583?>+HA5=<
F3L)t�HW;GNO58NO583�>+5�BW@=587I58;sBWYHl

K%F;sBC3?>+5e587]LE3?>+58;G�PBC7IHOY5 >GLI58NV9�H
[0, t∗]

587¡LI�W3ÉBC7I@'BC3U/BOB�;+5=@=HW;G;+58;�F3TBVY�LI<+>sBC3K@8LMB

s1 =
1

2
at2∗ = 0, 33

@8N��
<GLI583KYHJ7MB~�_587IH�@8LIYKBWY�@=HW3{��FK5q58NO58;G�_5cY587�@=HW3KY583K<sBWYHW;

v1 = at∗ .
� @=HW3?>GLE3�FTBW@8LI�W3 7IHP<

LIHW3K5=<4Y5o@=5=<GLIH-BC>G;sB=��LI5=<sBC3V@=HW3V5=<sB��_587IH�@8LIYKBWY	@=HW3K<G>sBC3�>+5oF3TBp;+58�PLI�W3VY5:BC3K@+�KH
s2 = 0, 1

@8N��
>sBC;+YKBC3KYHO9TBC;sBV587E7IHVF3A>GLI58NV9�H

∆t = 87 · 10−9 <'l 8�5->GLI583K5���FK5

v1 ∆t = at∗ ∆t = s2 ,
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HO<+5'B

t∗ =
s2

a∆t
.

Ä�HW;%HW>G;sB	9TBC;G>+5
t2∗ =

2s1

a
.

247ELENVLE3TBC3KYH
t∗
Y5 7MBW<�YHP<�Ç7E>GLENRBW<p5=@8FTBW@8LIHW3K5=<�<+5 583K@8FK583�>G;sB

a =
s2
2

2s1(∆t)2
.

�·�PFTBC7MBC3KYHc7MBW< YHP< 5;:�9;+5=<GLIHW3K5=<���FK5e>+583K58NOHP<�9TBC;sBq7MBqBW@=587I58;sBW@8LI�W3 9�H�Y58NOHP< Y5=<G9�5Â�GBC;
MN½7MB	NRBW<sB	Y5�@'BWYKB	LI�W3~Y5 @=5=<GLIH)Oa�

M =
2|e|E0s1(∆t)2

s2
2

= 2, 4 · 10−25 �-�
.

E:BWYKBrLI�W3 Y5 EX< + 5=<G>s�JtuHW;GNRBWYH 9�HW; �P¿r9;+HW>+HW3K5=<'�:¿��S3K58F>G;+HW3K5=<qQ ���r587I5=@8>G;+HW3K5=</lo�]B
NRBW<sBrY5A7IHP<[587I5=@8>G;+HW3K5=<c5=<RY5=<G9;+5=@8LMBC�7I5�t½;+583�>+5ÉBC7�Y5�7IHP<R9;+HW>+HW3K5=<[QS3K58F>G;+HW3K5=<qQ�9�HW;
@=HW3K<GLE�PFLI583?>+5P�:7IH LE�P3KHW;sBC;+58NOHP<'l:�]BrNRBW<}B Y5~F3 3K58F>G;+�W3�5=<[NeFQ{9TBC;+5=@8LIYKB�BÊ7MBSY5�F3
9;+HW>+�W36Q_��583�9;GLENO58;sBJBC9;+H�:�LENRBW@8LI�W3¡�49�H�Y58NOHP<	<GF9�HW3K58;���FK5c<+HW3 LE�PFTBC7I5=<'l�243�7IH~��FK5qB
NRBW<sB�;+5=<+9�5=@8>sB���587mLI�W3cY5%@=5=<GLIHe7IH�9�H�Y58NOHP<X9�583K<sBC;X@=HWNOH�F3ABC�P7IHWNO58;sBWYHVY5 �P¿��-¿��

�
¾ � �

3?FK@87I5=HW3K5=<'l�N���FK@87I5=HW3K5=<�5=<�587Å3KHWNe�;+5 �_583K´8;GLI@=HO��FK5 <+5-7I5 YKBVB�7IHP<:9;+HW>+HW3K5=<�QR3K58F>G;+HW3K5=<,Oal
KpLE��LIY�LI583KYH�7MB NRBW<sB Y587TLI�W3[Y5�@=5=<GLIH 9�HW;�¾ � � <+5�583K@8FK583?>G;sB��?FK5�7MB NRBW<sB Y5�F3O3�FK@87I5=�W3q5=<
BC9;+H�:�LENRBWYKBCNO583?>+5A¾P� �#" ·10−27 �-�K�K�WBC7IHW;���FK5�Y�L)�T58;+5�583 ∼ 1%

Y587��WBC7IHW;�NO5=Y�LIYHRFK<sBC3KYH
HW>G;+HP<�NO´8>+H�YHP<'l
��7�BW@=587I58;sBC;pY58F>+58;+HW3K5=<CN½F3¹9;+HW>+�W3�� F3�3K58F>G;+�W3 O�583�7EF�?BC;�Y5 LIHW3K5=<pY5�@=5=<GLIH�<+�W7IH

@'BCNe�LMB%7MBpNRBW<sBpQ?B���FK5P�CLE�PFTBC7�?FK5X583V587�@'BW<+H-Y587@=5=<GLIH�C7MBp@'BC;G�?B�3K58>sB%Y587Y58F>+58;+�W3O5=<
+|e|N�HR<+5'B��7MB	t½FK58;GU/BV��FK5eBW@8>GÇTBR<+HW�;+5 7MB	9TBC;G>GDI@8F7MBqBW@=587I58;sBWYKBO583JBCNe��HP<�@'BW<+HP<p5=<�7MB	NVLI<GNRB Oal

247Å>GLI58NV9�H	Y5%>G;sB=�_5=<+DMB
∆t
5=<:9;+HW9�HW;+@8LIHW3TBC7]B √

M
7EFK58�_H�KBC7�FK<}BC;:Y58F>+58;+HW3K5=<�583q7EF�?BC;�Y5

LIHW3K5=<�Y5 @=5=<GLIH�K587Å>GLI58NV9�HOY5 >G;sB'�_5=<GDMBV<+58;s�

∆td = ∆tCs

√

142

2
' 10−8 s .

247Y�LI<G9�HP<GLE>GLE�_H-5;:�9�58;GLENO583?>sBC73KH-5=<�@'BC9TBCU�Y5XY�LI<+>GLE3�PFLE;�583�>G;+5�Y58F>+58;+HW3K5=<�Q�9TBC;G>GDI@8F7MBW<
α
l��]BO9TBC;G>GDI@8F7MB

α
N �R9;+HW>+HW3K5=<�� �O3K58F>G;+HW3K5=<,O�>GLI583K5�587�YHW�7I5�Y5e7MBRNRBW<sBOY587�Y58F>+58;+�W3

QO>sBCNe�LI´83�587ÅYHW�7I5-Y5�7MB�@'BC;G�?B�3K58>sB�l�2h<G>sBW<:YHP<:NOH�Y�L)�T@'BW@8LIHW3K5=<�<+5p@'BC3K@=587I583�583A@8FTBC3�>+H	B
7MBOBW@=587I58;sBW@8LI�W3¹;+5=<G9�5=@8>sB��K<GLI583KYH	9�HW;�@=HW3K<GLE�PFLI583�>+5�BCN��TBW<�LE�PFTBC7I5=<'l
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�]B�t�FK58;GU/BV�?FK5�BW@8>GÇTBO<+HW�;+5 7MB	@'BC;G�?B N½�_58;�9;+HW�7I58NRB���� O:5=<
~F (t) = q ~E(t) = E0 sin(ωt) x̂ .

Jp<sBC3KYHO7MB	<+58�PF3KYKB	7I58QcY5��p58��>+HW3~HW�>+583K58NOHP<�7MBW<�\Gw=º�z_w=y�iWk�\}`	b?\evOi * y½v	yu\8kTgjiP�

mẍ(t) = qE0 sin(ωt)

mÿ(t) = 0Q
mz̈(t) = 0 .

K%5�7MBW<�YHP<�Ç7E>GLENRBW<'�FK<}BC3KYHV7MBW<�@=HW3KY�LI@8LIHW3K5=<pLE3LI@8LMBC7I5=<�<+5 Y5=Y�FK@=5���FK5

y(t) = z(t) = 0 ∀t ,

HO<+5'B��587ÅNOH'��LENVLI583?>+Hq<+�W7IHVH�@8F;G;+5eB�7IHV7MBC;G�_HOY587�5Â�Ã5
x
l

�·3�>+58�P;+58NOHP<�7MB	9;GLENO58;sBV5=@8FTBW@8LI�W3~Y5-NOHCµ
��LENVLI583�>+Hl 8�5 >GLI583K5

ẋ(t) = ẋ(0) +

∫ t

0

qE0

m
sin(ωt) dt

= 0 − qE0

mω
cos(ωt)

∣

∣

∣

∣

t

0

=
qE0

mω
(1 − cos(ωt)) .

�]Bc9�HP<GLI@8LI�W3 Y5V7MBA@'BC;G�?B�583Êt½F3K@8LI�W3SY587
>GLI58NV9�H[<+5 HW�>GLI583K5�LE3�>+58�P;sBC3KYH[7MBVÇ7E>GLENRB
5=@8FTBW@8LI�W3¡�

x(t) = x0 +
qE0

mω

∫ t

0
(1 − cos(ωt)) dt

= 0 +
qE0

mω

(

t − 1

ω
sin(ωt)

)
∣

∣

∣

∣

t

0

=
qE0

mω2
(ωt − sin(ωt)) . �hy45Wº�¼Ãz�� � � �

�]B��K�PF;sB �Kl � �ÉNeFK5=<+>G;sB¹F3 �P;s�1�T@=HÉY5R7MB�t½FK58;GU/B���7MB¹�_587IH�@8LIYKBWY QÊ7MB¹9�HP<GLI@8LI�W3 Y5R7MB
@'BC;G�?BV583At�F3K@8LI�W3¹Y587Å>GLI58NV9�Hl
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K%5qBW@8FK58;+YHJ@=HW3S587o583�F3K@8LMBWYH��<GL�7MB�;sB1µ
9LIY58UÉY587%@=H�@s�K5¹5=<

v0 = 80
��N��1�¡�h3KH

BW@8>GFTBC;s�A3LE3�PF3TBqt�FK58;GU/BcY5V;+H�@=5Pl EXHWNOH
7MB�>G;sB'Q_5=@8>+HW;GLMB	Y587�BCF>+HWNO�'��LE7Å5=<o@8LE;+@8F7MBC;'�
<+5�>GLI583K5%�?FK5%587TNOH/��LENVLI583�>+HV5=<XBW@=587I58;sBWYH
Q_�19�HW;�7IH�>sBC3�>+H�P<+HW�;+5o587�@=H�@+�K5�BW@8>GÇTBpF3TB
t½FK58;GU/Be3K58>sB��TBW@8LMB�587�@=583?>G;+H�Y5��PLE;+H

0
N½7MB

t½FK58;GU/BV@=583�>G;GDE9�58>sB Oa�

~Fc = −mv2
0

R
r̂ .

��y45Wº�¼Gz�� � � �

�]BW<	t�FK58;GU/BW<�¶·;+5'BC7I5=<Ã¸q��FK5�BW@8>GÇTBC3{<+HW�;+5A587�BCF>+H N½Q @8FQ?BÊ<GFNRBÉYKBC3{HW;GLE�_583 B~7MB~t½FK58;GU/B
@=583?>G;GDE9�58>sB O�<+HW3�7MB�t�FK58;GU/BVY5-�P;sB'�_5=YKBWY

~Fg = −mg ẑ

Q[7MB�t�FK58;GU/B�3KHW;GNRBC7���FK5-7MB	@'BC;G;+58>+58;sBO5Â�G58;+@=5�<+HW�;+5 587�@=H�@s�K5P�
~FN = FN cos θ ẑ − FN sin θ r̂ .

Ä�HW;%<GF9�5=<+>+HV�?FK5
~Fc = ~Fg + ~FN ,

HO<+5'B��
−mv2

0

R
r̂ = −mg ẑ + FN cos θ ẑ − FN sin θ r̂ .

�·�PFTBC7MBC3KYHR7MBW<�@=HWNV9�HW3K583�>+5=<p<s5 Y5=Y�FK@=5��?FK5

FN cos θ = mg

Q
FN sin θ =

mv2
0

R
.

È]HWNRBC3KYHO587¡@8FKH�@8LI583?>+5 583�>G;+5�5=<G>sBW<�5=@8FTBW@8LIHW3K5=<�<+5-583K@8FK583�>G;sB	F3TB	5;:�9;+5=<+LI�W3c��FK5%3KHP<:9�58;Ãµ
NVLE>+5�583K@=HW3?>G;sBC;-587]�C3�PF7IHOY587¡9�58;sBC7E>+5�Y5-7MBV@=58;G;+58>+58;sB

θ
�

tan θ =
v2
0

Rg
.

8�5'B
v1
7MB	NR�%:�LENRBV�_587IH�@8LIYKBWY¹��FK5�587�BCF>+HWNO�/��LE7�9FK5=Y5�>+583K58;p<+LE3¹�?FK5e<+5 Y5=<G7ELEU'5�7MBC>+5aµ

;sBC7ENO583?>+5�9�HW;:7MB�@'BC;G;+58>+58;sB�l 8�L¡587¡BCF>+HWNO�'��LE7�B=�PBC3U/B	�_HW3c;sBC9LIY58U
v1
�583?>+HW3K@=5=<�BWY58NR�W<�Y5
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7MB t�FK58;GU/B�Y5��P;sB'�_5=YKBWYcQV7MB t�FK58;GU/B�3KHW;GNRBC7j�BW@8>GFTBC;s��>sBCNe�LI´83AF3TB�t�FK58;GU/B�Y5p;+H�@=5p5=<G>s�C>GLI@'B
~Fr
�

~Fr = −Fr cos θ r̂ − Fr sin θ ẑ .
EoFTBC3KYH�587�BCF>+HWNO�'��LE7XB'�WBC3U/BA@=HW3Ê�_587IH�@8LIYKBWYÊNR�%:�LENRB

v1
�Å5874�WBC7IHW;�Y5	7MB[t�FK58;GU/BcY5	;+H�@=5

>+HWNRBC;s��5874�PBC7IHW; NR�%:�LENOHA9�HP<GLE�7I5
Fr = µeFN

l�N�HW�K<+58;G�_5O��FK5O587h@=H�5a�T@8LI583�>+5RY5	;+H�@=5O��FK5
Y58��5 FK<}BC;+<+5 5=<�587¡5=<G>s�C>GLI@=HVQq3KHO587¡@8LE3K58NR�C>GLI@=H)Oal 8�5->GLI583K5

~Fc = −mv2
1

R
r̂ = −mgẑ + FN cos θ ẑ − FN sin θ r̂ − Fr cos θ r̂ − Fr sin θ ẑ ,HO<+5'B

−mv2
1

R
= −FN sin θ − Fr cos θQ

0 = −mg + FN cos θ − Fr sin θ .
EXHW3

Fr = µeFN
<+5 583K@8FK583?>G;sB

mv2
1

R
= FN (sin θ + µe cos θ)Q

mg = FN (cos θ − µe sin θ) .247ELENVLE3TBC3KYH
FN
Q�Y5=<G9TB1�GBC3KYH

v1
Y5�7MBW<pYHP<%Ç7E>GLENRBW<-5=@8FTBW@8LIHW3K5=< <+5�HW�>GLI583KY5e�K3TBC7)µ

NO583?>+5

v2
1 = Rg

(

v2
0 + Rgµe

Rg − µev
2
0

)

.

2h<G>+5 ;+5=<+F7E>sBWYHO5=<��P�C7ELIYHVNVLI583?>G;sBW<
Rg > µev

2
0

l EoFTBC3KYH
Rg < µev

2
0

�T587¡@=H�@s�K5 3?F3K@'B
<+5hY5=<G7ELEU/BC;s��7MBC>+58;sBC7ENO583?>+5X�TBW@8LMB�B1t�FK58;sB:Q-7MB:�_587IH�@8LIYKBWY�NR�%:�LENRB�B:7MB��?FK5h<s549FK5=Y5h>G;sBC3K<GLE>sBC;
9�HW;�7MB	@'BC;G;+58>+58;sB��m583�5=<+5�@'BW<+H�5=<�LE3��K3LE>sB�l

8�5'B
v2
7MB NVDE3LENRB �_587IH�@8LIYKBWY�@=HW3��?FK5J<+5~9FK5=Y5J>G;sBC3K<GLE>sBC;�<+HW�;+5J7MB @'BC;G;+58>+58;sB6<+LE3

Y5=<G7ELEU/BC;+<+5�7MBC>+58;sBC7ENO583�>+5-�TBW@8LMB�587mLE3?>+58;GLIHW;'l�247�BC3T�C7ELI<GLI<X583[5=<+>+5�@'BW<+He5=<XBC3T�C7IHW�_H�BC7�BC3?>+58;GLIHW;'�
5;:�@=589>+HV��FK5%7MB�t�FK58;GU/B	Y5%;+H�@=5-5=<G>s�C>GLI@'BVBC�KHW;sBVBW@8>GÇTB�583A7MB�Y�LE;+5=@=@8LI�W3�HW9FK5=<G>sB�lÄ�BC;sB

v2
<s5

583K@8FK583?>G;sB

v2
2 = Rg

(

v2
0 − Rgµe

Rg + µev
2
0

)

.

2h<G>+5 ;+5=<+F7E>sBWYHO5=<��P�C7ELIYHVNVLI583?>G;sBW<
Rgµe < v2

0

l EoFTBC3KYH
Rgµe > v2

0

�T587¡@=H�@s�K5 3?F3K@'B
<+5~Y5=<+7ELEU/BC;s� 7MBC>+58;sBC7ENO583�>+5Ê�TBW@8LMB 587pLE3�>+58;GLIHW;'�:9FKY�LI583KYH 9�58;GNRBC3K5=@=58;ALE3K@87EFK<+H 583 ;+589�HP<sH
N�<GLI583KYH�K583¹5=<+5 @'BW<sH�

v2 = 0
Oal

Ä�BC;sBA7IHP< �WBC7IHW;+5=<�3?FNO´8;GLI@=HP<eY587h583�F3K@8LMBWYH�7MBW<-�_587IH�@8LIYKBWY5=<�NR�%:�LENRBqQ¹NVDE3LENRBA@=HW3
�?FK5�<s5-9FK5=Y5 >G;sBC3K<GLE>sBC;�9�HW;�7MBV@'BC;G;+58>+58;sBV<+HW3

v1 = 123
��N��1�AQ

v2 = 59
��N��1�¡l
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8�5'B
v∗
7MB[�_587IH�@8LIYKBWYJ>+58;GNVLE3TBC74��FK5�F3J@8FK58;G9�HABWY�?FLI58;+5VBC74@'BW58; 583J7MBqBC>GNO�P<Gt�58;sB�l��p7

@'BW58;�@=HW3A7MBe�_587IH�@8LIYKBWYc>+58;GNVLE3TBC7]587Å@8FK58;G9�HV<+5%NOH'�_58;s�V@=HW3A�_587IH�@8LIYKBWYA@=HW3K<G>sBC3?>+5Pl�Á�<s5'B���7MB
BW@=587I58;sBW@8LI�W3 QÉ7MB[t½FK58;GU/Bc3K58>sB�<+HW�;+5V587h@8FK58;G9�H¹Y58��583r<+58; 3�F7MBW<'l¡�]BW<eÇ3LI@'BW<-t�FK58;GU/BW<e��FK5
BW@8>GÇTBC3 <+HW�;+5A587�@8FK58;G9�HÊ<+HW367MBÉt�FK58;GU/BÊY5c�P;sB'�_5=YKBWY ~Fg = −mgẑ

QS7MB~t�FK58;GU/BÊY5c;+H�@=5
~Froce = −kv∗ ~v∗ = kv2

∗ ẑ
l 8�5 >GLI583K5

~Fg + ~Froce = −mgẑ + kv2
∗ ẑ = 0 ,HO<+5'B��

v∗ =

√

mg

k
.
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K%583KHW>+58NOHP<p9�HW;
~a = −a ẑ

7MBOBW@=587I58;sB1µ
@8LI�W3 Y587h�7IH��?FK5

m
lÅ�]BW<�t½FK58;GU/BW<e�_58;Ãµ

>GLI@'BC7I5=<�<+HW�;+5�587Å�7IH���FK5
m
3KHP<pYKBC3A7MB

5=@8FTBW@8LI�W3~Y5-NOH'��LENVLI583?>+H

−mg+2FN cos θ+2Fr sin θ = −ma .

EXHWNOH 7IHP<��7IH���FK5=< 5=<+>s�C3 583 NOH'��L)µ
NVLI583?>+H[;+587MBC>GLE�_H�T7MBVt½FK58;GU/BRY5�;+H�@=5e5=<
Y5�HW;GLE�_583¹@8LE3K58NR�C>GLI@=HOQc<+5->GLI583K5���FK5

Fr = µFN .

��y 5Pº�¼Gz�� � � �

�]B�t½FK58;GU/B	��FK5 587��7IH���FK5
m
5Â�Ã58;+@=5 <+HW�;+5-7MB�@8FUQTB���LI583K5 YKBWYKB�9�HW; −~FN − ~Fr

l�]B	@=HWNV9�HCµ
3K583?>+5��KHW;GLEU'HW3�>sBC7�Y5�5=<+>sB�t½FK58;GU/B	3KHP<�583?>G;+58�?BV7MB	5=@8FTBW@8LI�W3ÉY5 NOH'��LENVLI583?>+H

−Fr cos θ + FN sin θ = MbYHW3KY5
b
5=< 7MBqNRBC�P3LE>GFKY Y5	7MBABW@=587I58;sBW@8LI�W3 Y5	7MBW<�@8FUQTBW<'lÅ�]BW<eYHP<�BW@=587I58;sBW@8LIHW3K5=<e3KHA<+HW3

LE3KY589�583KY�LI583�>+5=<%<+LE3KHV�?FK5 5=<G>s�C3¹;+587MBW@8LIHW3TBWYKBW<�9�HW;
a

b
= tan θ .

È]583K58NOHP<�@8FTBC>G;+Hc5=@8FTBW@8LIHW3K5=< @=HW3Ê@8FTBC>G;+HqLE3K@=�W�P3LE>sBW<'l K%5=<+9�5Â�+BC3KYHR7MBcBW@=587I58;sBW@8LI�W3
a
HW�>+5aµ

3K58NOHP<
a = g

(

1 + 2
M

m
· cos θ

sin θ
· cos θ + µ sin θ

sin θ − µ cos θ

)−1

.

Ä�BC;sB
µ = tan θ

��7MBVBW@=587I58;sBW@8LI�W3~5=<�3�F7MB�l
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KpF;sBC3�>+5�587�9;GLENO58;O>G;sBCNOHrY5c7MBC;G�_H
D
7MBÉ9TBC;G>GDI@8F7MBrBW@=587I58;sBJF3L)tuHW;GNO58NO583?>+5�Q Y5=<G9FK´=<

b?\}`8z?ws\a|I\a¼ÃzpF3L)tuHW;GNO58NO583?>+5p�?FK5=YKBC3KYH 583V;+589�HP<+H-Y5=<G9FK´=<hY5:;+5=@=HW;G;+58;�HW>G;+H->G;sBCNOH Y5:7MBC;G�_H
D
lX2h<c58��LIY583�>+5É��FK5~7MBSBW@=587I58;sBW@8LI�W3�Y�F;sBC3?>+5Ê587%<+58�PF3KYH >G;sBCNOH�Y58��5~>+583K58;[7MB NVLI<GNRB
NRBC�P3LE>GFKYr�?FK5	583Ê587�9;GLENO58;+H�Å<GLI583KYHc587h<GLE�P3KHc5874HW9FK5=<G>+Hl�243rHW>G;sBW<-9TBC7MBC�;sBW<'��7MBRt½FK58;GU/B
3K58>sB

F1
��FK5�BW@8>GÇTB[<+HW�;+5�7MBVNRBW<sB[583~587�>G;sBCNOHÉ¾�Y58��5e<+58;p7MBRHW9FK5=<+>sBRY5�7MB	t�FK58;GU/BO3K58>sB

583¹587Å>G;sBCNOH ���
F2
l

243R587K9;GLENO58;�>G;sBCNOH 7MB%Ç3LI@'B%t�FK58;GU/B�B%7IH 7MBC;G�_H�Y58797MBC3KHeLE3K@87ELE3TBWYH�5=<47MB @=HWNV9�HW3K583?>+5
583¹5=<sB	Y�LE;+5=@=@8LI�W3~Y587Å9�5=<+H�5=<G>+HR5=<'�

F1 = mg sin θ
l

243¹587]<s58�PF3KYHV>G;sBCNOHRBC9TBC;+5=@=5�BWY�LI@8LIHW3TBC7ENO583�>+5e7MB	t½FK58;GU/B	Y5 ;+H�@=5
fr
l2h<G>sB��9TBC;sBVYKBC;

F3TB�t½FK58;GU/BV3K58>sB
F2 = −F1

Y58��5 <+58;

fr = −2 F1 = −2mg sin θ .

Ä�HW;%HW>G;sB	9TBC;G>+5P�7MB�t�FK58;GU/BVY5 ;+H�@=5@N�@8LE3K58NR�C>GLI@'B O�5=<

fr = −µc mg cos θ .

�·�PFTBC7MBC3KYHR7MBW<�YHP<�5;:�9;+5=<GLIHW3K5=<�9TBC;sB
fr
QqY5=<+9�5Â�+BC3KYH

µc
<+5 HW�>GLI583K5P��K3TBC7ENO583�>+5P�

µ = 2 tan θ .


