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-/.103254769898;:<,=?>A@CB5>EDFCGIHJ>KFML1NODPIBCQRTSU@V>WF5>ALASXDGIRYNOFVZO=[NORI\]Q=^S]@MF5>A@CQRIBVNX_S]@M_>/RYNX@`HaNOB5>KHaZOBCGTL1NX@cbdQ^>@5SX=fegZX@CGTLAS]@hDgNOFVNURTS]@cL1NODPIBCQRTS]@WbdQ^>i@CGI\]Q^>K=kj
lcmVlcm npoiqsrctsugvVwctyx,u)z{u|x�}~v5x,u
� SX=^@CGT_>KF5>KHJS]@WRYNX@W>���DgNO=^@CGTSX=^>A@9�

(1 + x)1 = 1 + x

(1 + x)2 = 1 + 2x + x2

(1 + x)3 = 1 + 3x + 3x2 + x3

(1 + x)4 = 1 + 4x + 6x2 + 4x3 + x4

(1 + x)5 = 1 + 5x + 10x2 + 10x3 + 5x4 + x5

� >K=^>KFVNORIGI�9NO=^_S��DgNOFVNiQ=a>K=�B5>KF5S
n
D~S]@CGIBCGI��SyNOFCeGIBCFVNOFCGTS��RYNi>���DgNO=^@CGT�X=a_>KR^eGI=^SXHUGTS

(1+x)nDQ^>A_>�>A@5LKFCGIeGIF5@5>�>K=[RYNy��SXFCHaN
(1 + x)n = 1 +

n

1!
x +

n · (n − 1)

2!
x2 +

n · (n − 1) · (n − 2)

3!
x3

+
n · (n − 1) · (n − 2) · (n − 3)

4!
x4 + · · · + nx(n−1) + xn , ��� j �9�

_SX=^_>
n! ≡ 1 · 2 · 3 · . . . · (n− 1) · n jd��SXFc_>��^=GTLKGT�X= 0! ≡ 1

j���Ns>���DgNO=^@5GT�X= ��� j �9� >A@`�]ZORIGT_^NDgNOFVNULKQgNORTb�QGT>KFW�XNORTSXFW_>
x � LKQgNORTbdQGT>KFW�]NORTSXFc_> n

>K=�B5>KF5Sa=^SU=^>K\�NOBCGI��Sj
�W=gNp>���DF5>A@CGT�X=�NO=gZORTSX\�NpBVNOHyeGT�K=�@5>�DQ^>A_>?>A@5LKFCGIeGIFJDgNOFVN

(1 + x)α �,_SX=^_> α
>A@aNO�^SXFVNLKQgNORTb�QGT>KFE=��HJ>KF5SUF5>1NOR�j^<�=[>���>ALKB5S�g>K=[>A@5>iL1NX@5S

(1 + x)α = 1 +
α

1!
x +

α · (α − 1)

2!
x2 +

α · (α − 1) · (α − 2)

3!
x3

+
α · (α − 1) · (α − 2) · (α − 3)

4!
x4 + · · · .

��� j¡  �
�
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* GI= >KH egNOFC\�S�d@CG

α
=^S�>A@�=dQRTS SiQ= >K=�B5>KF5SyD~S]@CGIBCGI��S���gN � Q=gN�_�G3� >KF5>K=^LKGYNiGIHUD SXFCBVNO=�B5>E>K=�BCF5>RYNX@y_S]@s>���DF5>A@5GTSX=^>A@1�kRYN[>���DgNO=^@CGT�X= ��� j �9� � LASX=

n
>K=�B5>KF5S =^Sf=^>K\�NOBCGI��S @CGT>KHUDF5>aBCGT>K=^>aQ=gNL1NO=�BCGT_^NX_s�^=GIBVN/_>`B5�KFCHUGI=^S]@ � @5> DQ^>A_> Q^@ NOF DgNOFVN/LKQgNORTbdQGT>KF��]NORTSXF,_> x + RYNE@5>KFCGT>

��� j¡  � �XD~SXFSXBCFVN DgNOFCB5>]� D~S]@5>A>sGI=��^=GIB5S]@7B5�KFCHUGI=^S]@ � @5QHaNO=^_S]@ � � @5�XRTS�@5>yDQ^>A_>	Q^@VNOF
� >K= >KR�RT>K=\]QgN-,�>B5�ALK=GTLAS�/.1032547698�:<;18)= � @CG |x| < 1

j
>�?�@BADCFEHGJILK� j �/@VNO=^_S	RYN	>ALKQgNXLKGT�X= ��� j¡  � LASX=

α = −1
@5>iSXeBCGT>K=^>iRYNNMO8P:RQS8�;18T25UWV�X<:PQ<0ZY

(1 − x)−1 =
1

1 − x
= 1 + x + x2 + x3 + x4 + · · ·

��� j\[ �
* G`eGT>K= >KR`RYNX_S GI�1bdQGT>KF5_Sp>A@CBVZ eGT>K=�_>��^=GT_S DgNOFVN LKQgNORTbdQGT>KFU�XNORTSXF	_>

x
� >KRMRYNX_S_>KF5>ALV�^Sa@5�XRTSU_^NsQ=fF5>A@5QRIBVNX_S	�^=GIB5SJ@CG |x| < 1

j��NOFVN
x = 1/2

>KR�RYNX_SJGI�1bdQGT>KF5_S�>A@cGI\]QgNOR,N  ��gHUGT>K=�BCFVNX@ibdQ^> >KR RYNX_S _>KF5>ALV�^S _^NJRYN@5>KFCGT>
1 +

1

2
+

1

4
+

1

8
+

1

16
+ . . .bdQ^>]�SXe���GYNOHJ>K=�B5>]� NORk@CQHaNOFCRYN��BVNOHyeGT�K= _^NJ �j��NOFVN

x = 1/10
>KR|RYNX_S GI�1bdQGT>KF5_Sy>A@ GI\]QgNOR~N �O]�^5_ ��HUGT>K=dBCFVNX@hb�Q^>E>KRgRYNX_Ss_>KF5>AL5�^Ss_^NRYN	@5>KFCGT>

1 + 0, 1 + 0, 01 + 0, 001 + . . . = 1, 1111 . . . .bdQ^>i>A@c>KRk_>A@VNOFCF5SXRIRTS _>ALKGIHaNOR�_> �O]�^5_ j
 �j <,�]NORIQ^>KHJS]@cRYN	@5QHaNs�^=GIBVN

SN = 1 + x + x2 + x3 + · · · + xN .��NOFVNi>KRIRTSiF5>A@CB5>KHJS]@ _>h>A@CBVN7@5>KFCGT>MRYN7HUGT@CHaN7@V>KFCGT>]�XD~>KF5S7HyQRIBCGIDRIGTL1NX_^N�D SXF
x
�]>A@�_>ALKGIF1�

SN = 1 + x + x2 + x3 + · · · + xN

x SN = x + x2 + x3 + · · · + xN + xN+1 .` R F5>A@5BVNOF1��NORMRYNX_SpGI�1bdQGT>KF5_S�b�Q^>A_^N
(1 − x) · SN

� HUGT>K=�BCFVNX@ b�Q^>�NORMRYNX_S�_>KF5>AL5�^SbdQ^>A_^N
1 − xN+1 �SJ@5>1N��

(1 − x) · SN = 1 − xN+1 .a7>A@CD >),CNO=^_S
SN
@5>iSXeBCGT>K=^>

SN =
1 − xN+1

1 − x
.

* G �gNXLA>KHJS]@
N
L1NX_^N[��>K� HaZX@s\]FVNO=^_>]��>A@y_>ALKGIFsRTS �gNXLA>KHJS]@yB5>K=^_>KFUN[GI=��^=GIB5S� >K=>KR/RYNX_S _>KF5>AL5�^S @5> B5>K=^_�FVZ NORI\�S$�^=GIB5S @5�XRTS @CG |x| < 1

jh<,= >���>ALKB5S�M>K= >A@5> L1NX@5S
ĺımN→∞ xN+1 = 0 � >K=�B5SX=^LA>A@

ĺım
N→∞

SN = 1 + x + x2 + x3 + · · · =
1

1 − x
,F5>A@CQRIBVNX_SaLASX=^@CGT@CB5>K=�B5> LASX=[>KR�_>KRk>),C>KHUDRTS � j
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[�j <�@VLKFCGIegNOHJS]@cRYNsF5>KRYNXLKGT�X= ��� j¡  � DgNOFVN
α = 1/2

jg<�=[>A@5>iL1NX@5SJ@V>/SXeBCGT>K=^>
(1 + x)1/2 =

√
1 + x = 1 +

1

2
x − 1

8
x2 +

1

16
x3 − · · ·

��N[FVNO�1�X= D SXFyRYN LKQgNORh>A@CBVN >���DF5>A@CGT�X=�>A@s�BCGIRh>A@sbdQ^> LASX=$��F5>ALKQ^>K=^LKGYNp@5> F5>Ab�Q^>KFCGIFVZ>K�]NORIQgNOF RYN FVNOPI�i_>
(1 +x)

DgNOFVNs@CGIBCQgNXLKGTSX=^>A@h>K=�bdQ^>
x
>A@`Q= =��HJ>KF5S	H Q � D~>AbdQ^>��^Sj<,= >A@V>sL1NX@VS�RTS]@7B5�KFCHUGI=^S]@�@CQ^LA>A@CGI��S]@�_>	RYN @5>KFCGT>U@VSX= L1NX_^N ��>K�UHaZX@7D~>AbdQ^>��^S]@ � >A@D S]@CGIeRT> SXeB5>K=^>KFsQ=�F5>A@CQRIBVNX_Sp@VNOBCGT@C� NXLKB5SXFCGTS Q^@VNO=^_Sp@5�XRTS RTS]@U_S]@	S[BCF5>A@	DFCGIHJ>KF5S]@B5�KFCHUGI=^S]@E_>KR RYNX_SJ_>KF5>AL5�^Sj��NsBVNOeRYNaNX_9, Q=dBVNUH Q^>A@5BCFVN	Q=fD >Ab�Q^>��^SaNO=gZORIGT@5GT@hDgNOFVN
x = 0,1

�
RYNX_S	GI�1b�QGT>KF5_S RYNX_SJ_>KF5>AL5�^S � _>iB5�KFCHUGI=^S]@ >KFCF5SXF� � ]�� ��� ] ��� � � ��� � � ] � � � _
	� � ] �   ] � �]��	� � ]�� � � � [

] � ]L] � _
	� � ]�� ��� �   � � ] � ]L]L] [ �	

< ,C>KF5LKGTLKGTS����>KFCG3�gb�Q^> b�Q^>[DgNOFVN �]NORTSXF5>A@a_>
x
HaZX@ D~>AbdQ^>��^S]@1� RYN LASX=���>KFC\�>K=^LKGYN _>KRF5>A@CQRIBVNX_Sa_>7RYNU@5>KFCGT>7BCFCQ=^L1NX_^NU�gNXLKGYNJ>KR F5>A@CQRIBVNX_Sa>��^NXLKB5SU>A@WNOQ=fHaZX@WFVZODGT_^N�j� j * >1N

α 6= 0
Q=J=��HJ>KF5S F5>1NORgNOFCeGIBCFVNOFCGTS � >K�XNORIQ^>KHJS]@ [(1+x)α−1]/x

DgNOFVN7�]NORTSXF5>A@�_>
x
H Q � D >Ab�Q^>��^S]@9j��Ee^@5>KFC��>sbdQ^>�DgNOFVNa�XNORTSXF5>A@/_> x

L1NX_^Na��>K�yHaZX@ED~>AbdQ^>��^S]@1�gBVNO=�B5S>KR =dQHJ>KFVNX_SXF/LASXHJSJ>KRk_>K=^SXHUGI=gNX_SXFEBCGT>K=^_>K= N	LA>KF5Sj
a7>�NXLKQ^>KF5_SaN	RYN	>ALKQgNXLKGT�X= ��� j¡  � �DgNOFVN

x
HyQ � D~>AbdQ^>��^S	�XNORT>�RYNUNODF5SA��GIHaNXLKGT�X=

(1 + x)α ' 1 + α x� SJ@V>1N��^>A@CBVNOHJS]@/_>A@CDF5>ALKGYNO=^_SaB5S�_S]@cRTS]@WB5�KFCHUGI=^S]@E_> RYNU@5>KFCGT>y>���LA>KDB5SaRTS]@W_S]@cDFCG��HJ>KF5S]@ � jg�E@VNO=^_SU>A@5BVNUNODF5SA��GIHaNXLKGT�X= @5>i>K=^LKQ^>K=dBCFVNJbdQ^> � DgNOFVN
x
HyQ � D >AbdQ^>��^S

�

(1 + x)α − 1

x
' 1 + α x − 1

x
=

αx

x
= α .

��>KFCG3�gbdQ^>i=�QHJ�KFCGTL1NOHJ>K=dB5>	>A@CB5>7F5>A@CQRIBVNX_SUQ^@VNO=^_SJQ=gNUL1NORTLKQRYNX_SXFVN�j

` RI\]Q=gNX@�NODF5S1��GIHaNXLKGTSX=^>A@�bdQ^>`@5> SXeBCGT>K=^>K=aNWDgNOFCBCGIF,_> RYNE>ALKQgNXLKGT�X= ��� j¡  � DgNOFVN |x| D~>AbdQ^>��^S�b�Q^>�@V>7Q^@VNOFVZO=fLASX=?��F5>ALKQ^>K=^LKGYN�� � LASX=d�dGT>K=^> B5>K=^>KFW@CGT>KHUDF5>iDF5>A@V>K=�B5>A@1�^@VSX=k�
(1 + x)α ' 1 + α x ,

��� j �d�

1

1 + x
' 1 − x ,

��� j � �

1

1 − x
' 1 + x ,

��� j�� �
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√
1 + x ' 1 +

x

2
.

��� j �]�

��NOFVNfNOeF5>K��GYNOFiRYN >A@5LKFCGIBCQFVN�_>	@5>KFCGT>A@1� @5>sQ^@VNJ� F5>ALKQ^>K=dB5>KHJ>K=�B5>aRYN RT>KBCFVNa\]FCGT>K\�N(MPQ ;LU&YsHaN �
� �^@5LKQRYN

�
∑

� j�� RIQ^@5BCFVNOHJS]@W>KR Q^@5SU_>�>A@5B5>i@CPIH e SXRTSJLASX= NORI\]Q=^S]@E>),�>KHUDRTS]@1�
6

∑

j=1

j = 1 + 2 + 3 + 4 + 5 + 6 = 21 ,

4
∑

j=1

j2 = 12 + 22 + 32 + 42 = 30 ,

2
∑

k=−2

jk = j−2 + j−1 + 1 + j + j2 ,

∞
∑

n=0

(

1

2

)n

= 1 +
1

2
+

1

4
+

1

8
+ · · · = 2 .

lcm��7m n��5x���x,t
	|wcu��yx	g} v��cwctsw���x�	g}��5r
� SX=^@CGT_>KF5>KHJS]@cRTS]@MBCFCGYZO=\]QRTS]@cF5>ALKBVZO=\]QRTS]@ 4 (ABC) � 4 (AB ′C ′)

HJS]@CBCFVNX_S]@c>K=�RYN�^\]QFVN � j � jBa/>/NXLKQ^>KF5_SsN�Q=aB5>ASXF5>KHaN _>cRYNi\�>ASXHJ>KBCFCPYNs>KRT>KHJ>K=dBVNOR���RYN�FVNO�1�X= � >K=dBCF5>WBCFVNO�1S]@ �
AC : AB

>A@7GI\]QgNOR N RYN FVNO�1�X=
AC ′ : AB′ � _>KD >K=^_�GT>K=^_Sf�A@CBVN�@V�XRTS?_>KR,�XNORTSXF�_>KR ZO=\]QRTS

α
j * >[�gN�LASX=���>K=GT_S$RIRYNOHaNOF?NpBVNORcFVNO�1�X=

cos α + S*@5>1N�� >K= Q= BCFCGYZO=\]QRTS F5>ALKBVZO=\]QRTS�`>KRLKQ^SdLKGT>K=dB5>J>K=�BCF5>J>KR,L1NOB5>KB5SfNX_ � NX@5LA>K=dB5> � RYN �GID SXB5>K=�Q^@VNf_>��^=^>U>KR 0Z29M�8P4�2J_>KR�ZO=\]QRTSfbdQ^>��SXFCHaNO=[>A@VS]@c_S]@hRYNX_S]@1�

cos α =
AC

AB
=

longitud del lado adyacente

longitud de la hipotenusa
.

� Q ;��B:TY������
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� NOH eGT�K=p>KR�LKQ^S�LKGT>K=�B5>y>K=�BCF5>�>KR�L1NOB5>KB5SaSXDQ^>A@CB5SaNOR ZO=\]QRTS
α � RYN	�GID~SXB5>K=dQ^@VNJ>A@cGI=^_>KD~>K= �_�GT>K=�B5>W_>KRBVNOHaN��^Sy_>KRBCFCGYZO=\]QRTS�F5>ALKBVZO=\]QRTS � @5�XRTSi_>KD >K=^_>c_>KR^�]NORTSXF�_> α j ` >A@CBVN/FVNO�1�X=@5>7RYN	RIRYNOHaNNMO8P4 2i_>KR ZO=\]QRTS�^B5>K=GT�K=^_S]@5>

sinα =
BC

AB
=

longitud del lado opuesto

longitud de la hipotenusa
.

<�@c�BCGIRk_>��^=GIFEBVNOH eGT�K=[RYNy��Q=^LKGT�X= XSY54�;18P4JX 8K�
tan α ≡ longitud del lado opuesto

longitud del lado adyacente
=

sinα

cos α
.

<,�XNORIQ^>KHJS]@
sin2 α + cos2 α

j * >iBCGT>K=^>]�

cos2 α + sin2 α =

(

AC

AB

)2

+

(

BC

AB

)2

=
(AC)2 + (BC)2

(AB)2
.

� >KF5S�|_> NXLKQ^>KF5_SaNORkB5>ASXF5>KHaNU_> �,GIBVZO\�SXFVNX@1�
(AC)2 + (BC)2 = (AB)2

�RIQ^>K\�S
cos2 α + sin2 α = 1 .

a7S]@hF5>KRYNXLKGTSX=^>A@WBCFCGI\�SX=^SXHJ�KBCFCGTL1NX@EGIHUD SXFCBVNO=�B5>A@/@5SX=k�
sin(α + β) = sinα cos β + sinβ cos α

��� j � �

�
cos(α + β) = cosα cos β − sinα sinβ .

��� j _��
a/>KHJS]@5BCF5>KHJS]@/NORkHJ>K=^S]@WQ=gNU_>i>KRIRYNX@ + RYNUDFCGIHJ>KFVN�jg��NOFVNJ>KRIRTSJLASX=^@CGT_>KF5>KHJS]@ERYNs�^\]QFVN

� j¡ �j��NOFCBCGT>K=^_Sf_>KR�BCFCGYZO=\]QRTS 4 (ABC)
�|DF5SXRTSX=\�NOHJS]@i>KR RYNX_S

BC � \]FVN;�gL1NOHJS]@7RYNX@7NORIBCQFVNX@
CD � AE

j��/SXB5>�b�Q^>?>KRcZO=\]QRTS
<� ACE

F5>A@CQRIBVNp@5>KF	GI\]QgNORWN
α + β

j,<,RWZOF5>1Np_> Q=BCFCGYZO=\]QRTS >A@/RYNJHUGIBVNX_ _>KR�DF5S�_�Q^LKB5S _>s@CQ egNX@5>�D SXFERYN NORIBCQFVN�j�a/>yRYNJ�^\]QFVN � j¡ ��|DgNOFVNa>KRZOF5>1NU_>KR 4 (ABC)
�SXeB5>K=^>KHJS]@
2 · � F5>1N [4 (ABC)] = BC · EA = AB · CD .<,=�RYNM�RIBCGIHaNh>ALKQgNXLKGT�X= �^>KHJS]@�>A@5LKFCGIB5Sc>KR]DF5S�_�Q^LKB5S�.��TY9MO8��/25:�Y
	 X ��: Y�=,_>KR�BCFCGYZO=\]QRTS

∆(ABC)_>W_S]@�HaNO=^>KFVNX@ _�GT@CBCGI=�BVNX@9��>K=aRYNiDFCGIHJ>KFVNiGI\]QgNORT_^NX_ �
BC
>A@ RYN7egNX@5> � EA

RYNyNORIBCQFVN���HUGT>K= �BCFVNX@�b�Q^>M>K=	RYN7@5>K\]Q=^_^N��
AB
>A@�RYN/egNX@5> � CD

RYNiNORIBCQFVN�j]��NOFCBCGT>K=^_S _>`RYN/�RIBCGIHaN/GI\]QgNORT_^NX_ �_�GI�dGT_�GT>K=^_S NOH e S]@hRYNX_S]@cD SXF
AC � CB

�@5>iSXeBCGT>K=^>
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BC

BC
· EA

AC
=

AB · CD

AC · CB
,SJ@5>1N��

EA

AC
=

(AD + DB) · CD

AC · BC

=
AD

AC
· CD

BC
+

DB

BC
· CD

AC
.

�E@VNO=^_SJRYNX@c_>��^=GTLKGTSX=^>A@W_> MO8P4 2 � 0329MO8P4 2]�|@5>i_>A_�Q^LA>7�^=gNORIHJ>K=dB5> bdQ^>
sin(α + β) = sinα cos β + sinβ cos α .� SXHJSJL1NX@5S]@WDgNOFCBCGTLKQRYNOF5>A@W_>iRYNX@c>ALKQgNXLKGTSX=^>A@ ��� j � � �

��� j _�� �^@5>i>K=^LKQ^>K=�BCFVN
cos(2α) = cos2 α − sin2 α

��� j �O]��

�
sin(2α) = 2 cos α sinα .

��� j �]�9�

<���GT@5B5>K=$HyQ^L5�gNX@sGT_>K=�BCGT_^NX_>A@	BCFCGI\�SX=^SXHJ�KBCFCGTL1NX@U_> >A@CB5>JBCGID S[bdQ^>JF5>A@5QRIBVNO= @5>KFy�BCGIRT>A@ DgN �FVN RIRT>K�XNOFJNX_>KRYNO=�B5> _�G3��>KF5>K=dB5>A@UBCGID S]@U_> L1ZORTLKQRTS]@9j�a7>),CNOHJS]@UbdQ^>�>KRhRT>ALKB5SXFJ_>KH Q^>A@CBCF5>?RYNX@@CGI\]QGT>K=�B5>A@EGT_>K=�BCGT_^NX_>A@1�
sinα ± sinβ = 2 sin

[

α ± β

2

]

cos

[

α ∓ β

2

]

,

��� j �   �

cos α + cos β = 2 cos

[

α + β

2

]

cos

[

α − β

2

]

,

��� j � [ �
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cos α − cos β = −2 sin

[

α + β

2

]

sin

[

α − β

2

]

,

��� j ���d�

tan 2θ =
2 tan θ

1 − tan2 θ
.

��� j � � �
��NU_>��^=GTLKGT�X= _>KR�M�8P4�2 � 0Z29M�8P4�2 bdQ^>7�^>KHJS]@W_^NX_SJ>A@c�XZORIGT_^N	DgNOFVNaZO=\]QRTS]@ α

>K=�BCF5>
0� 90

\]FVNX_S]@9j���NOFVN	_>��^=GIFh>A@CBVNX@ � Q=^LKGTSX=^>A@MDgNOFVNsSXBCF5S]@hZO=\]QRTS]@h>A@MLASX=���>K=GT>K=dB5>�LASX=^@CGT_>KFVNOFQ=pLKPIF5LKQRTS�_>yFVNX_�GTS
R = 1

LA>K=�BCFVNX_S?>K=�>KR�SXFCGI\�>K= � ��>KFE�^\]QFVN � j\[ � j ��SXF7LASX=d��>K=^LKGT�X=k� RTS]@ZO=\]QRTS]@W@5>7HUGT_>K=[_>A@V_>�>KRk>),�>
x̂
>K=f>KR�@5>K=dBCGT_SJLASX=�BCFVNOFCGTS N	RTS]@hDQ=�B5>KF5S]@E_>KRkF5>KRTS9,Aj� SX=^@CGT_>KF5>KHJS]@a>KRMDQ=dB5S

A
@5SXeF5>?>KRhLKPIF5LKQRTS����SXFCHaNO=^_SpQ= ZO=\]QRTS

α
LASX= >KRc>),�>

x̂
j�E@VNO=^_S	>KR~�^>AL5�^SUbdQ^>WRYN �GID SXB5>K=�Q^@VNs�]NORT>

1
��>A@ � ZXLKGIR LASX=���>K=^LA>KF5@V>i_>EbdQ^>WRYNX@hLAS�SXF5_>K=gNX_^NX@

x
>

y
_>KR DQ=�B5S

A
LASXGI=^LKGT_>K= LASX=fRTS]@c�XNORTSXF5>A@c_>

cos α � sinα
�^F5>A@CD~>ALKBCGI�]NOHJ>K=�B5>]j<�@f�A@CBVN RYN DF5SXDGT>A_^NX_ b�Q^>�@5>pQ^@ N*DgNOFVN _>��^=GIF[>KRi�XNORTSXFf_>KR MO8P4 2 � 0329MO8P4 2�DgNOFVNLKQgNORTb�QGT>KFUZO=\]QRTS

β
j <,R�DF5S�LA>A_�GIHUGT>K=�B5Sp>A@ >KR`@CGI\]QGT>K=�B5>]� G � <,=^LASX=dBCFVNOF	>KR DQ=�B5S

P
@5SXeF5>>KR�LKPIF5LKQRTS�bdQ^>y��SXFCHaNaQ= ZO=\]QRTS

β
LASX=�>KR�>),�>

x̂

� >K= RYNa�^\]QFVN � j\[�� >A@CB5S @5> HyQ^>A@CBCFVN DgNOFVN
β = 210◦

�
+ GIG
� RIQ^>K\�S�`DF5S � >ALKBVNOFf>KR/DQ=�B5S P

@5SXeF5> RTS]@ >),C>A@ DgNOFVN >K=^LASX=�BCFVNOF
xp
>

yp
j<,=�B5SX=^LA>A@

cos β = xp � sinβ = yp
j��NOFVNU>KRkL1NX@5S	HJS]@CBCFVNX_SJ>K=?RYNy�^\]QFVN � j\[��

cos(210◦) =
−
√

3/2 = −0, 8660 . . . � sin(210◦) = −1/2
j<�@M>K�dGT_>K=dB5>ib�Q^>]�dDgNOFVNyB5Sd_S]@`RTS]@hZO=\]QRTS]@

θ
�@CGT>KHUDF5>�@5>iLKQHUDRT>

−1 ≤ cos θ ≤ 1

�
−1 ≤ sin θ ≤ 1 .

� S�_>KHJS]@a\]FVN;�gL1NOF RYNX@JDF5S � >ALALKGTSX=^>A@ _>KREDQ=�B5S P
N�HJ>A_�GT_^N bdQ^>?�XNOFCGYNOHJS]@

β
j�a7>?>A@CBVNHaNO=^>KFVNJ@5>iSXeBCGT>K=^>�>KR�\]FVZ;�gLASJ_>7RYNX@h��Q=^LKGTSX=^>A@ 0329MO8P4 2 � MO8P4 2

� ��>KFc�^\]QFVN � j �d� j
�W>ALASXF5_>KHJS]@�bdQ^>?RTS]@ ZO=\]QRTS]@ BVNOH eGT�K= DQ^>A_>K= @5>KFaHJ>A_�GT_S]@ >K=!:TY��5Q Y54�8RM � Q=GT_^NX_NX_�GIHJ>K=^@CGTSX=gNOR�b�Q^>s@5>sNOeF5>K�dGYN D SXF :TY�� � j <,R��XNORTSXF7_>KR�ZO=\]QRTS

α
�|>K= FVNX_�GYNO=^>A@1� >A@/GI\]QgNOR�NORRYNOFC\�SU_>KR NOF5LAS	@CQeB5>K=^_�GT_Sa@5SXeF5>7>KR LKPIF5LKQRTSsQ=GIBVNOFCGTSJ_>A@V_>/_SX=^_>/RTS	LKFCQ�9N	>KR >),�>

x̂
�gNX@CBVN>KR,DQ=�B5S

A

� ��>KF7�^\]QFVN � j\[ � j a7>JNXLKQ^>KF5_S[N RYN _>��^=GTLKGT�X=k�kQ=*ZO=\]QRTS?_>
360◦
� S?@V>1N��|RYN
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LKGIF5LKQ=���>KF5>K=^LKGYN	LASXHUDRT>KBVN���LASXFCF5>A@CD SX=^_>KFVZ	N�Q=?ZO=\]QRTSsGI\]QgNOR N
2π
FVNX_ j�<,RkZO=\]QRTS F5>ALKB5S	>A@GI\]QgNOR N

π/2
j �ESU>A@W_�G3� PTLKGIRk��>KFCG3�gL1NOFEb�Q^>

1
FVNX_

=
360◦

2π
= 57, 3◦ .

��NOFVNfRIRT>K\�NOFsNOR,DQ=dB5S
P

� �^\]QFVN � j\[ � SXFCGI\]GI=gNORIHJ>K=�B5> @5>UF5>ALASXFCFCGT�?Q=$ZO=\]QRTS
β
_>A@5_>>KRW>),�>

x̂
D S]@CGIBCGI��Sj ` RcLASX=�BCGI=dQgNOF � _^NOFJQ=gN ��Q^>KRIBVN�LASXHUDRT>KBVNpDgNOFVNp��SXRI��>KF NORhDQ=dB5S P

��gNOeF5>KHJS]@MF5>ALASXFCFCGT_SU_>A@5_>E>KR >),C>
x̂
Q=?ZO=\]QRTS

2π + β
j * Q^LA>A@CGI�XNX@`F5SXBVNXLKGTSX=^>A@h=^S]@`RIRT>K�]NOFVZO==�Q^>K�]NOHJ>K=�B5>JNOR�DQ=dB5S

P
�g�gNOeGT�K=^_S]@5>sF5>ALASXFCFCGT_S ZO=\]QRTS]@

4π + β
�
6π + β

�|>KB5L]j � NX_^NJ��>K�b�Q^>]��_>A@V_>c>KR^>),�>
x̂
D~S]@5GIBCGI��S�]F5>ALASXFCF5>KHJS]@ Q=aZO=\]QRTS

β
HaZX@,Q=JHy�RIBCGIDRTS _>

2π
��>A@5BVNOF5>KHJS]@>K= >KRgDQ=dB5S

P
j * >cBCFVNOBVN�_>WQ=aHJS9�dGIHUGT>K=dB5SsbdQ^>c@5>WF5>KDGIB5> � @5>c_�GTLA>Eb�Q^>E>A@ � 8�:RQ�� �5Q 0327>K=a>KRZO=\]QRTS

β
�LASX=?D~>KFCPTS�_S	GI\]QgNOR N

2π
j * >7BCGT>K=^> � ��>KFM�^\]QFVN � j �d� bdQ^>]��DgNOFVNULKQgNORTbdQGT>KFEZO=\]QRTS

β
�

cos(β + n 2π) = cosβ�
sin(β + n 2π) = sinβ ,

_SX=^_>
n
>A@MQ=?>K=dB5>KF5Sj �ESXB5>ibdQ^>]�LKQgNO=^_SU>KR�ZO=\]QRTSU@5>7>���DF5>A@VN	>K=?FVNX_�GYNO=^>A@1�@5>7LKQHUDRT>K=RYNX@c@CGI\]QGT>K=�B5>A@EF5>KRYNXLKGTSX=^>A@1�

sin(π − θ) = sin θ

sin(π/2 − θ) = cos θ

cos(π − θ) = − cos θ

cos(π/2 − θ) = sin θ

cos(θ + π/2) = − sin θ

sin(θ + π/2) = cos θ .
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� QgNO=^_S >KRENOFC\]QHJ>K=dB5S � >K= FVNX_�GYNO=^>A@ � _>�Q=gNp� Q=^LKGT�X= BCFCGI\�SX=^SXHJ�KBCFCGTL1N*>A@UH Q � D > �b�Q^>��^S�~�A@CBVNaDQ^>A_>sNODF5S1��GIHaNOF5@5>	LASX= Q=gNa>���DF5>A@CGT�X=p@CGIHUDRT>]j|<�= >�� >ALKB5S�|LASX=^@5GT_>KF5>KHJS]@/>KRBCFCGYZO=\]QRTS7F5>ALKBVZO=\]QRTS
ABC

HJS]@5BCFVNX_S/>K=	RYNc�^\]QFVN � j � j ` HJ>A_�GT_^NEbdQ^>
θ
_>ALKF5>ALA>]�X>KRL1NOB5>KB5SSXDQ^>A@CB5S

a
@V>7�gNXLA>�L1NX_^N	��>K��HaZX@hDgNOF5>ALKGT_S NOR�NOF5LASJ_>�LKPIF5LKQRTS

s
LASX=[LA>K=dBCF5SJ>K=

A
j�E@VNO=^_SJRYN	_>��^=GTLKGT�X= _>iRYNy��Q=^LKGT�X=[@5>K=^SU@5>7BCGT>K=^>

sin θ =
a

c
' s

c
.

� >KF5S�>KRhLKQ^S�LKGT>K=�B5>
s/c
>A@sDF5>ALKGT@VNOHJ>K=�B5>?>KRcZO=\]QRTS

α
>K=�FVNX_�GYNO=^>A@1��RIQ^>K\�S��DgNOFVNpZO=\]QRTS]@D~>AbdQ^>��^S]@ � � �A@CB5S]@c>���DF5>A@VNX_S]@c>K=D:TY��5Q Y54�8PM

�

sin α ' α .

��� j � � �
* NOe~>KHJS]@Eb�Q^>

cos2 α = 1 − sin2 α .� Q^>K\�S�^DgNOFVNJZO=\]QRTS]@WD~>AbdQ^>��^S]@
cos2 α ' 1 − α2 ,SJ@5>1N��

cos α '
√

1 − α2 ' 1 − 1

2
α2 .

��� j ���]�

>�?�@BADCFEHG K
<,�XNORI�^>]� Q^@VNO=^_S Q=gN*L1NORTLKQRYNX_SXFVN�� RYNX@J� Q=^LKGTSX=^>A@

sin θ � cos θ
DgNOFVN

θ = 5◦
j � SXHUDgNOF5>RTS]@��]NORTSXF5>A@ SXeB5>K=GT_S]@ LASX=�NXb�Q^�KRIRTS]@ b�Q^>UF5>A@5QRIBVNO=$_>UQ^@VNOFiRYNX@y>���DF5>A@5GTSX=^>A@yNODF5SA��GIHaNX_^NX@>A@5LKFCGIBVNX@cHaZX@WNOFCFCGIegN�j

� =\]F5>A@VNO=^_Sa>KRk�XNORTSXF
θ = 5◦ = 5 · 2π/360

FVNX_f>K=fQ=gN	L1NORTLKQRYNX_SXFVN��~SXeB5>K=^>KHJS]@1�
sin 5◦ = 0, 0871557�
cos 5◦ = 0, 9961947 .
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* G NO�^SXFVN	�gNXLA>KHJS]@cQ^@VSU_>iRYNX@c>���DF5>A@CGTSX=^>A@WNODF5SA��GIHaNX_^NX@1�|SXeB5>K=^>KHJS]@
sin 5◦ ' 5 · 2π

360
= 0, 087266�

cos 5◦ = 1 − 1

2
·
(

5 · 2π
360

)2

= 0, 9961923

�ESXB5>JbdQ^>URTS]@i�]NORTSXF5>A@yNODF5S1��GIHaNX_S]@s_�G3�g>KF5>K=*D S�LAS?_>URTS]@ SXeB5>K=GT_S]@sLASX= RYN?L1NORTLKQRYNX_SXFVN�j��NOFVNa>KRkLAS]@5>K=^SJ>KR�>KFCF5SXFW>A@cGI=���>KFCGTSXFENOR ] � ]L] [ 	 j
� NOe~> _>A@CBVNXL1NOF bdQ^>,RYNX@ ��Q=^LKGTSX=^>A@

sin θ � cos θ
DQ^>A_>K=y@5>KF >���DF5>A@VNX_^NX@ LASXHJScQ=gNh@5QHaNGI=��^=GIBVNa_>iB5�KFCHUGI=^S]@EDF5SXD SXF5LKGTSX=gNORT>A@7NJ_�G3��>KF5>K=dB5>A@WD SXB5>K=^LKGYNX@E_>KR�ZO=\]QRTS

θ

� >���DF5>A@VNX_Sa>K=FVNX_�GYNO=^>A@ � �

cos θ = 1 − θ2

2!
+

θ4

4!
− θ6

6!
+ · · · ,

��� j � � �
�

sin θ = θ − θ3

3!
+

θ5

5!
− θ7

7!
+ · · · ,

_SX=^_>
n! ≡ n·(n−1)·(n−2)·. . .·3·2·1 j;��NOFVN |θ| � 1

�1>A@CBVNX@�@5>KFCGT>A@�LASX=d��>KFC\�>K=yFVZODGT_^NOHJ>K=dB5>]�RTSJb�Q^>7D >KFCHUGIB5>iF5>KDF5>A@5>K=dBVNOFWRYNX@M��Q=^LKGTSX=^>A@�MO8P4 2 � 0329MO8P4 2 LASX=fD~S�LAS]@hB5�KFCHUGI=^S]@1j
>�?�@BADCFEHG��
�W>KDF5>A@5>K=dB5>KHJS]@y>K=$Q= HUGT@CHJSf\]FVZ;�gLAS��DgNOFVN?>KR GI=dB5>KFC�XNORTS

t ∈ [−π, 2π]
� RYNX@�@5GI\]QGT>K=�B5>A@LKGI=^LAS	� Q=^LKGTSX=^>A@9�

G �
f0(t) = cos tGIG �
f1(t) = 1

GIGIG �
f2(t) = 1 − t2/2!GI� �
f3(t) = 1 − t2/2! + t4/4!

� �
f4(t) = 1 − t2/2! + t4/4! − t6/6!

�Ee^@5>KFC��>�b�Q^> _> NXLKQ^>KF5_S�N?RYN >ALKQgNXLKGT�X= ��� j � � � ��RYNX@���Q=^LKGTSX=^>A@
f1(t)
�
f2(t)
� >KB5L]jI��DgNOFVN

tD~>AbdQ^>��^SJ@5SX= NODF5S1��GIHaNXLKGTSX=^>A@7L1NX_^NJ��>K��HJ>),�SXF5>A@E_>
f0(t) = cos t

jg<�@CB5>�LASXHUD SXFCBVNOHUGT>K=�B5S@5>USXe^@5>KFC�]N?LKRYNOFVNOHJ>K=�B5> >K= RYN �^\]QFVN � j�� � DgZO\]GI=gN?@5GI\]QGT>K=�B5> � _SX=^_>a@5>	�gNO= \]FVN;�gL1NX_SfRYNX@_�GI��>KF5@VNX@h��Q=^LKGTSX=^>A@1j
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�������	�HG
� @1I�������JG�� G�A��	�������� I������ @�-I�� I
<,=?SdL1NX@5GTSX=^>A@1��RTSybdQ^>E@V>ELASX=^S�LA>7>A@

x = cos α � RTS	bdQ^>E@5>/_>A@5>1NyLASX=^SdLA>KFh>A@M>KRkZO=\]QRTS
α
j^<�@5BVNUSXD~>KFVNXLKGT�X=[GI=���>KF5@VNU@V>i_>K=^SXBVNUD SXF

α =
NOF5LALAS]@

(x) .

<�@?GIHUD SXFCBVNO=�B5> _^NOF5@5>pLKQ^>K=dBVN _>�b�Q^>p>A@CBVN .���Q=^LKGT�X=/= GI=d��>KF5@VN��hRIRYNOHaNX_^N Y5:T032O0Z29M�8P4�2]�E>A@Q=gN�� ��4 0�Q��54DU � 	 X<QH6-Y 	 �/Y ��Y]� S�@5>1N�� b�Q^>yRYN F5>A@CDQ^>A@CBVN =^S�>A@/�=GTL1N�j��/N � �]NOFCGTS]@�ZO=\]QRTS]@ α_�GT@CBCGI=�B5S]@7DgNOFVN RTS]@/LKQgNORT>A@i>KR�LAS]@5>K=^S _>KR�ZO=\]QRTSaBCGT>K=^>	>KR�HUGT@CHJS �XNORTSXF1j ��NX@7L1NORTLKQRYNX_SXFVNX@1�NOR�>K�XNORIQgNOFiRYNX@7��Q=^LKGTSX=^>A@iBCFCGI\�SX=^SXHJ�KBCFCGTL1NX@ GI=���>KF5@VNX@1��@5�XRTS�_^NO=�RYN�@5SXRIQ^LKGT�X= b�Q^>U>A@5BVZ�>K=p>KRGI=�B5>KFC�]NORTS
[0, π]

DgNOFVN�>KRFY5:T032O0329MO8P4 2 � >KR^GI=dB5>KFC�XNORTS [−π/2,+π/2]
DgNOFVNiRYN/��Q=^LKGT�X= Y5:T0329MO8P4 2

� RYNs��Q=^LKGT�X= Y5:T032LXSYL4B;18P4JX 8Aj<,= S�L1NX@CGTSX=^>A@7RYN @5SXRIQ^LKGT�X=�>K=�BCF5>K\�NX_^N�D SXF7RYN L1NORTLKQRYNX_SXFVN?=^S >A@7RYNa��PT@CGTL1NOHJ>K=�B5>JNXLA>KD �BVNOeRT>]� >K=�LKQ � S L1NX@5S�Q=^S$_>Ke~>[DF5>ASdLKQDgNOF5@V>[_>[>K=^LASX=dBCFVNOF�RYN�@5SXRIQ^LKGT�X= LASXFCF5>ALKBVN
� >K= >KRRT>K=\]QgN-,�>EB5�ALK=GTLAS� 8 	 8 ;LQ : 	 Y :TY5U Y&Y��1830 �/Y ��Y � j ` RI\�Sy@CGIHUGIRYNOF S�LKQFCF5>WLKQgNO=^_SyQ=^S >���BCFVNX>cFVNOP��LA>A@1��DQ^>A_>/SdLKQFCFCGIF`b�Q^>WRYNiFVNOPI�7_> _ _>cGI=�B5>KF5�A@ ��PT@CGTLAS�@5>1N −3 � =^S�RYN @5SXRIQ^LKGT�X=�b�Q^>E>K=�BCF5>K\�NRYNUL1NORTLKQRYNX_SXFVN � bdQ^>i>A@

+3

� j
��NOFVN RYNa��Q=^LKGT�X= Y5:T032O0329MO8P4 2JRYN L1NORTLKQRYNX_SXFVN�� NOR�>K�]NORIQgNOF

α =
NOF5LALAS]@

(x)
LASX= |x| ≤ 1

�@CGT>KHUDF5> _^NOFVZ RYN F5>A@CDQ^>A@CBVN
α
b�Q^>p@5>pQeGTL1N�>K=)>KRiGI=dB5>KFC�XNORTS

[0, π]

� @5G7>A@5BVZ Q^@VNO=^_S�RYNL1NORTLKQRYNX_SXFVN	>K= FVNX_�GYNO=^>A@ � Sy>K= >KR~GI=�B5>KFC�]NORTS
[0, 180◦]

@5G|RYN L1NORTLKQRYNX_SXFVN	>A@CBVZ L1NORTLKQRYNO=^_S	>K=\]FVNX_S]@1j
>�?�@	��	���	�HG�� * >1N |x| ≤ 1

LKGT>KFCB5Sp�]NORTSXFJ_^NX_S � @CQD SX=\�N b�Q^>?_>A@5>1NOHJS]@U>K=^LASX=dBCFVNOFaB5S�_S]@RTS]@cZO=\]QRTS]@
γ

� >K=�FVNX_�GYNO=^>A@ � DgNOFVNsRTS]@hLKQgNORT>A@
cos γ = x

j * QD SX=\�NUNX_>KHaZX@cbdQ^>/�^>KHJS]@1��_>NORI\]Q=gNcHaNO=^>KFVN��X>K=^LASX=�BCFVNX_S/Q=gNW@5SXRIQ^LKGT�X=
γ = α0

� D SXF >),C>KHUDRTS�;>KR�ZO=\]QRTSEbdQ^>�HyQ^>A@CBCFVNcRYNL1NORTLKQRYNX_SXFVN�NOR>K�XNORIQgNOF NOF5LALAS]@
(x)

� jLa/>KHyQ^>A@CBCF5>hbdQ^> B5S�_^NX@�RYNX@,_>KHaZX@�@5SXRIQ^LKGTSX=^>A@�NE=dQ^>A@CBCF5S
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DF5SXeRT>KHaNJ��GT>K=^>K=[_^NX_^NX@ED~SXF

γ = α0 + j · 2π � γ = −α0 + j · 2π �^LASX= j
LKQgNORTbdQGT>KFW�]NORTSXF>K=�B5>KF5Sj

��NOFVN�RYNf��Q=^LKGT�X=!Y5:T0329MO8P4 2�RYN L1NORTLKQRYNX_SXFVN�� NORh>K�]NORIQgNOF
α =

NOF5LA@CGI=
(x)
LASX= |x| ≤ 1

�@CGT>KHUDF5>E_^NOFVZ RYNiF5>A@5DQ^>A@CBVN
α
bdQ^>E@V>hQeGTL1N >K=�>KRgGI=dB5>KFC�XNORTS

[−π/2, π/2]

� @CG~>A@CBVZ Q^@VNO=^_S�RYNL1NORTLKQRYNX_SXFVN7>K= FVNX_�GYNO=^>A@ � SW>K=	>KR�GI=�B5>KFC�]NORTS
[−90◦,+90◦]

@CGdRYNWL1NORTLKQRYNX_SXFVN/>A@CBVZEL1NORTLKQRYNO=^_S>K=f\]FVNX_S]@1j
>�?�@	��	���	�HG�� * >1N |x| ≤ 1

LKGT>KFCB5Sp�]NORTSXFJ_^NX_S � @CQD SX=\�N b�Q^>?_>A@5>1NOHJS]@U>K=^LASX=dBCFVNOFaB5S�_S]@RTS]@WZO=\]QRTS]@
γ

� >K=?FVNX_�GYNO=^>A@ � DgNOFVN	RTS]@hLKQgNORT>A@
sin γ = x

j * QD~SX=\�NaNX_>KHaZX@cb�Q^>7�^>KHJS]@9�_>NORI\]Q=gNcHaNO=^>KFVN��X>K=^LASX=�BCFVNX_S/Q=gNW@5SXRIQ^LKGT�X=
γ = α0

� D SXF >),C>KHUDRTS�;>KR�ZO=\]QRTSEbdQ^>�HyQ^>A@CBCFVNcRYNL1NORTLKQRYNX_SXFVN�NOR>K�XNORIQgNOF NOF5LALAS]@
(x)

� jLa/>KHyQ^>A@CBCF5>hbdQ^> B5S�_^NX@�RYNX@,_>KHaZX@�@5SXRIQ^LKGTSX=^>A@�NE=dQ^>A@CBCF5SDF5SXeRT>KHaN �dGT>K=^>K=�_^NX_^NX@7D SXF
γ = α0 + j · 2π � γ = (π − α0) + j · 2π � LASX= j

LKQgNORTbdQGT>KF�XNORTSXFW>K=dB5>KF5Sj
� SXFE@5>KFM� F5>ALKQ^>K=dB5>KHJ>K=�B5>�� Q^>K=dB5>�_>i>KFCF5SXF5>A@hF5>KGIB5>KFVNOHJS]@hRTSU_�GTLV�^SUQ=^S]@hDgZOFCFVN;� S]@WNO=�B5>A@1�NORk>K�XNORIQgNOFM��Q=^LKGTSX=^>A@MBCFCGI\�SX=^SXHJ�KBCFCGTL1NX@WGI=d��>KF5@VNX@MRYN	@5SXRIQ^LKGT�X=f>K=dBCF5>K\�NX_^N	D~SXFMRYN	L1NORTLKQRYNX_SXFVN

� G >A@�@CGT>KHUDF5>hRYN/��PT@CGTL1NOHJ>K=dB5>WNXLA>KDBVNOeRT>]j�<,R~NORIQHU=^S�_>Ke~>ENX@5>K\]QFVNOF5@5>c_>hbdQ^>hRYN/F5>A@CDQ^>A@CBVNHJS]@CBCFVNX_^NfD SXF�RYN[L1NORTLKQRYNX_SXFVN[>�� >ALKBCGI�XNOHJ>K=dB5>aF5>A@5Q^>KRI��> LASXHUDRT>KBVNOHJ>K=dB5> @5Q DF5SXeRT>KHaN�� >K=L1NX@5S?LASX=�BCFVNOFCGTS� _>Ke~>aNO=gNORIGI�9NOFy@CG�NORI\]Q=gN?_>URYNX@iSXBCFVNX@ @VSXRIQ^LKGTSX=^>A@1� b�Q^>U@V>USXeBCQ�dGT>KF5SX=*>K=RTS]@c_S]@W>),C>KF5LKGTLKGTS]@WNO=�B5>KFCGTSXF5>A@9�g@CGIFC��>]j

���������
	�������

� j <,�]NORI�^>iRYNX@c@5GI\]QGT>K=�B5>A@W@5QHaNOB5SXFCGYNX@
N � S =

∑

n = 1, 2
m = 1, 2, 3

nm

e � S =
∑

j=−3,...,8

1

L �
S =

N
∑

j=0

j

_ �
S =

∑

i, j = 1, . . . , 4
i > j

1

|i − j|

�E>A@CDQ^>A@CBVNX@1�N �7��� ��e �/�  f�L �
N(N + 1)/2

�_ �7� [ ^ [
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 �j <,=^LKQ^>K=dBCF5>cQ=gN7>���DF5>A@CGT�X=UDgNOFVN
[ (x+∆)β −xβ ]/∆

�]>K=J>KR 	��HU QHX 8�>K=JbdQ^>
∆
BCGT>K=^_>cNLA>KF5Sj<,= SXBCFVNX@hDgNORYNOeFVNX@1�

∆
BCGT>K=^>iQ=?�]NORTSXFM�^=GIB5S	D~>KF5S	D >AbdQ^>��PT@CGIHJS � BVNO=?D >Ab�Q^>��^SLASXHJSJ@V>ib�QGT>KFVN � + NOR �^=gNOR _>KR�L1ZORTLKQRTSJ@5>7D >KFCHUGIB5>iD SX=^>KF ∆ = 0

j
�/@VNO=^_SsQ=gNs=^SXBVNXLKGT�X= � Q=�RT>K=\]QgN-,C>7HaZX@MB5�ALK=GTLAS�^>KR >K=�Q=^LKGYNX_SJ_>i>A@CB5>/DF5SXeRT>KHaN@5>KFCPYN��
<,�]NORI�^>

f(x) = ĺım
∆→0

1

∆
[ (x + ∆)β − xβ ] .

�E>A@CDQ^>A@CBVN��
f(x) = β xβ−1 .

[�j <,�]NORI�^> cos(x + ε) − cos x

ε

DgNOFVN |ε| � 1 .

�E>A@CDQ^>A@CBVN�� − sinx
j

� j �E>KDF5>A@5>K=�B5> >K=*� SXFCHaN LKQGT_^NX_S]@VN���>K=*Q= A �HI ADG$\]FVZ;�gLAS��DgNOFVN[>KR`GI=�B5>KFC�]NORTS
t ∈

[−1, 1]
�^RYNX@c@5GI\]QGT>K=�B5>A@WLKQgNOBCF5SU� Q=^LKGTSX=^>A@1�

Y
�

f0(t) = 1/(1 − t)�
�

f1(t) = 1 + t0
�

f2(t) = 1 + t + t2

�

�
f3(t) = 1 + t + t2 + t3

�Ee^@5>KFC��> b�Q^>]�1_> NXLKQ^>KF5_SENMRYNM>ALKQgNXLKGT�X= ��� j\[ � �
f1(t)
�
f2(t) � f3(t)

@5SX=�@5Q^LA>A@CGI�XNOHJ>K=dB5>NODF5S1��GIHaNXLKGTSX=^>A@/L1NX_^N	��>K��HJ>),CSXF5>A@ � DgNOFVN
t
D~>AbdQ^>��^S � _>7RYNs��Q=^LKGT�X=

f0(t)
j

� j a7>KH Q^>A@5BCF5>iRYNX@c@CGI\]QGT>K=dB5>A@WF5>KRYNXLKGTSX=^>A@WBCFCGI\�SX=^SXHJ�KBCFCGTL1NX@1�
� N �

sinα =
tanα√

1 + tan2 α� e �
tan(α + β) =

tanα + tan β

1 − tanα tan β� L �
sinα + sinβ = 2 sin

(

α + β

2

)

cos

(

α − β

2

)

.
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� Q ; �B:TY ����� ��Q ;���: Y �����

��j * >1N
r
>KR FVNX_�GTSJ_>KR�LKPIF5LKQRTSJLKGIF5LKQ=^@VLKFCGIB5Sa_>iQ=?D >K=�BVZO\�SX=^SaF5>K\]QRYNOF � ��>KFM�^\]QFVN � j �]� j

Y
�

� � QgZO=�B5SUHUGT_> >KR ZO=\]QRTSUGI=�B5>KFCGTSXF β

� >K=?FVNX_�GYNO=^>A@ � �
�
�
a7>KB5>KFCHUGI=^>�>KRkRYNOFC\�Sa_>KR RYNX_S

s
>K=?��Q=^LKGT�X=f_>

r
j

0
�
a7>KB5>KFCHUGI=^>�>KR ZOF5>1NJ_>KR D~>K=dBVZO\�SX=^Sj

�E>A@CDQ^>A@CBVNX@1�N �
β = 3π/5

FVNX_�GYNO=^>A@ + L
� ZOF5>1N�� 5

2 r2 sin(2π/5)
j

� j �E=gN L1NOHUGTSX=gNX_^N _>fNOF5>K=gNp@5>AL1Np@5>�_>A@5L1NOFC\�Np��SXFCHaNO=^_SpQ= LASX=^S�_> � HJ>KBCF5S]@J_>_�GYZOHJ>KBCF5Sj * GRYNi_>K=^@CGT_^NX_J_>hRYNiNOF5>K=gN�@5>AL1Ni>A@
ρ =

� j � \
/
LKH 3 � >KR^>KR|ZO=\]QRTS�_>KRgLASX=^S� ��>KFM�^\]QFVN � j � � >A@c_>

θ = 32◦
�L1NORTLKQRT>�RYN	HaNX@VN	_>iRYNUNOF5>K=gN � >K=[B5SX=^>KRYNX_^NX@ � j

� j <,=^LKQ^>K=dBCF5>hB5S�_S]@,RTS]@��XNORTSXF5>A@ _>
x
>K=J>KRGI=�B5>KFC�]NORTS

[−5,+5]

� LKQgNO=^_Si=^Si@5>M>A@CD >ALKG3�gL1N=gNX_^N�@5> NX@5QHJ> b�Q^>pRYNX@�Q=GT_^NX_>A@ @5SX= FVNX_�GYNO=^>A@ � DgNOFVN RTS]@fLKQgNORT>A@f@5>�LKQHUDRT>�RYNF5>KRYNXLKGT�X=
sinx tan x = −3

2
.

�E>A@CDQ^>A@CBVN��
x = −4π/3

� −2π/3
�

2π/3
�

4π/3
j

_ j �E>KDF5>A@5>K=�B5>s>K=[Q= HUGT@CHJSJ\]FVZ;�gLAS�~DgNOFVN
t
>K=p>KR�GI=dB5>KFC�XNORTS

[−π, 2π]
�|RYNX@/@CGI\]QGT>K=�B5>A@LKQgNOBCF5S	��Q=^LKGTSX=^>A@1�

Y
�

f0(t) = sin t�
�

f1(t) = t0
�

f2(t) = t − t3/3!
�

�
f3(t) = t − t3/3! + t5/5!

` bdQP�=�Q^>K�]NOHJ>K=�B5>
f1(t)
�
f2(t) � f3(t)

@5SX=�@CQ^LA>A@CGI�]NOHJ>K=�B5> NODF5SA��GIHaNXLKGTSX=^>A@ L1NX_^N��>K�iHJ>),CSXF5>A@ � DgNOFVN
t
D~>AbdQ^>��^S � _>iRYNy��Q=^LKGT�X=

f0(t)
j
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� Q ;��B:TY������
�O] j ` REGI=^LKGT_�GIF?RIQ��@5SXeF5> Q=gN$GI=�B5>KF���NX@5>]�`D SXF�>),C>KHUDRTS�cNOR/DgNX@VNOF?_>KRiNOGIF5> NOR/��GT_�FCGTS S��GTLA>K��>KF5@VN���A@CBVN	\�>K=^>KFVNORIHJ>K=dB5>y@5Q�� F5>7Q=fL1NOHyeGTSa_>�_�GIF5>ALALKGT�X= � ��>KFc�^\]QFVN � j _�� j^<�@CB5>� >K=^�XHJ>K=^S�@5>pLASX=^SdLA>pLASX= >KR7=^SXH eF5>�_> :T8��R:TY�030�Q��54�_> RYN$RIQ��jM��N�>ALKQgNXLKGT�X=)bdQ^>_>A@5LKFCGIe >i>A@CB5>/� >K=^�XHJ>K=^Sa>A@hRYN�� 8�� �B8�� 4�8 	 	 �

sinα

sinβ
=

v �
	���
v � 	�����	��

,

_SX=^_>
v ��	��� � v � 	�����	��

LASXFCF5>A@CD~SX=^_>K=[N RYNy��>KRTSdLKGT_^NX_?_>ERYNyRIQ�i>K=�>KR NOGIF5> � >KR �dGT_�FCGTS�F5>A@CD >ALKBCGI�]NOHJ>K=�B5>]j � ��NOFVNU>KRk��GT_�FCGTSJLASXHy�=[@5>7BCGT>K=^>
v ��	��� /v � 	�����	�� ' 1,5

j �

Y
� * QD SX=\�NOHJS]@EbdQ^>iQ=f�gNO�s_>iRIQ� GI=^LKGT_>y@5SXeF5>iQ= �dGT_�FCGTSJ_>s ULKH _>y>A@CD~>A@VSXF1�LASX=fQ=pZO=\]QRTSa_> GI=^LKGT_>K=^LKGYN

α = 40◦
j^<,=^LKQ^>K=dBCF5>sRYNU_�GT@CBVNO=^LKGYN

d
D SXFcRYNJLKQgNOR>KR��gNO� _>URIQ�a>KHJ>KFC\�>K=dB5> @V>J>K=^LASX=�BCFVNOFVZ[DgNOFVNORT>KRYNOHJ>K=�B5>�_>A@CDRYNO�9NX_S[F5>A@CD~>ALKB5SNOR �gNO��GI=^LKGT_>K=dB5> � ��>KFh�^\]QFVN � j �O]�� j

�
� � SX=^@CGT_>KF5>�NO�^SXFVNyQ=?�gNO�i_>/RIQ�7GI=^LKGT_�GT>K=^_SJ@5SXeF5>/Q=�DFCGT@CHaN	>K=�RYN�� SXFCHaN	bdQ^>@5> H Q^>A@CBCFVN7>K=sRYNc�^\]QFVN � j �]� jX<,=^LKQ^>K=dBCF5>c>KRZO=\]QRTS

β
DgNOFVN

α = 20◦, 40◦, 50◦� 70◦
j � ��NOFVNsb�Q^�/ZO=\]QRTS α = α0

@5>ESXeBCGT>K=^>
β = 90◦

� ��NOFVN
α > α0

>KR|�gNO�/_>RIQ�s>A@WF5>��g>),5NX_S >A@5D~>ALKQRYNOFCHJ>K=dB5> � LASXHJS @CG�� Q^>A@5> Q= >A@5D~>),CS � D SXFERYNa@CQD~>KF��gLKGT>GI=dB5>KFCGTSXFE_>KR DFCGT@CHaN���� >K=^�XHJ>K=^SJLASX=^S�LKGT_SaLASX=f>KRk=^SXHyeF5> _> :38�� 8��5Q��54DXS2LXSY 	3j

� Q ; �B:TY ��� ��� � Q ;���: Y �������
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� Q ;���: Y ����� � � Q ; �B:TY ��� � �
�]� j ��N �^\]QFVN � j �  ?NX_9,�Q=�BVN?GI=^_�GTL1N�RYN _�G3��>KF5>K=^LKGYN?>K=dBCF5>UQ= � � Y MPQ �18�: Y 	 � Q= � � Y M�2 	 Y5:�j��NOFVNp��NXLKGIRIGIBVNOFaRYN*>���DRIGTL1NXLKGT�X= @CQD SX=\�NOHJS]@abdQ^>[>A@JD S]@CGIeRT>fSXe^@V>KFC�XNOF RYNX@a>A@CBCF5>KRIRYNX@_�QFVNO=dB5> >KR�_�PYN�j � ��SXFE@5QDQ^>A@CB5SJbdQ^>iRYNX@c>A@CBCF5>KRIRYNX@E>A@CBVZO= NORIRIP � _>i�^>AL5�^SaRTS]@cFVNX_�GTS�NX@ �BCF5�X=^SXHJS]@ESXe^@5>KFC�XNO=[NORI\]Q=gNX@E_>�>KRIRYNX@1j �

��NOFVNiQ=aSXe^@V>KFC�XNX_SXF`>K=a>KRg<�LKQgNX_SXF1�d>KRg_�PYN�@5SXRYNOF >A@�>KR^D >KFCPTSd_S�bdQ^>hBCFVNO=^@5LKQFCF5>E>K=�BCF5>_S]@MDgNX@5S]@WLASX=^@5>ALKQBCGI��S]@c_>KRk@5SXR D SXFc>KR �1>K=GIB � D~S]@5GTLKGT�X=f_>KRk@5SXR�, Q^@CB5SU@VSXeF5>7=�Q^>A@CBCFVNX@L1NOe >K�9NX@ � jk<,R _�PYNf@CGT_>KFVNOR LASX=^@5GT@CB5>J>K=*>KR�HUGT@5HJS?� >K=^�XHJ>K=^SfD >KF5Sfb�Q^>JNO�^SXFVN[SdLKQFCF5>LASX=�Q=gN	>A@CBCF5>KRIRYNsHyQ � RT>),5NO=gN�j��N	_�G3� >KF5>K=^LKGYN	>K=�BCF5> NOHyegNX@c_>��^=GTLKGTSX=^>A@c@5>i_>Ke >iN RYNBCFVNX@CRYNXLKGT�X= _>�RYN	BCGT>KFCFVN NORIF5>A_>A_SXF/_>KR�@5SXR�j7a7>KB5>KFCHUGI=^>s>KRk�XNORTSXF/_>KR�ZO=\]QRTS
α
bdQ^>�@5>HyQ^>A@CBCFVNa>K= RYNU�^\]QFVN � L1NORTLKQRT> RYN _�G3� >KF5>K=^LKGYNa>K=dBCF5>y>KR�_�PYNa@CGT_>KFVNOR � >KR _�PYN @5SXRYNOFE>K=@5>K\]Q=^_S]@9j

�  �j �E=fBVNOH e SXF7_> � ] LKH�_>�FVNX_�GTS �
� j � H&_>�RYNOFC\�Sa@V> >K=^LKQ^>K=�BCFVN . NXLAS]@CBVNX_S9= � RIRT>K=^SLASX= DgNOFVN;�^=gNf�gNX@5BVNfQ=gN NORIBCQFVN

h =
�
] LKH � ��>KF �^\]QFVN � j � [ � j � � QgZO=dB5S]@yRIGIBCF5S]@	_>DgNOFVN;�^=gN	�gN � >K=f>KRkBVNOH e SXF ��

[�j ��N�>A@C��>KFCGTLKGT_^NX_�_>	RYN BCGT>KFCFVN ��Q^>sD~S]@CBCQRYNX_^N?D~SXFi�,GIBVZO\�SXFVNX@ � LASX=��^FCHaNX_^N�D SXF ` FCGT@ �B5�XB5>KRT>A@	NOR SXe^@5>KFC�]NOF RYN���SXFCHaN LKGIF5LKQRYNOFy_>aRYNf@5SXHyeFVN[bdQ^>JDF5S � >ALKBVNfRYNfBCGT>KFCFVNf>K=*RYN@CQD >KF��gLKGT>i_>iRYNsRIQ=gNU_�QFVNO=dB5>�Q=[>ALKRIGID^@V>iRIQ=gNOF1j
<,R|DFCGIHJ>KF`L1ZORTLKQRTSsbdQ^>W@5>ELASX=^SdLA>E_>KR|FVNX_�GTSs_>cRYN�BCGT>KFCFVN @5>E_>Ke~>/N�<,FVNOB5�]@5B5>K=^>A@ �   � �
` j � j � �O_�� ` j � j � ��bdQGT>K= N[RYN[��>ALV�gN >A@CBVNOegNpN L1NOFC\�Sp_>KR�� Q^@5>AS _> ` RT>),CNO=^_�FCPYN�j�<,RHJ�KB5S�_SabdQ^>iQ^@5� @5>iegNX@5�J>K= SXe^@5>KFC�]NOFE>KR ZO=\]QRTS LASX= bdQ^>iGI=^LKGT_>K= RTS]@cFVN � S]@/@5SXRYNOF5>A@@5SXeF5> RYNa@5QD~>KF��gLKGT>s_> RYNJBCGT>KFCFVN�� >KR HUGT@CHJS _�PYN � NaRYNaHUGT@CHaNJ�^SXFVN��~>K= _S]@/RIQ\�NOF5>A@@5>KDgNOFVNX_S]@W>K=�BCF5>i@CP D SXFMQ=gNs\]FVNO=f_�GT@CBVNO=^LKGYN�j^�kS]@MRIQ\�NOF5>A@E>KRT>K\]GT_S]@M� Q^>KF5SX= * GT>K=gN � * �� �^S � ` @CQgZO=

�
� ` RT>),5NO=^_�FCPYN

� ` � j
<,FVNOB5�]@5B5>K=^>A@�@VNOePYN b�Q^>UNOR,HJ>A_�GTS�_�PYN�_>KR� ] �_>#,�Q=GTS?>KR * SXR�L1NOPYN ��>KFCBCGTL1NORIHJ>K=�B5>a>K=
* GT>K=gN��DQ^>A@WRYN	RIQ�y@V>7F5>��g>),CNOegNa_�GIF5>ALKBVNOHJ>K=�B5>s>K=[>KR � SX=^_Sa_>iQ=gN	=^SXFCGYN�j|<,RkHUGT@CHJS_�PYN���N RYN HUGT@CHaN �^SXFVN���HUGT_�GT��RYN @5SXHyeFVN�bdQ^> DF5S � >ALKBVNOegN >K= ` RT>),CNO=^_�FCPYN Q=�NORIB5S
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SXe >KRIGT@5LAS�~b�Q^> RT> GI=^_�GTLA��bdQ^>�RTS]@/FVN � S]@7@5SXRYNOF5>A@E� SXFCHaNOegNO= Q=�ZO=\]QRTS _> 7,2◦
LASX= RYN��>KFCBCGTL1NOR � ��>KFc�^\]QFVN � j ���d� j

aiNX_Ssb�Q^>E>KR~@5SXR~>A@CBVZsNi\]FVNO=�_�GT@CBVNO=^LKGYNs_>WRYN�BCGT>KFCFVNy@V>cDQ^>A_>/@CQD~SX=^>KFMbdQ^>cRTS]@`FVN � S]@bdQ^>URIRT>K\�NO= N[NOH egNX@sLKGIQ^_^NX_>A@y@5SX=�DgNOFVNORT>KRTS]@9j <�@VSfb�QGT>KF5>a_>ALKGIFybdQ^>URYN?@5>KDgNOFVNXLKGT�X=NO=\]QRYNOF�>K=dBCF5> * GT>K=gN � ` RT>),5NO=^_�FCPYN HJ>A_�GT_^N?LASX=�F5>A@CD >ALKB5SfNOR�LA>K=�BCF5Sf_>	RYN BCGT>KFCFVN?>A@BVNOHyeGT�K=
7,2◦
j * NOeGT>K=^_SWbdQ^>�RYNh_�GT@CBVNO=^LKGYNW>K=�BCF5> * GT>K=gN � ` RT>),CNO=^_�FCPYN

� NOF5LASW_>�LKPIF5LKQRTS �>A@c_>�NODF5S1��GIHaNX_^NOHJ>K=dB5>
800 � Hf�^>A@CBCGIHJ>i>KR�FVNX_�GTSJ_>7RYN	BCGT>KFCFVN�j

�E>A@CDQ^>A@CBVN����/NX_�GTS ∼ �
�O]L]
� Hfj
� <�R|F5>A@CQRIBVNX_Syb�Q^>WSXeBCQ��Sy<,FVNOB5�]@5B5>K=^>A@`>K= @CQ �KD SdL1N��Q^>/GI=^LASXFCF5>ALKB5S�^_>KeGT_SJNsRYNyGIHUDF5>ALKGT@CGT�X=[LASX=fbdQ^>/>A@5BCGIHJ�	RYNy_�GT@5BVNO=^LKGYNU>K=�BCF5>7RTS]@c_S]@RIQ\�NOF5>A@1j ���� j �E=gN D~>KF5@5SX=gN QeGTL1NX_^N�>K= >KR�DQ=dB5S

P
SXe^@5>KFC�XN�_S]@7HJSX=dBVN��gNX@ bdQ^>sRYN F5Sd_>1NO=k� Q=gNN$RYN�_>KF5>AL5�gN � RYN�SXBCFVN N RYN GI�1bdQGT>KF5_^N�j * >1NO= α � β

RTS]@[ZO=\]QRTS]@f_>�>KRT>K�]NXLKGT�X=k�F5>A@CD >ALKBCGI�]NOHJ>K=�B5> � ��>KF �^\]QFVN � j � � � j * G^RYNiHJSX=dBVN��gN�_>cRYNiGI�1b�QGT>KF5_^N�BCGT>K=^>cQ=gN NORIBCQFVN
h � RYNE@5>KDgNOFVNXLKGT�X=U>K=�BCF5>`RYNX@�DF5S � >ALALKGTSX=^>A@�_>`RYNX@�LKGIHaNX@�@5SXeF5>`>KR�=GI��>KR�_>`RYNW@5QD~>KF��gLKGT>B5>KFCF5>A@CBCF5> >A@

D
�L1NORTLKQRT>iRYNaNORIBCQFVNU_>KRkSXBCF5SUHJSX=�B5>]j�

� j <,=?>KRkN��^S ��� �  sRTS]@hNX@CBCF5�X=^SXHJS]@c��NO=^_^NORT> � � NXL1NOGIRIRT>�_>KB5>KFCHUGI=gNOF5SX=[>K=��M>KFCRIPI=
�
�
�
�>K= RYN LKGIQ^_^NX_ _>KR � NOe S � � � ��N RYNiHUGT@CHaN �^SXFVN��d>KR ZO=\]QRTSs>K=�BCF5>ERYN�=^SXFCHaNOR � RYN�F5>ALKBVN

��Q ;���: Y�� � � �
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��Q ;���: Y�� � ���

>K=dBCF5> @CQ?D S]@CGTLKGT�X= � Q=fDQ=dB5SJDF5>A_>KB5>KFCHUGI=gNX_S�_>KRke SXF5_>�_>iRYN	RIQ=gN�j|�kS]@EZO=\]QRTS]@bdQ^>	_>KB5>KFCHUGI=gNOF5SX= ��Q^>KF5SX=
β = 32,08◦

>K= �M>KFCRIPI= � γ = 55,72◦
>K=�<,R � NOe Sj ` H �egNX@ELKGIQ^_^NX_>A@E@5>�QeGTL1NO= >K=[>KR HUGT@CHJSJHJ>KFCGT_�GYNO=^S � @5>�>K=^LKQ^>K=dBCFVNO=p>K=[RYNX@WRYNOBCGT_�Q^_>A@

λB = 52,52◦ � λC = −33,93◦
� F5>A@5D~>ALKBCGI�]NOHJ>K=�B5> � ��>KFi�^\]QFVN � j � � � jk�/@VNO=^_S?DgNOFVN>KR FVNX_�GTS	B5>KFCF5>A@CBCF5>i>KR �]NORTSXFM_> �L[ �5] � Hf��_>KB5>KFCHUGI=^>iRYNs_�GT@CBVNO=^LKGYN	>K=�BCF5>iRYNyBCGT>KFCFVN � RYNRIQ=gN�j

�
��j <,=^LKQ^>K=dBCF5> >KR ZO=\]QRTSa>K=�BCF5>�_S]@E_�GYNO\�SX=gNORT>A@W_>iQ=fLKQe Sj
��� j N � � @1G 9@BA ��� @�E#I @�� G�j a7>KH Q^>A@CBCF5>JbdQ^>	>K=pQ=�BCFCGYZO=\]QRTS?LKQgNORTb�QGT>KFVN�@5>	LKQHUDRT>K=RYNX@c@5GI\]QGT>K=�B5>A@cF5>KRYNXLKGTSX=^>A@9�

a

sinα
=

b

sinβ
=

c

sin γ
,

_SX=^_>
α
�

β � γ
@5SX= RTS]@�ZO=\]QRTS]@�GI=�B5>KFCGTSXF5>A@?_>KR7BCFCGYZO=\]QRTS � a

�
b � c

RTS]@ RYNX_S]@SXDQ^>A@CB5S]@ENUL1NX_^NsQ=^SJ_>�>A@CB5S]@EZO=\]QRTS]@1j
e � � @1G
-@�A���� @�E �1GJIO@ � G jLa/>KHyQ^>A@CBCF5>WbdQ^>M>K=JQ=UBCFCGYZO=\]QRTS�LKQgNORTbdQGT>KFVN�@5>MLKQHUDRT>K=RYNX@c@5GI\]QGT>K=B5>A@cF5>KRYNXLKGTSX=^>A@1�

c2 = a2 + b2 − 2ab cos γ ,

b2 = a2 + c2 − 2ac cos β ,

�
a2 = b2 + c2 − 2cb cos α .
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�
� j a7>KB5>KFCHUGI=^>W>KRgRYNOFC\�SiHUPI=GIHJS bdQ^>c_>Ke >B5>K=^>KF7Q=gN�L1NX_>K=gN DgNOFVN Q=GIF�_S]@7D S��RT>1NX@i_>	FVNX_�GTS]@

R � r
� @V>KDgNOFVNX_^NX@iD~SXFQ=gN	_�GT@CBVNO=^LKGYN

D

� ��>KFM�^\]QFVN � j ���]� j

�E>A@CDQ^>A@CBVN�� � Q ;���: Y ����� �

L = 2 (R − r) arcsin

(

R − r

D

)

+ 2
√

D2 − (R − r)2 + π (r + R) .

�O_ j �E=fB5>KBCFVNX>A_�F5S F5>K\]QRYNOFE>A@cRYNU�^\]QFVNU\�>ASXHJ�KBCFCGTL1N b�Q^>y@5>�SXeBCGT>K=^>sNORk� SXFCHaNOFWQ=gNUDGIFVZ �HUGT_>�LASX= LKQgNOBCF5SJBCFCGYZO=\]QRTS]@/>Ab�QGIRYZOB5>KF5S]@WGT_�K=�BCGTLAS]@1j~<,=^LKQ^>K=�BCF5>s>KR ZO=\]QRTS >K=�BCF5> _S]@_>i@CQ^@WL1NOFVNX@1j
  ] j ��NUNORIBCQFVN	_>7Q=?>A_�G3�gLKGTSJ@V>EDQ^>A_>i_>KB5>KFCHUGI=gNOFEHUGT_�GT>K=^_SU@CQ��54B; ��	 2 �B8 8 	 8P6-Y10�Q �L4 �RYNa_�GT@CBVNO=^LKGYNaNJRYNJbdQ^>�Q=^Sa@V>�>K=^LKQ^>K=�BCFVN _>KR >A_�G3�gLKGTSj * QD SX=\�NabdQ^> >KR GI=^@CBCFCQHJ>K=�B5SbdQ^>`BCGT>K=^>WN7_�GT@CD S]@CGTLKGT�X=URT>MD~>KFCHUGIB5>cHJ>A_�GIF ZO=\]QRTS]@�LASX=JQ=J>KFCF5SXF�_> ±1◦

jLa7>KB5>KFCHUGI=^>>KR�HJ>K=^SXFy>KFCF5SXF D SXF5LA>K=�BCQgNORMLASX=*b�Q^>]��LASX= BVNOR GI=^@CBCFCQHJ>K=dB5S��Q^@5B5>A_�DQ^>A_>JHJ>A_�GIF�RYNNORIBCQFVNU_>7Q= >A_�G3�gLKGTSj
  � j a7S]@�SXe^@5>KFC�]NX_SXF5>A@

A � B
HUGT_>K=$ZO= �\]QRTS]@U_>�>KRT>K�]NXLKGT�X=�_> Q= NA��GT�X= bdQ^>RTS]@`@5SXeF5>K��Q^>KRYNyN Q=gNyNORIBCQFVNsLASX=^@CBVNO= �B5>]jA<,=yLKGT>KFCB5ShGI=^@CBVNO=�B5> RTS]@�ZO=\]QRTS]@kHJ> �_�GT_S]@ D SXF

A � B
@5SX=

α = 60◦ �
β = 40◦

��F5>A@CD~>ALKBCGI�]NOHJ>K=�B5>]j aEGT>K�f@V> �\]Q=^_S]@MHaZX@MBVNOF5_>]�
A
HUGT_>7Q=fZO=\]Q �RTSp_>�>KRT>K�XNXLKGT�X=

γ = 110◦

� ��>KFy�^\]Q �FVN � j � � � jg��NU@5>KDgNOFVNXLKGT�X= >K=�BCF5>
A � B>A@

D = 1 � Hfj � ` bdQ^�/NORIBCQFVN ��Q^>KRYN >KRN1�dGT�X= � � � QgZOR >A@c@CQ?��>KRTS�LKGT_^NX_ � � Q ;���: Y ����� �
 ] �j � FVN;�gbdQ^>]� Q^@VNO=^_S?Q= LASXHUDQBVNX_SXF1��RYN � Q=^LKGT�X=

f(t) = cos(πt) + cos(0, 9πt)
DgNOFVN

t ∈ [0, 40] � SXe^@5>KFC��> >KR ��>K=^�XHJ>K=^SJ_> � ��	 M�Y10�Q<2L4�8RM�j
 L[�j � ��NOFVNJb�Q^�7RYNOBCGIBCQ^_ >KR DgNOFVNORT>KRTSJB5>KFCF5>A@CBCF5>iBCGT>K=^> � ^ [	_>iRYNsRTSX=\]GIBCQ^_[_>KR�< LKQgNX_SXF �
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  � j �E=gN LKQ=^>KBVN _> ��SXFCHaN NO=\]QRYNOF[>A@5BVZL1NOFVNXLKB5>KFCGI�9NX_^N D SXFERTS]@7ZO=\]QRTS]@
α � βF5>A@CD >ALKB5S7NcRYNW�^SXFCGI�1SX=�BVNOR�j]�E=gNce SXRYNE_>NXLA>KF5S�_> FVNX_�GTS

R
D~S]@VN @5SXeF5>�RYN LKQ �=^>KBVN�� ��>KFa�^\]QFVN � j �O_ j�a7>KB5>KFCHUGI=^>�>KR=GI��>KRMHUPI=GIHJSp_>?NO\]QgN�� HJ>A_�GT_S�_>A@ �_> >KR DQ=�B5S HaZX@yegN-,�S _>JRYNfLKQ=^>KBVN��=^>ALA>A@VNOFCGTS DgNOFVN�LKQeFCGIF?RYN$e SXRYN$LASXH �DRT>KBVNOHJ>K=dB5>]j � Q ;���: Y ����� �

  � j * SX=sRYNX@ �  E_>KR�_�PYN�j-a7>KB5>KFCHUGI=^>M>K=sLKQgZO=dB5S/FVNOB5SWHaZX@�@5>���Q^>KRI��>K=JNF,�Q=�BVNOF�RTS]@ DQ=�B5>KF5S]@_>KR F5>KRTS9,Aj
 ���j N � � NORTLKQRT>	RYN FVNO�1�X= >K=�BCF5>sRYNX@�ZOF5>1NX@i_>KR,LKPIF5LKQRTS � _>KR�BCFCGYZO=\]QRTS?>Ab�QGIRYZOB5>KF5S?bdQ^> RTSLKGIF5LKQ=^@5LKFCGIe > � ��>KFh�^\]QFVN � j¡  ] N � je � �7NO\�Ni>KR^HUGT@CHJS L1ZORTLKQRTSyNO=�B5>KFCGTSXF D~>KF5S�DgNOFVNi>KRgL1NX@5Si>K=abdQ^>c>KR^BCFCGYZO=\]QRTSyLASX=�B5>K=\�N

n(n + 1)/2
_�GT@5LAS]@c_>iFVNX_�GTS

R
_�GT@5DQ^>A@CB5S]@cLASXHJSJ@5>7HyQ^>A@CBCFVNJ>K=?RYN	�^\]QFVN � j¡  ] ekj

� Q ;���:TY � � � ��Y ��Q ;���: Y�� � � � �
  � j �/@CB5>A_U@5>MDRYNO=dB5>1N�B5>K=^>KF�Q= NOBVNOF5_>ALA>KF _>W  � �^SXFVNX@ _>c_�QFVNXLKGT�X= >K= >KRg<�LKQgNX_SXF1��DgNOFVNRTS?LKQgNOR LKQ^>K=dBVNfLASX= Q=*NX>KF5SXDRYNO=^Sj � NORTLKQRT>JRYN ��>KRTS�LKGT_^NX_*LASX=*bdQ^>U_>Ke >KFCPYN���SXRYNOF �RYN _�GIF5>ALALKGT�X= b�Q^>�_>Ke >aB5SXHaNOFUDgNOFVN RTSX\]FVNOFU@CQ DF5SXD~�]@5GIB5Sj * G Q= NOHUGI\�Sp��GYN-,CN NfRYNHUGT@CHaNJ��>KRTSdLKGT_^NX_[F5>KRYNOBCGI�XN NURYN	BCGT>KFCFVN��|D >KF5SJ>K= @5>K=dBCGT_S SXDQ^>A@5B5S�gL1NORTLKQRT> >KR BCGT>KHUD~SbdQ^>7BCFVNO=^@5LKQFCFCGIFVZU�gNX@5BVN	>K=^LASX=�BCFVNOF5@5> =�Q^>K�]NOHJ>K=�B5>sLASX=[�KR�j
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  � j �7N � b�Q^>7_>ALKGT_�GIFc>KR BCGID~S	_>i>KHUDgNXbdQ^>ib�Q^>7@5>/RT>/�]NsNs_^NOFWNyD >KRTSXBVNX@h_>EB5>K=GT@W>K= Q=gNegNO=^_>),5N/_>`��SXFCHaN/LKQgNX_�FVNX_^N�j�a7>ALKGT_^N7LKQgNOR_>MRYNX@�_S]@,LASX=��^\]QFVNXLKGTSX=^>A@ HJS]@CBCFVNX_^NX@,>K=RYN �^\]QFVNJ  � F5>A@CQRIBVNsHaZX@hLASX=d��>K=GT>K=�B5>]j��]Q^@CBCG3�gbdQ^>i@CQ?F5>A@CDQ^>A@CBVN	LKQgNO=dBCGIBVNOBCGI�XNOHJ>K=dB5>]j

��Q ;���: Y�� � � ��Y � Q ;���:TY � � � � �

lcm���m �7w�������v�	ct�r r ���
�ytswcu �sx �Vwcu qs}~w�� �5x���rcu
 G�E����	���
� �7E�C�9G��FEH@BA������

� =^@5D~>ALALKGTSX=gNO=^_SaRYNy�^\]QFVN � j¡ ] U@5>i_>A_�Q^LA>�_>�GI=HJ>A_�GYNOB5SabdQ^>
φ = δβ + δγ

��Q ;���: Y�� � � �
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�
φ = β + γ − λB − |λC | .�E@VNO=^_S�>KR X 8T25:38PU Y �B8 	
M�8P4 2
� ��>KFfDF5SXeRT>KHaN ���]� >K= RTS]@[BCFCGYZO=\]QRTS]@ � �M� � �/� � �c@V>SXeBCGT>K=^>K=[RYNX@c>���DF5>A@CGTSX=^>A@

sin δβ

R
=

sin(π − β)

D�
sin δγ

R
=

sin(π − γ)

D
.� SXHJS

δβ � δγ
@5SX=[ZO=\]QRTS]@WD~>AbdQ^>��^S]@hD Sd_>KHJS]@hQ^@ NOFcRYNX@WNODF5SA��GIHaNXLKGTSX=^>A@

sin δβ ' δβ

�
sin δγ ' δγ .

a/> >A@CBVNsHaNO=^>KFVNU@5>iSXeBCGT>K=^>K=
δβ ' R

D
sinβ

�
δγ ' R

D
sin γ .

* QHaNO=^_Sa>A@CBVNX@c>ALKQgNXLKGTSX=^>A@E@5>i_>A_�Q^LA> bdQ^>
φ = δβ + δγ ' R

D
(sinβ + sin γ) ,

SJ@5>1N��
D ' R (sinβ + sin γ)

φ
=

R (sinβ + sinγ)

β + γ − λB − |λC |
.

* Q^@CBCGIBCQ � >K=^_Sa>K=[>A@5BVN	>ALKQgNXLKGT�X=[RTS]@h�]NORTSXF5>A@h=�QHJ�KFCGTLAS]@/@5>i>K=^LKQ^>K=dBCFVNJbdQ^>
D ' 367,000 � H ,

�XNORTSXFMH Q � LA>KF5L1NO=^S	NORkNXLKBCQgNORIHJ>K=dB5>�NXLA>KDBVNX_S	DgNOFVN >KR~FVNX_�GTS	_>WRYNs�XFCeGIBVNyRIQ=gNOF1��b�Q^>/>A@ _>[ �
� j ]L]L] � Hfj

 G�E����	���
� �7E�C�9G��FEH@BA������

� SX=^@CGT_>KF5>KHJS]@ Q=aLKQe~S _>cRYNX_S]@
a
j * >1N

A
Q=J���KFCBCGTLA>c_>WQ=gNi_�GYNO\�SX=gNOR � B

>KR���KFCBCGTLA>_> SXBCFVNp_�GYNO\�SX=gNORc_>KRhLKQe SjFa/> RTS]@U_S]@	���KBCGTLA>A@U_> RYN @5>K\]Q=^_^Np_�GYNO\�SX=gNOR��,_>K=^SXBVNOF5>KHJS]@D~SXF
B
NOR����KFCBCGTLA>ybdQ^>�>A@CBVZ N	Q=gNJ_�GT@CBVNO=^LKGYN

a
_>

A

� >KR SXBCF5Sa���KFCBCGTLA>y@5> >K=^LASX=�BCFVNOFVZ NUQ=gN_�GT@CBVNO=^LKGYN
a
√

2
_>

A

� j * >1N
O
>KR DQ=�B5S LA>K=�BCFVNOR�_>KRkLKQe~Sj
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<,RiBCFCGYZO=\]QRTS

AOB
>A@�GT@5�]@VLA>KRT>A@1�hLASX= egNX@5>

AB = a � RYNX_S]@ b ≡ AO = BO =
√

3
2 a
j�<,RZO=\]QRTS

α =<� (AOB)
>A@�>KR�ZO=\]QRTS7eQ^@5L1NX_Sj

* >iBCGT>K=^>�bdQ^>
sin

α

2
=

a/2

b
=

1√
3

,

_>�_SX=^_>�@5>i_>A_�Q^LA>�bdQ^>
α = 70,529◦ .

<,RaZO=\]QRTS LASXHUDRT>KHJ>K=�BVNOFCGTS
<� (AOC) =

109,47◦
j � Q ;���: Y ����� �

 G�E����	���
� �7E�C�9G��FEH@BA���� �

* >1N
a = AP � d = PQ

j�E@VNO=^_Sa>KR B5>ASXF5>KHaNU_>KR�@5>K=^SJ>K=f>KR�BCFCGYZO=\]QRTS
APB

@5>iSXeBCGT>K=^>
sinβ

a
=

sin (α − β)

D
,

SJ@5>1N��
a = D

sinβ

sin(α − β)
.

�E@VNO=^_Sa>KR B5>ASXF5>KHaNJ_>KRk@5>K=^SJ>K=f>KR�BCFCGYZO=\]QRTS
AQP

@5>i_>A_�Q^LA>�bdQ^>
sin(π − γ)

a
=

sin(γ − α)

d
.

�E@VNO=^_SJRYNX@c_S]@c>ALKQgNXLKGTSX=^>A@7NO=�B5>KFCGTSXF5>A@W@V>iSXeBCGT>K=^>�DgNOFVN
d
RYNJ>���DF5>A@CGT�X=

d = D
sinβ

sin(α − β)

sin(γ − α)

sin γ
.

�W>A>KHUDRYNO�9NO=^_S RTS]@J�XNORTSXF5>A@U=dQHJ�KFCGTLAS]@ @V>?>K=^LKQ^>K=�BCFVN bdQ^>�RYN�_�GT@CBVNO=^LKGYN�F5>ALASXFCFCGT_^NpD~SXFJ>KRNA��GT�X=$>K= �O] @V>K\]Q=^_S]@ >A@
d = 1, 53 � Hfjk� N���>KRTSdLKGT_^NX_$_>KR NA��GT�X=$>A@9� D~SXF�RTSfBVNO=�B5S� v =

552 � H
^ �kj^� NUNORIBCQFVNaNsRYN	bdQ^>i�dQ^>KRYN	>KR�NA��GT�X=f�dGT>K=^>i_^NX_^NUD~SXF

h = a sinα = 1628 � H�� .
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�,FCGIHJ>KF5S	\]GIF5>KHJS]@MRYN LKQ=^>KBVNs_>EHaNO=^>KFVNsb�Q^>/b�Q^>A_>7@CGIHJ�KBCFCGTL1NyF5>A@CD >ALKB5S	N�RYNy�^SXFCGI�1SX=�BVNOR��>A@_>ALKGIF1�^LASX=fQ= ZO=\]QRTS
(α + β)/2

N	L1NX_^N	RYNX_S � ��>KFh�^\]QFVNJ  � N � j

� Q ;��B:TY ����� ��Y � Q ; �B:TY ��� � � �

<,R ZO=\]QRTS
<)ABC

BVNOH eGT�K= >A@
(α + β)/2

�^RIQ^>K\�S
AB =

R

cos
(

α + β
2

) .
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��NOFVN ��SXRI��>KFUN[D~SX=^>KFsRYN[LKQ=^>KBVN >K= RYN[SXFCGT>K=dBVNXLKGT�X= SXFCGI\]GI=gNORh_>Ke~>KHJS]@s\]GIFVNOFCRYN >K=$Q=ZO=\]QRTS

(β − α)/2
j|� SXFERTS	BVNO=�B5S� � ��>KFc�^\]QFVN � j¡  � e �

BD = AB cos

(

α − β

2

)

= R
cos

(

α − β
2

)

cos
(

α + β
2

) .

��NOFVNJRYNUNORIBCQFVNJ_>KR =GI��>KR�_> NO\]QgNJ@5>iSXeBCGT>K=^>7�^=gNORIHJ>K=�B5>yRYN	>���DF5>A@CGT�X=

h = R



 1 +
cos

(

α − β
2

)

cos
(

α + β
2

)
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